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PREFACE 


The following chapters are an attempt to work out an 
introductory, but at the same time a comprehensive, text 
on statistical methods for the use of college students and 
students in colleges of business administration. They are 
also intended to supply the need for a fundamental treat- 
ment of the methods of statistical investigation and inter- 
pretation. Statistical methods are regarded as means 
rather than as ends, as constituting simply one phase of 
general methodology, and as including not only methods of 
analyzing but also of collecting and assembling statistical 
data. The methods discussed are of general application 
although the illustrations, for the most part, are drawn 
from economic and business fields. 

The order of treatment is the same as that followed in 
the planning and analysis of a statistical problem, and it is 
hoped that statisticians, business executives, and students of 
statistical methods generally will find the volume not only 
a compendium of statistical procedure but also a guide in the 
process of logical statistical analysis. Emphasis is given 
to the necessity of a clear formulation of the problem in 
mind, to the meaning, collecting, and assembling of data, 
and to the necessity of a rigid interpretation and use of units 
of measurements. All of these steps are held to be prelim- 
inary but indispensable to the formulation of a statistical 
judgment, and to the employment of the refinements of 
mathematical analysis which alone are too generally asso- 
ciated with ''statistical methods,'^ 
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Tho treatment is non-mathematical for several reasons, 
chief of which are, that the mathematical phases of the sub- 
ject arc treated in other places, and that there seems to be 
an urgent need for a fundamental discussion of the non- 
mathematical, but not less vital, processes in statistical 
investigation and analysis. Experience in teaching sta- 
tistics both to college students and business men, as well as 
in conducting statistical investigations, has demonstrated 
the need for such a treatment. It has been the aim at every 
stage of the discussion to develop the “why” of statistics, 
and concretely to relate methods to the problems of public 
and private economics. 

The bibliographical aids at the close of the several chap- 
ters are not meant to be inclusive, but are chosen because 
of their value to students and others as collateral reading. 
A discussion of certain of them along with the text treat- 
ment, and in the light of the laboratory problems assigned, 
has proved helpful in the author’s classes. 

I am indebted to Professor Willard E. Hotchkiss, for- 
merly Dean of the Northwestern University School of Com- 
merce, and to Professor John F. Hayford, Dean of the 
Northwestern University College of Engineering for read- 
ing parts of the manuscript aiid for offering many helpful 
suggestions for its improvement. Most of all I am indebted 
to ray wife who has materially lightened the burden of proof- 
reading, and who, at all stages in the preparation of the vol- 
ume, has been a constant source of encouragement. 

Horace Secrist. 

Northwestern Universitt, 

EvANSTONi Illinois, 

November, 1917. 


CONTENTS 


CHAPTER I 

PAGES 

The Meaning and Application op Statistics and 

Statistical Methods . . . . . . 1-13 

I. Introduction 1-6 

Statistical facts and modern business, 1-4 ; Pur- 
poses of a study of statistics and statistical 
methods, 4-6 ; The purpose and plan of the vol- 
ume, 6. 

II. The Meaning and Application of Statistics and Sta- 

tistical Methods 7-13 

1. The Meaning of Statistics and Statistical 

Methods . . . . . . . 7-10 

Statistics as numerical facts, 7 ; Statistics as 
methods, 8-10; Definitions of statistics and 
statistical methods, 8-10. 

2. The Application of Statistical Methods . . 10-13 

Statistics and general methodology, 10; Sta- 
tistics as records of past and criteria of future 
policy, 10 ; Statistics in relation to accounting, 

10 . 

(1) Application within Business Units . . 11 

(2) Application without and between Business 

Units ........ 11-12 

. (3) Application to Governmental Discrimination 

and Policy . . . . . . . 12 

References . . . . . . . . 13 

ix ' . 


X 


CONTENTS 


CHAPTER II 

PAGES 

Sources and Collection of Statistical Data . 14r-58 

I. Introduction 14-16 

Plan of the chapter, 14-15. 

II. Descriptive Sources of Secondary Statistical Data . 16-19 

Dehnition of secondary data, 16 ; Sources of sec- 
ondary data, 16-19. 

III. Tests to be Applied to Secondary Statistical Data . 19-32 


The question of bias, 19-20 ; The closeness of ap- 
plication, 20 ; Exclusiveness or inclusiveness, 20- 
22 ; Nature of units, 22-25 ; Accuracy with which 
reported, 25 ; Accuracy with which determined, 

26-27 ; Accuracy of determination, 27-32. 

IV. Considerations of Importance Prior to the Collec- 
tion of Data . 32-40 

The statistical approach, 32 ; Availability of data 
and the relation to others already collected, 

32-37 ; Sanction of collection, 38-39 ; Type and 
character of informants, 39 ; Organization, money, 


and the time available, 40. 

V. The Collection of Primary Statistical Data . . 40-57 

1. Purpose and Plan . . . . . . 40-41 

2. Methods of Collecting Data (descriptive) . . 41-49 

3. The Collection Process (functional) . . . 49-57 

(1) Who Are to be Canvassed .... 49-53 

(2) The Schedule 53-57 

VI. Conclusion . . . . . . . . 57-58 

References ........ 58 


CHAPTER III 

Units of Measurements in Statistical Studies . 59-77 

I. The Meaning of Statistical Units of Measurements . 59-65 


CONTENTS 

II. Types of Statistical Units of Measurements . 

1. Units of Enumeration or Estimation . 

2. Units of Exposition or Analysis . . . . 

(1) Units of Interpretation . 

(2) Units for Presentation . . . . . 

III. Rules for the Use of Statistical Units of Measure- 
ments . . . . . 

References ........ 


CHAPTER IV 

PuEPOSES OP A Statistical Study op Wages, Units op 
Measueements, Soueces op Data, Schedule Poems 
— Illusteations op Methods . 

I. The Problem in the Study of Wages Stated 

1. Introduction 

2. Characteristic Confusions in the Use of the Term 

“ Wages ” 

3. Bases for a Definition of Wages .... 

4. Wages Defined 

Wages, 84; Wage-rates, 84; Salaries, 84-85; 
Salary-rates, 84 ; Earnings, 84 ; Real wages, 84. 

5. Studies of Wages and the Uses of Terms 

II. The Relation of the Problem as Outlined to Statis- 
tics of Wages . 

1. Sources for Primary Data in Wage Studies . 

(1) Primary Data Directly Applicable to Studies 

of Wages . 

а. Data from Employees 

б. Data from Employers .... 
c. Data from Trade and Labor Unions . 

(2) Data Indirectly Applicable to Studies of 

Wages , . . . . . . 



88-91 


65-69 

69- 76 

70- 73 
73-76 


76-77 


78-115 

78-87 

78-80 


83-84 


CONTENTS 


xii 


PAGES 

2. Types of Secondary Wage Data . • • ■ 92-107 

(1) Secondary Data Directly Applicable to 

Studies of Wages . . . . . 92-107 

a. Data from Employees . . . . 92-94 

b. Data from Employers . . . . 94-99 

(а) Material directly related to wages . 94-97 

(б) Material indirectly related to wages . 97-99 

c. Data from Trade and Labor Unions . . 99-107 

III. A Study of Wages : Declaration of Purpose, Defini- 
tions of Units, Schedule Forms .... 107-114 

1. Declaration of Purpose 108-110 

2. Schedule and Explanations 110-114 

References 115 

CHAPTER V 

Classification — Tabular Presentation . . . 116-157 { 

I. The Meaning of Tabulation 116-119 

II. The Advantages of Tabulation .... 119-125 


Regularity and the order of arrangement, 119- 
123 ; A lesser tax on the memory, 124 ; Visuali- 
zation of group relations permitted, 124 ; Com- 
parisons more easily made, 125; Summation 
facilitated, 125; Occasions for repetitions and 


explanatory phrases reduced, 125. 

III. The Mechanics of Tabulation .... 125-129 

IV. The Technique of the Tabulation Form . . 129-135 

Rulings and spaeings, 133 ; Positions of totals, 

133-134 ; Suitability to the page, 134 ; Number- 
ing of columns, 134-135. 

V. The Contents of Tables ..... 135-139 

VI. Titles for Statistical Tables . ... . 139-142 

VII. Types of Statistical Data and Corresponding 

Tables . . 142-156 

Historical, 142-143; Cross-section, 143-144; 


Frequency, 144-153; Discrete series and tabu- 


CONTENTS 


Xlll 


lar arrangement, 148-151; Continuous series 
and tabular arrangement, 151-153, 

VIII. Conclusion . . . . ... 

References . . . . . • • 

CHAPTER VI 

Diagrammatic Presentation . . . . • 

I. Introduction 

Tabulation and diagrammatic presentation con- 
trasted, 159-161; The psychology of the use of 
diagrams, 161-163. 

II. Diagrams for Illustrating Frequency or Magnitude 

Alone . . . 

Lines or bars, surfaces and volumes, uses and 
abuses with illustrations, 163-176. 

III. Diagrams for Illustrating Frequencj^ or Magnitude 

in Relation to Spatial Distribution . 

1. The Psychological Bases for the Use of Statistical 

Maps 

2. Types of Statistical Maps 

(1) Colored Maps . . . . . ” • 

(2) Cross-hatched Maps 

(3) Dot Maps . . . . . 

IV. Suggestions to be Followed in the Use of Statistical 

Diagrams . . . . . 

References . . . ... 

CHAPTER VII 

Graphic Presentation 

I, Introduction ...... . . 

Meaning of graphic presentation, 193-194 ; Appli- 
cation to frequency and historical series, 194-197 ; 
Application to discrete and continuous series, 197- 
198 


156-157 

157 


158-192 

158-163 


163-176 


176-191 

176-179 

179-191 

179- 180 

180- 184 
184r-191 

191 

191-192 


193-233 

193-198 


xiv CONTENTS 

PAGES 

II. Graphic Presentation of Frequency Series . 198-220 

1. Plotting Simple Pi’equency Series . . . 198-215 

(1) Plotting Simple Frequency Distributions De- 

scribing Discrete Series . . . . 200-209 

(2) Plotting Simple Frequency Distributions 

Describing Continuous Series . . . 209-215 

2. Plotting Cumulative Frequency Series . . 215-220 

III. Graphic Presentation of Historical Series . . 220-232 

1. Plotting Simple Historical Series . . . . 221-231 

(1) Choice and Adjustments of Scales . . 221-227 

(2) The Treatment of Lines Connecting Succes- 

sive Ordinates . . . . . . 227-229 

(3) Purposes and Methods of Smoothing His- 

torigrams . . . . . . . 229-231 

2. Plotting Cumulative Historical Series . . . 231-232 

IV. Conclusion . 232-233 

References 233 


CHAPTER VIII 


Aveeages as Types 234-293 

I. Introduction — General Statement .... 234-237 
The necessity for summarizing expressions, 235- 
236. 

II. Averages Descriptively Considered . . , . 237-238 

III. The Arithmetic Alean or Average] . . . . 239-254 

1. What the Arithmetic Mean or Average Is . . 239-241 

2. How the Arithmetic Mean Is Computed . . 241-254 

IV. The Median . . .... . . 255-269 

1. What the Median Is . . . , , . 255 

2. How the Median Is Computed . . . . 256-269 

V. The Mode . . . . . . . . 269-279 

1. What the Mode Is . . . . . . 269-272 


CONTENTS 


XV 


PAGES 

2. How the Mode Is Located . . . . . 272-279 

(1) The Location of the Mode in Historical Series 272-275 

(2) The Location of the Mode in Frequency 

Series . . . . . . . 275-279 

VI. The Properties of Averages or the Average to Use . 279-289 
VII. Summary and Conclusion ..... 290-292 
References 293 

CHAPTER IX 

The Principles of Index Number Making and 

Using . . 294-331 

1. Introduction 294-295 

II. What Index Numbers Are 295-298 

Illustration of method of computing a simple 
average of relatives price index number. 

III. The Uses and Computation of Index Numbers . 298-330 

1 . Data from Which Price Index Numbers Are Made 301-307 

2. Methods of Computing Price Index Numbers . 307-330 

(1) Peculiarities of Price Fluctuations . . 308-316 

(2) The Base in Computing a Price Index Number 316-319 

(3) The Average to Use in Computing a Price 

Index Number ...... 319-323 

(4) Weighting and Its Problems in Connection 

with a Price Index Number . . . 323-327 

(5) Average of Relatives Index Numbers versus 

Actual Prices Aggregated .... 327-330 

IV. Conclusion . . . . . . . . 330 

References . . . . . . . . 331 

CHAPTER X 

American Price Index Numbers Described and Com- 
pared . . . . . 332-376 

I, Introduction . . . . . . . 332 


xvi CONTENTS 

PAGES 

11. Description of American Index Numbers . . . 332-301 

1. Price Indexes Prepared by the United States 

Government . . . . . . . . 333-356 

(1) Index of Wholesale Prices Prepared by the 

United States Government . . . 333-341 

(2) Indexes of Retail Prices Prepared by the 

United States Government . . . 342-356 

a. The period 1890-1903, Inclusive . . 343-344 

i. The period 1904-1907, Inclusive . . 344 

c. The period 1908-1913, Inclusive . . 344-345 

d. The period 1914 to date .... 346-356 

2. Price Indexes Prepared by Private Establishments 356-361 

(1) Bradstreet’s Index Number .... 356-358 

(2) Dun’s Index Number 358-360 

(3) The Annalist’s Index Number . . . 360-361 

III. Comparison of American Wholesale Price Index 

Numbers . 361-376 

IV. Conclusion 376 


CHAPTER XI 

Description and Summarization — Dispersion and 
Skewness 377-424 

I. Introduction ........ 377-379 

II. Dispersion . . . . . . . . 379-415 

1. The Meaning of Dispersion ... . . 379-380 

2. Measures and Coefficients of Dispersion . . 380-415 

(1) The Range . . . . . . . 381-383 

(2) The “ Deeil ” Method (graphic) for Time 

Series 384-387 

(3) The Average Deviation . . . , . 387-400 

а. The Average Deviation in Historical Series 389-392 

б, The Average Deviation in Frequency 

Series . . . . . . . 392-400 


CONTENTS xvii 

PAGES 

(4) The Standard Deviation . . . . 400-407 

a. The Standard Deviation in Historieai or 

Time Series . . . . . . 403-405 

b. The Standard Deviation in Frequency- 

Series . . . . • . . 406-407 

(5) The QuartUe Method . . . . • 407-410 

(6) The " Probable Error ” .... 410-415 

III. Skewness 415-423 

1. Meaning of Skewness 415-416 

2. Measures and Coefficients of Skewness . . 416-423 

IV. Conclusion 423 

References 424 

CHAPTER XII 

CoMPAEisoN — Correlation 425-469 

I. Introduction 425 

11. The Meaning of Comparison and What It Implies 

Statistically 425-431 

III. The Meaning of Correlation 431-467 

1. Preliminaries to Correlation Studies (Historical 

Series) • 440-452 

2. The Pearsonian Coefficient of Correlation . . 453-467 

(1) Application of the Coefficient of Correlation 

to Historieai Series 454-459 

(2) Application of the Coefficient of Correlation 

to Frequency Series 459-467 

IV. Conclusion 467-468 

References 468-469 




LIST OF PLATES 


FAOB 


1. Value of Petroleum and Natural Gas, by States, 1909 . 165 

(Illustrations of Lines, Surfaces, and Volumes) 

2. Public School Property in 1904 and 1914 . . . .167 

(Solids Drawn out of Scale) 

3. Payments, Account Bonded Debt and Interest, on County 

Bonds 168 

(Solids Drawn out of Scale) 

4. Our Municipal Expenses, 1911 . . . • 

(A Pie-Diagram) 

5. Production of Petroleum, by Fields, 1909 . . . 170 

(Sectors of Circles and Lines) 

6. Color or Race, Nativity, and Parentage, by Divisions of 

the United States, 1910 174 

7. Proportion of Insane Enumerated January 1, to Adult 

Population, 1904 and 1910 175 

(Surfaces within Surfaces and Lines) 

8. Proportion of Males 10 to 13 Years of Age Engaged in 

Gainful Occupations, by States, 1910 . . . . 181 

(Cross-hatched Map) 

9. Primary Markets for Wisconsin Cheese (American), 1911 185 

10. Pig-iron Production, by States, 1909 . . . . 187 

11. Number of Swine on Farms and Ranges, April 15, 1910 . 189 

. -xix 


XX LIST OF PLATES 

PAGE 

12. Number of Real Estate Mortgages in Wisconsin, 1904, by 

Rates of Interest . . . . . . . . 210 

(Frequency Distribution, Discrete Series) 

13. Smoothed Frequency Distribution of Lengths of Ears of 

Corn 214 

(Frequency Distribution, Continuous Series) 

14. Capital and Clearings of New York Clearing House Banks, 

1902-1915 224 

(Method of Seale Conversion) 

15. Capital and Clearings of New York Clearing House Banks, 

1902-1915 226 

(Method of Scale Conversion) 

16. Diagrams Illustrating the Nature of the Arithmetic Mean 

when Items axe Differently Weighted .... 243 

17. Cumulative Graphs — Ogives — Constructed on “More 

Than” and “Less Than” Bases, Showing by Towns the 
Classified Prices of Oil 265 

18. Cumulative Graphs — Historigrams — Constructed on 

“Up to and Including” and “After and Including” 

Bases, Showing by Years Importations of Raw Cotton 
into the United States 267 

19. Histograms Showing the Distributions of Ratios of As- 

sessed Values of Buildings to the Assessed Values of 
Lands upon which they Stand, New York City, 1914 . 280 

20. Distribution of the Price Variations of 241 Commodities 

in 1913. 309 

(Percentages of Rise or Pall in Prices) 

21. Distribution of 5578 Price Variations . . . . 314 

(Percentages of Rise or Pall over Prices of Pre- 
ceding Year) 


LIST OP PLATES xxi 

22. Curves Showing, by the Range and the Deoil Methods, 

the Dispersion of the Fltietuations in Relative Whole- 
sale Prices of 145 Commodities, 1890-1910 . . . 386 

23. Types of Frequency Distributions . . . . . 393 

24. Curves Showing, for 1907-1908, Classified Wage-rates of 

Female Menders in Woolen and Worsted Establish- 
ments 420 

25. Curves Showing, for 1909-1910, Classified Wage-rates of 

Female Menders in Woolen and Worsted Establish- 
ments . . 421 

26. Graphic Figures Illustrating Correlation by Means of 500 

Pairs of Throws of Dice 439 

27. Curves Showing Long-time or Secular Changes . . 450 

(Note Circulation of Canadian Chartered Ranks, and 
Wheat Receipts at Port William and Port Arthur, 
Canada, by Months, 1909-1913) 

28. Curves Showing Short-time or Cyclic Changes . . 451 

(Note Circulation of Canadian Chartered Banks and 
Wheat Receipts at Port William and Port Arthur, 
Canada, by Months, 1909-1913) 

SHE U- ■ 

Cornell Unwersitf 




AN INTRODUCTION TO 
STATISTICAL METHODS 

CHAPTER I 

THE MEANING AND APPLICATION OP STATISTICS 
AND STATISTICAL METHODS 

I. Inteoduction 

The necessity of basing economic and business judgments 
upon facts and of being able properly to collect and interpret 
them in connection with almost all of the different phases 
of economic activity is a sufficient general excuse for submit- 
ting a volume, the main purpose of which is a study of the 
principles governing the collection, analysis, and synthetic 
treatment of numerical data. More and more economic 
and business policies are being advocated after careful study 
of facts, and those affected by these policies are more and 
more frequently asking that they be given these same facts 
in a definite and understandable form. The tendency to 
base a case, to advocate a far-reaching change, to stand spon- 
sor for a program or to agitate a reform, upon an appeal to 
natural rights, or to the innate goodness or perversity of hu- 
man nature, is rapidly being overcome. Appeal to the force 
of custom and tradition alone no longer suffices as a basis 
for an economic program. If considered at all it is only to ex- 
plain or appraise the facts involved. What is now being done 
is more closely to observe the reaction of forces under given 
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conditions, to enumerate the frequencies with which each 
reaction occurs, to test the closeness with which a given result 
follows a given cause, and to allocate and associate causes and 
effects generally. 

Economic life and business dealings are more and more be- 
ing determined by precise findings, while governmental 
policies are coming to be supported or condemned by an 
appeal, not alone to custom, but to their respective benevolent 
or malevolent effects. Business ventm-es are being pursued 
on narrow margins of profit and the effects of a policy deter- 
mined by elaborate analysis of the results properly attrib- 
utable to it. Ours is the age of the concrete and the realistic, 
as contrasted with the abstract and the metaphysical. We 
are no longer content to conjure up an ‘‘economic man” and 
to postulate his reactions under all circumstances. Explana- 
tions for economic and social phenomena, as the existence of 
a wage class, strikes, lockouts, unemployment, industrial 
disease, industrial accidents, premature death, panics, eco- 
nomic wastes, business failures, etc., are no longer sought in 
the wrath of God, in the movements of heavenly bodies, in 
the wickedness and perverseness of a people, in the sacredness 
of natural rights, nor looked upon as the necessary and un- 
avoidable consequence of the present scheme of production 
and distribution. These phenomena, we have come to see, 
have their explanation in economic and social practices and 
usages, and we are able to determine their causes and effects, 
as well as to suggest methods of changing them or avoiding 
their consequences by a study of facts. Many of these may 
be expressed numerically and studied statistically. 

Our study is primarily one of methods — methods in the 
collection and utilization of numerical data to throw light 
upon economic and business problems. It attempts to re- 
duce to a workable basis the principles of statistical analysis 
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and to illustrate their force and the methods of appl3diig them 
to concrete problems. The needs and problems of the stu- 
dent and of the man of affairs who is placed in a position of 
responsibility^where the exercise of judgment growing out of 
business experience is necessary, have been kept constantly 
in view. It is assumed that the man of affairs desires to act 
rationally upon the basis of facts at his command or capable 
of being acquired which bear upon his problems, and to for- 
mulate his judgments in their light and in a scientific manner. 
It is also assumed that the student desires to get at the 
foundation of his problem, to understand it in all its bearings, 
to be able to marshal all the facts which apply to it and to 
appraise their worth. But it is acknowledged that the 
statistical is only one approach to the understanding of a 
problem, and it is one of the main purposes of what follows 
to establish it in its proper position. Too much faith is often 
placed in the efficacy of statistics to “prove things/’ Rea- 
soning from other angles than the statistical is too frequently 
dispensed with — if not utterly ignored — on the part of 
the uninformed when “statistics” can be utilized, not- 
withstanding the fact that the “statistics” may have no 
application, may be incomplete, unrepresentative, and ques- 
tionable in origin, and that the problem cannot be under- 
stood by an appeal to its numerical side. Loose reasoning 
and hasty judgments are even less defensible when statistics 
are appealed to to support a contention than when they are 
ignored, for the reason that they seem to carry a finality 
and to suggest a nicety of conclusion not generally associated 
with a less precise method of approach. 

“A given economic fact is the result of numerous complex forces, 
many of which are in a state of constant variation and react upon 
one another; and of these forces only a few can be adequately de- 
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scribed b}" tlic method of statistics. Consequently these few are 
often quoted as if they -were the only active causes whereas the 
effect attributed to them is probable only on the assumption that 
all other causes remain unchanged or suspended. ... Statistics, 
even when compiled accurately, though often absolutely necessary 
for a complete solution of a problem, do not in themselves provide 
that solution, but are .to be used in conjunction with evidences of 
other kinds.” ^ 

Ignoring this fact, fallacies both of observation and inference ^ 
abound, and it is these to wliich the following discussion is 
addressed. 

Newsliolme, summarizing Quetelet, lays down four rules 
for statistical studies : 

‘‘Never have preconceived ideas as to what the figures are to 
prove. 

“Never reject a number that seems contrary to what you might 
expect, merely because it departs a good deal from the apparent 
average. 

“Be careful to weigh and record all the possible causes of an 
event, and do not attribute to one what is really the result of a com- 
bination of several. 

“Never compare data wliich have nothing in common.” ® 

Without attempting at this time in any complete manner 
to formulate rules for statistical studies, the point of view 
upon which the treatment proceeds may be clearly indicated 
by calling attention to certain well-marked tendencies among 
beginners in the use of statistics and statistical methods. 

(1) The tendency to accept without serious question a 
plausible description of a given condition or state of affairs. 
Ipse dixit is often regarded as sufficient proof. The mere 
fact of data appearing in print, and particularly of their 

1 Mcllraith, James "W., The Course of Prices in New Zealand, 1911, p. 4 
ot Introductionhy 

* Newsholme, Arthur, The Elements of Vital Statistics, 3d Ed., p. 294. 

3 JSid., pp. 292-293. , 
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being in tabulated form ~ the finality of a statistical table 
is often magical-— is frequently sufficient to insure their 
value and to guarantee their application. Respect for age, 
for custom, or for a condition of status quo is really remark- 
able in the unsuspecting in spite of the “show me’' attitude 
which seems to characterize our period. 

(2) The tendency to employ data without knowledge of 
or regard for the units of measurements in which expressed, 
or their comparability or representativeness, and to draw 
conclusions from them which they were never intended to 
support. This is the tendency which has been popularly 
characterized as the ability to “prove anything by statis- 
tics.” On the other hand, not infrequently a realization of 
the limits of the statistical approach serves to restrict the 
use of statistics in cases where in realit3’’ the method is de- 
fensible. In such cases ignorance or distrust makes im- 
possible the use of a valid instrument of study. 

(3) The tendency to disregard detail, — or to regard it 
as “detail” which somehow will take care of itself and 
needs no especial attention, — to ignore statistical cautions 
respecting the collection of data or the use of those already 
collected, — to speak in terms of statistical abbreviations, 
averages of all types, — to employ totals as if they were 
always more sacred and inviolate than the items which go 
to make them up, and to piece together statistical frag- 
ments, gleaned from widely different sources and compiled 
under widely different circumstances, into a beautiful mosaic 
which thoroughly proves or disproves a contention already 
held.i 

1 For an admirable discussion of the false uses to -which statistical data 
will be put, even by those who are in a position to know their limits, when 
it is a question of making a case, see Bowley, A. L., “Statistical Methods 
and the Fiscal Controversy” in The Economic JouttwI (London), Vol. 13, 
1903, pp. 303-313. In formulating the rules to be observed, Bowley says: 
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(4) Lack of ability definitely to formulate the purpose 
of a statistical study, to outline appropriate methods in order 
to serve the end desired, to define with precision the units 
employed in the measurements, and rigidly to limit the field 
to be covered, — in a word, lack of ability to plan and exe- 
CAite a statistical study. 

(5) Lack of knowledge of the sources and value of second- 
ary statistical material — material already collected, tabu- 
lated, smnmarized, and analyzed — and of primary statisti- 
cal material — material in a crude, disorganized, undigested 
form available for collection and analysis. 

(6) Lack of knowledge of the methods of statistical 
analysis and synthesis. 

It is the primary purpose of this volume, together with 
readings and laboratory problems, to supply these deficien- 
cies — to put the reader in possession of the information, 
tools, and skill whereby he can, in a measure, not only pass 
upon the merits of the statistical approach to economic and 
business problems, and appreciate the problems involved 
in statistical studies, but can also undertake them inde- 
pendently. 

“Every statistical estimate should be considered in the light given by 
corresponding estimates for prevdous years. 

“Every total should be homogeneous in that quality which concerns the 
argument, 

“Where values are used, the effect of replacing them by quantities should 
be tested. 

“The errors latent in the constituents which form an estimate should be 
examined, and their effect on the estimates should be tested with reference 
to the purpose for which the estimate is used. The maximum adverse errors 
should be calculated, to see if their concurrence would vitiate the result. 

“The ideal measurement necessary to support each deduction should 
be conceived: and if the estimates accessible do not necessarily give the 
same view as the ideal measxirement, they should be rejected. 

“When the sufficiency of statistics as estimates is established, the argu- 
ments based on them should be bound to the statistical results by the 
ordinary rules of logic.” Jhid., p. 312. 
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II. The Meaning and Application of Statistics and 
Statistical Methods 

1. The Meaning of Statistics ajid Statistical Methods 

Statistics is generally thought of from two points of view : 
first, as series of isolated numerical facts; and second, as 
methods involving the collecting, sorting, classifying, tabu- 
lating, summating, and comparing enumerated facts for the 
purpose of describing or explaining phenomena with which 
enumerations deal. Viewed solely in the first light, statis- 
tics is little more than arithmetic, and as such has little or 
no interest for us. From the second point of view, statistics 
closely approaches logic, concerned as it is with the processes 
and methods of formulating and testing conclusions from 
premises resting solely upon numerical bases. 

Obviously, however, the function, process, or method side, 
i.e. the application of methods^i^analysis in order to suggest 
the inferences and conclusions "^o be drawn — cannot be 
divorced from the enumeration side, since it is the latter 
which helps to shape the premise the consequence of which 
it is desired to formulate. The conditions governing enu- 
meration, such as the units and accuracy of measurements 
or enumeration, the completeness or representative character 
of the samples, etc,, are vital and largely determine the 
methods to be employed in analysis. The adequacy of a 
tool, or the perfection of a machine, to speak analogously, is 
quite as important in the determination of a product as is 
the method of its utilization. However, skillful use may 
partly compensate for a poor tool, as skillful discrimination 
in statistical analysis may tend to counteract the error 
following from crude or defective enumeration. Statistics, 
as method, is as vitally concerned with enumeration as with 
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the proccjss and manner of analysis and synthesis, and in 
what follows the principles of methodology are extended 
to both phases of statistical study. 

In definitions of statistics the emphasis has been variously 
placed. Bowley has called it the “science of averages” ^ as 
well as “the science of counting.”^ The first definition 
emphasizes one device for statistical abbreviation ; the other 
calls attention to the enumeration which precedes analysis. 
In another place, Bowley defiines statistics as “numerical 
statements of facts in any department of inquiry, placed in 
relation to each other,” dbnd statistical ■methods as “devices 
for abbreviating and classifying the statements and making 
clear the relations. ’ ’ ® Yule defines statistics as ' ' quantitative 
data affected to a marked extent by a multiplicity of causes,” 
and statistical fmthods as “methods specially adapted to 
the elucidation of quantitative data affected by a multi- 
plicity of causes.” ^ Still others, using the terms with less 
precision, and in a less scientific sense, have sought to identify 
statistics with graphic methods — to convert the science 
into an art. With the latter purpose we have little sympathy, 
yet due attention is later given to graphic methods as a 
means of statistical presentation. 

We shall use the term statistics as meaning aggregates of 
facts, “affected to a marked extent hy a multiplicity of causes,” 
numerically stated, enumerated, or estimated according to rea- 
sonable standards of accuracy, collected in a systematic manner 
for a predetermined purpose, and placed in relation to each 
other. 

This definition seeks to emphasize the fact that before 


A. L., Elements of Statistics, p. 7. 

2 Ibid., p, 3. 

^ Bovtiey, A. L., Elementarj/ Manned of Statistics, p. 1. 

^ Yule, G. U., An Introduction to the Theory of Statistics, p. 5. 
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numerical data can be termed “statistics” they must bear 
evidence of having been collected in accordance with at 
least the rudiments of scientific method and for a definite 
purpose. It is necessary to insist that these conditions be 
fulfilled in order to know anything about the units of measure- 
ments employed and the scope and representativeness of 
the facts given numerical expression. Data not fulfilling 
these conditions may be numerical but they are not statisti- 
cal. Too often “statistics” degenerate into “figures,” and 
so-called “statistical bureaus” into nothing but “figure 
factories.” Moreover, as Yule points out, “the term sta- 
tistics is not usually applied to data, like those of the physi- 
cist, which are affected only by a relatively small residuum 
of disturbing causes.” ^ Hence our reason for insisting, 
with Yule, upon the last-named condition. The requirement 
that statistics should conform to systematic and scientific 
methods of enumeration or estimation seems to connote 
the further condition that, numerical facts are statistics 
only when “placed in relation to each other.” ^ Stray and 
loose bits of information, gleaned here and there from in- 
discriminate sources, hearsay and unrelated material, while 
numerical in character, can be termed statistical only by a 
confused and unscientific use of terms. If they are ca- 
pable of verification, if they take on homogeneity and 
assume regularity, then they may properly be classified as 
statistics. 

The . expression statistical methods is used to include all 
those devices of analysis and synthesis by means of which 
statistics are scientifically colleded and used to explain or 
describe phenomena either in their individual or related capac- 
ities, 

■ Ubid. ■ 

^Bowley, A. L., Elementary Manual of SiatMics, p. 1. 
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2. The Application, of Statistical Methods 

Statistics may be collected on most topics, but the em- 
ployment of statistical methods in their study is not of 
universal nor of equal validity. At best the statistical is 
but one of many approaches in the explanation of phenomena. 
Its limitations are definite and certain, and its use in all cases 
should in no sense be considered valid., Statistics may 
often be used to corroborate conclusions arrived at by other 
methods, and it is in this respect, probably, that their great- 
est value lies. Many questions do not admit of statistical 
treatment at all ; while respecting others, statistical considera- 
tions are of minor or of no consequence. The limitations of 
such methods are appreciated and clearly determined only 
after considerable experience, and it is one of the purposes 
of the volume to supply this training and experience. 

But this does not mean that their function is narrow and 
restricted. Both inside and outside of business, occasions 
are daily arising where statistical facts are indispensable as 
bases for decisions of policy, methods, etc. By means of 
them improvident and unbusiness-like methods may be 
detected, and new policies, savings, and projects suggested. 
The importance now assigned to proper methods of ac- 
counting and cost keeping in business is proof that this fact 
is being realized, and that definite knowledge of costs, profits, 
expenses, etc., is necessary to success. Accounting is con- 
cerned with the value aspect of these problems; statistics 
relates to the numerical or quantitative aspect whether value 
or some other unit is chosen as a measure of activity. These 
means of scientifically analyzing business are complementary. 
The need to-day is an appreciation of facts, an ability to 
observe the conditions which produce them, and a deter- 
mination logically and scientifically to piece them together in 
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such a way that they will serve as rules of business guidance- 
The problem, therefore, involves the establishment of units 
of measurements, analysis of activities according to these 
units, and the formulation of policies on the basis of the 
observations. 

The application of statistics and statistical methods to 
economic and to business problems is sufficiently empha- 
sized, at this place, by merely calling attention to a few of 
the various fields in which they may be employed. The 
discussion, illustrations, and problems subsequently intro- 
duced serve definitely to bring out the detailed application, 

(1) Application within Business Units. 

a. Analysis of sales and sales possibilities by districts, by 
periods, by products, etc. 

h. Analysis of production by departments, processes, etc. 

c. Analysis of employment as to rapidity of turnover, scale 

of payment, labor supply, welfare work, etc. 

d. Analysis of production and factory organization. 

e. etc. 

(2) Application without and between Business Units. Af- 

fecting, 

a. Consumption 

(а) family budgets. 

(б) price phenomena. 

(c) etc. 

h. Production 

(а) capital and labor employed, the absolute amounts and 

proportions. 

(б) expenses incurred and their distribution, 

(c) materials used ~ amounts and values, and their dis- 

tribution. 

(d) products created — amounts and values, and their 

distribution. 

(c) etc. 
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c. Exchange 

(a) prices — wholesale and retail. 

(h) sales — number of and amounts involved. 

(c) crises — financial and industrial. 

(d) failures — financial, commercial, and industrial. 

(e) etc. 

d. Distribution 

(а) rents. 

(б) wages and methods of wage payments, real and 

nominal wages, etc. 

(c) profits — competitive and monopoly. 

(d) interest rates. 

(c) etc. 

(3) Application to Governmental Discrimination and Policy. 

a. The determination of the benevolent or malevolent effects 
of a given state policy. 

b The detennination of "fair values” and "reasonable 
returns” as bases for the exercise of administrative 
discrimination and the shaping of governmental policy. 

e. The supervision of private business methods, looking toward 

the insuring of competition, the regulation of monopoly, 
the guaranteeing of favorable conditions of employ- 
ment, etc. 

d. The evaluation of properties as a basis for taxation, con- 

demnation, and forced sale, etc. 

e. The recording of domestic and foreign trade movements, 

estimating national wealth and its distribution, record- 
ing national progress so far as revealed statistically. 

f. etc. 


As a basis for the formulation of sound economic theory, 
the use of statistics and statistical methods is frequently 
necessary. Keynes has appraised this function admirably. 
The function of statistics is "first, to suggest empirical laws, 
which may or may^ not be capable of subsequent deductive 
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explanation ; and secondly, to supplement deductive rea- 
soning by checking its results, and submitting them to the 
test of experience.” ^ Professor Moore’s Laws of Wages is 
an excellent example of the use of statistics and statistical 
method in the development of economic theory. Stating 
his purpose, he says, ‘*'1 have endeavored to use the newer 
statistical methods and the more recent economic theory to 
extract, from data relating to wages, either new truth or 
else truth in such new form as will admit of its being brought 
into fruitful relation with the generalizations of economic 
science.” ^ This use of statistics and statistical method, 
while possessed of great possibilities in the hands of the 
well-trained statistical economist, offers few opportunities 
to the reader to whom this is addressed and shall not occupy 
a place in the discussion. 

With this short introduction, the aim of which has been 
briefly to Justify the submission of a volume on statistical 
methods, roughly to define the boundaries of the subject, and 
to suggest some of the broader topics to which statistical 
methods are applicable, we pass immediately, in Chapter II, 
to a consideration of sources and collection of statistical data. 

Repeeences 

King, W. I. — Elements of Statistical Method, Chs. II, III, pp. 20-39. 
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An Elementary Manual of Statistics, Ch. I, pp. 1-6. 

Pearson, Karl, — The Grammar of Science, Ch. I (Introduction), 
We.st, Carl J. — “The Value to Economics of Formal Statistical 
Methods,” in Publications of the American Statistical Associa- 
tion, Bepievabev, 1915, pp. 6i8-628, 

1 Keynes, J. N., Scope aiid Method of Political Economy (2d Ed., re- 
vised), p. 338. 

* Moore, H. L,, Laws of Wages, p. 6. 
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SOURCES AND COLLECTION OP STATISTICAL DATA 
I. Introdtjction 

The first part of this chapter is devoted to a consideration 
of the chief governmental and private sources of statistical 
data which bear on business and economics. This is followed 
by a discussion of the tests to be applied to data in order to 
determine, among other things, whether they are biased, 
applicable to the case in point, exclusive or inclusive, whether 
the units are uniform, clearly defined and comparable, etc. 
The question of accuracy is next raised and attention given 
to statistical reporting, to the subject of errors and requisite 
accuracy, methods of estimation, etc. 

The second part of the chapter has to do with the collec- 
tion of data within and without business units. Attention 
is first directed to the preliminaries to the collection process, 
such as the availability of data, to the relation of those 
desii’ed to others already collected, to the sanction back of 
the collection, and to the balance which must characterize 
the approach. The collection process is next described in 
detail. The discussion covers, among other things, the pur- 
pose and plan, sources, sampling, schedules and schedule 
making. 

It is not our intention to chronicle in any complete way 
the great variety of types of statistical data that are now 
currently collected and published. Neither are we primarily 

14 . , , ■ 
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interested in cataloging the places where they may be found 
nor in passing judgment upon them. Such an undertaking 
would be as difficult as it w^ould be tedious. We are inter- 
ested, however, in citing certain typical data and calling 
attention to their elements of strength and weakness, but 
this is done almost solely for illustrative purposes and as 
bases for generalizations which it is desired to make. As 
it is no part of our task to compile a catalog of statistical 
sources, neither is it to our interest to make a compilation 
of statistical material which might be of use to the student 
or business man. A certain amount of the foraging instinct \ 
is presupposed on the part of the person who desires to use ■ 
published statistics, and at least a general knowledge of what ; 
data are collectible on the part of those who are seeking * 
original data. 

It is entirely inadequate alone to know the sources of 
statistical data. Such knowledge is readily acquired. The 
ability to pass judgment on the worth of such data and to 
use them in a scientific manner is not easily gained. It is 
primarily the latter aspect of the problem in which we have 
interest. The former viewpoint in reality is subsequent to 
and conditioned upon the latter. 

St atistics after all are in a large measur e syn thetic .^ They 
are derivative in the sense that they "express phenomena 
numerically, as they appear to an observer. Even the 
simplest facts enumerated require that conditions of identity 
be established. The counting of such a simple thing as ten 


1 “When we are investigating the nature and causes of things and events 
in the natural and social sciences, we are face to face ndth facts. In statis- 
tics about those events we are brought face to face with syntheses. The 
statistician must regard his figures as a sort of sirmbol, whose character 
and significance are more or less enigmatic; and he must diligently seek 
out all the probable causes of the facts he has symbolized before him, with 
a view to their scientific explanation.” P. Coffey, The Science of Logic, 
Vol. II, p. 287. 
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hushcls of wheat ^ would seem to offer no serious problem to 
any oiu^ advanced beyond infancy or the savage state. Yet 
it is not clear in this form what is meant by a “bushel/’ and, 
of course, wheat is not alwaj^s a homogeneous commodity. 
Is the “ wheat ” dry or moist, spring or fall, hard or soft, etc. ? 
Without now opening up the problem of units, and reserving 
for future treatment the human element in statistical studies, 
it is clear that a mere knowledge of sources does not make 
one a statistician. 

II. Descriptive Sources of Secondary Statistical Data 

By “secondary data” are meant those which have been 
collected, tabulated in simple or composite form, and made 
available for use, but which are removed one or more steps 
from the form in which they were reported and consequently 
do not show on thcdr face the naWre of the units employed, 
the puiposG for which used, the treatments to which they 
hx\e been subjected in jmalysis, etc. The term is used in 
contrast with ,^ptninary_^ data,/ by which are meant thps© 
app ealing in schedule or other prigm^^^ form, not having beem 
combined into compkx units, the characteristics of which! 
may be understood by stlldy^ This expression suggest^! 
original studies; the former those which are secondary. 
It is secondary data which are generally used, — since 
they are readily at hand, — and unfortunately too often 
without a clear idea as to their merits for the purposes in 
mind. 

The chmf sources of secondary statistical data are the re- 
ports of public and Private a^nts. These are either regular, 

1 See the interesting study by Boerner, E. G., ‘‘Improved Apparatus for 
Determining the Test Weight of Grain, with a Standard Method of Making 
the Test,” Bulletin No. 472, United States Department of Agriculture, 
October, 1916. 
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irregular, or monographic in character. As examples of the 
regular type the publications of the Unite d States Bureau of 
Labor Statistics, relating to index numbers of prices and to 
actual retail and wholesale prices, maybe cited. Before 1907, 
this Bureau also published an index number of wages. Since 
that time, however, thewage data have been restricted towage- 
rates in typical industries and have not been used to compute 
an index number for the country in general.^ To this bureau 
we may confidently look for regular publications of current 
price and wage data. The thing which it is desired to em- 
■ phasize now is the regularity with which the work is done 
and the continuity and substantialness which marks the 
policy under which the data are compiled. Other public 
organizations of similar character are the United States 
Census Bureau and the Department of Agriculture.^ To 
each of these we are accustomed to turn for a great mass of 
statistical facts relating to conditions of production and 
ownership in manufacturing industries and to the develop- 
ment of agricultural resources, conditions of tenancy, etc. 
Bureaus of this type are constantly extending their spheres 
of activity so as to include in their publications the main 
facts of interest to the people as.a whole and to certain groups 
in particular. 

Within the states different public bureaus regularly issue 
statistics on a variety of topics. Some of these are of a high 
order of excellence and some arc of questionable repute. 

1 In Bxilletin 194, such an index is again computed, but is limited to union 
wages and the base is changed from 1890-1899 to 1907. See Eubinow, 
I. M,, “The Present Trend of Real Wages," Annals of the American Academy, 
January, 1917, pp. 28-.33. 

2 For an account of the United States Government’s crop reports, see 
"Government Crops Reports: Their Value, Scope, and Preparation,” 
United States Department of Agriculture, Bureau of Crop Estimates, Cirmdar 
17, Revised, pp. 8-26. This is reprinted in Copeland, M. T., Business 
(Siaiwa'cs, pp. 138-161. 
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Tiicrc are also a number of regularly issued private statis- 
tical publications, not in the main duplicating, but rather 
extending, the work carried on by the public bureaus. Ex- j 
ainples of these are the Journal of the Royal Statistical ] 
Society, which contains in the March number a resume for I 
the year of Sauerbeck’s Index Number ; Bradstreet’s , ; 
The Commercial and Financial Chronicle, The Financial 
Review, The Amfinlist, all containing important price and mar- 
ket quotations. Current prices of commodities dealt in by 
boards of trade are published in the larger cities, and we are 
accustomed to turn to the reports of these organizations for 
detailed data.^ 

A tendency has recently developed for the Federal Gov- 
ernment, particularly, to make extended statistical studies 
into special fields and to issue voluminous reports. Examples 
of these are the recent Immigration Reports, the Reports on 
Women and Children in Industry, the Report of the National 
Monetary Commission, etc. These, of course, belong to 
the public category. As examples of irregular private re- 
ports of a high order of excellence mention might be made of 
certain of the publications of the Russell Sage Foundation. 

A third source of statistical data is the monographs which 
are constantly appearing on a great variety of subjects as- 
sociated with' economic and business topics. The mass of 
data collected in doctorate dissertations and in economic 
histories is often of a liigh order of excellence. Their chief 
function is to supplement the detail frequently omitted in 

For an account of the sources of statistics on produce markets, see 
Mudgett, Bruce D., "Current Sources of Information in Produce Markets, ” 
in Annals of the American Academy of Political and Social Science, Vol. 
XXXVIII, No. 2, pp. 104-125, This is reprinted in Copeland, Business 
Statistics, pp. 161—177. On some of the private organizations regularly 
collecting and issuing statistical data, see Parmelee, Julius H., “The Utili- 
zation of Statistics in Business,” in Quarterly Publications of the American 
Statistical Association, 3\xaQ, IQll, 
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regular reports and to interpret those meludecl. Excellent 
examples of this type are found in Smith’s The United 
States Federal hiternal Tax History from 1861-1871,^ and 
Suffern’s Conciliation and Arbitration in the Coal Industry of 
America? 

Besides these sources, mention should be made of the 
results of individual inquiries, which, while they are not 
necessarily carried on under competent supervision, never- 
theless have considerable merit and may be used with dis- 
crimination by the student of economic topics. Other 
sources, containing material which may be characterized as 
hearsay and straj'' information, regularly or irregularly appear. 
Outside of the current financial sheet much of the statistical 
material appearing in newspapers must be looked upon with 
suspicion. As a source it is not to be relied upon alone. Its 
use must be prefaced by close scrutiny for accuracy of detail, 
completeness, and representativeness. 

III. Tests to be Applied to Secondary Statistical Data 

It is impossible to formulate a set of rules for the use of 
secondary statistical data which will serve as a complete 
guide under all circumstances. The best which can be done 
at this time is to point out some of the precautions which 
should be taken against too free use of this type of data and 
some of the consequences of ignoring them. Tlm_j^rs£_con^ 
sideration which should be n icnt^^^^ is that of the bias„pr ^ 
t he unrepresentative cha racte r of the material.^ The old 
contention that “figures will not lie, but that liars will figure” 
is possessed of a substantial modicum of truth. When 

1 Smith, H. E., The United States Federal Internal Tax History from 1861- 
1871, Houghton Mifflin Co., Boston, 1914. 

“ Suffern, Arthur E., Conciliation and Arbitration in the Coal Indnstry 
o/ America, Houghton Mifflin Co., Boston, 1915. 
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prompted by motives to deceive, one has little difficulty in 
making out his ease from data which if used otherwise would 
tell a different story. {The bias may result by willfully 
eliminating part of the facts, by rigidly adhering to appro- . 
priate and clearly defined rules in the collection of material, 
but by l)asing (,‘omparisons upon insufficient data or by relat- 
ing them to unrepresentative periods or conditions.’- If 
choice is made according to chance, an accurate picture or 
a trend may 1)0 shown from comparatively few data. If, 
however, choice is biased, an increase in the number of sam- 
ples taken only tends to enlarge the amount of error. No 
use should be made of secondary data until the question of 
bias is settU'd. One should be fully cognizant of this point 
before analysis is begun. 

A second consideration relates to the applicability of 
data to the problcm.s being considered. Are the facts 
germane? i)o the units of measurements in which they are 
expressed admit of use for the particular problem in mind ? 
Many statistical data having only a general application 
may, if used with disciimination, substantiate or lend sup- 
port to a contention which they would not be sufficient to 
uphold de novo. The bearing of these tests assumes impor- 
tance only by detailed study of the uses to which one desires 
to put data and the conditions surrounding their collection. 
No single rule or principle is sufficient to cover all cases. 

As to whether data a;rc exclusive or inclusive is a third 
primary consideration. If it is desired to furnish a complete 
picture, then data must be scrutinized for their inclusiveness. 
If, however, the problem is merely to indicate a trend, then, 
a different set of considerations maintains. If one were in 
terested in the question of farm ownership and tenancy iiilf: 
a state, for instance, it would probably be necessary to study fl' 
more than widely scattered sections since conditions are. not 
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necessarily homogeneous as to the prevalence of ownership, 
nor uniform respecting the terms under which tenancy exists. 
Again, if the topics under consideration are types, amount, 
and economic status of immigrant labor, one would hardly be 
safe in restricting his study to a single port of entry. It 
might be possible by so doing to secure data wtiich are typi- 
cal of the total immigration, but more than typical facts ^ 
are wanted. The problem suggests a quantitative and not / 
alone a qualitative result. The same is true respecting ^ 
studies of births, deaths, and accidents, etc. The recording 
of an occasional death by cause, an occasional birth, or a 
few of the serious industrial accidents is inadequate. What 
is necessary is the inclusion of all deaths by specific cause, 
the recording of all births, and a complete register of all 
accidents. Accident risks, for instance, cannot be properly 
determined unless all accidents occurring, the place where 
and the condition under which they happen, and the extent 
of disability, etc., are definitely known. I 

On th e oth er hand, if all that is desired is to indicate the\ / 
trend in a given set of facts it may suffice to take well-dis-l ^ 
tributed sample s. Undoubtediy, the phenomena of changes | 
in prices can statistically be demonstrated without including 
statistics of all prices. If our problem is to measure 
changes in wholesale prices, this may be done by studying 
the prices of a comparatively few well-selected commodities 
over a period of time. The same may be said of prices 
of raw products or of goods in which the final consumer 
is particularly interested. The trend of the price of real 
estate, of stocks and bonds, may be indicated roughly by 
considering comparatively few but representative sales ap- 
plying in each case. An illustration of this truth is found 
in the practice of real estate boards and tax bodies, in the 
use of sale statistics, to determine either the market or “true 
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value” of real estate. The ch ief consideration is the repre- 
sentative eharacter of the samples. Wage increases or de- 
ca'etist\7majn^ pli'ocess of sampling, providing 

the samj'tles are chosen with discrimination. If it is desired, 
for instance, as evidence of the value of a piece of property, 
to enumerate the number of people who pass it, it is suffi- 
{‘ieiit to include relatively short periods typical of both rush 
and slack hours for representative days. The enumeration of 
the entire number of people of all classes for an extended 
period is unnecessary. Likewise, the scale of rents in a 
given district may be determined with sufficient accuracy 
for commercial, purposes by considering rents of representa- 
tive houses. It is not necessary to include all houses. Care 
must always be exercised, however, to see that the sampling, 
howsoever carefully made for purposes of original compila- 
tion, is suitable for the purposes in mind. It may be for- 
mulated as a general rule, that the more nearly all data are 
included the less is the likelihood of bias controlling, and the 
more readily can they be converted to a particular use. 
Under such circumstances the particular facts desired may 
more .easily be chosen and extraneous ones eliminated. 
Again, however, nothing better than general principles can 
be laid down as a guide in the appropriate use of secondary 
material. Discrimination, caution, and eternal vigilance 
are essential prerequisites to scientific studj^ and to the for- 
mulation of valid conclusions. 

As to whether units of measurements are simple or com- 
posife IS a'fourifi consideration. By simple units are meant 
those*!!! wEcITohe determining consideration is prescribed. 
Most statistics of enumeration employ simple units, as for 
instance, where persons, animals, acres, buildings, passengers, 
stocks, deaths, laws, sales, etc., are merely counted. In 
statistics of this type the disturbing elements due to inac- 
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curacies in the units are reduced to a minimum. Nothing 
of course is said concerning the accuracy with which units are- • 
defined, the rigidity with which definitions are followed, nor! 
the accuracy with which enumerations are made, but only 
of the fact that the presence of a single distuihing cause 
associated with units normally guarantees against the pres- 
ence of greater or as great a degree of error than w^oiild be 
associated with conditions when units, and hence statistics, 
are composite in character. Such a unit as a “farm’’ might 
easily be defined and the statistics of farms readily be 
understood. When, however, the limiting expression “im- 
proved” is added to this unit, the scope of the definition and 
its application have been materially restricted, and an addi- 
tional element introduced into which error may enter with 
the same readiness as into the other portion of the combined 
unit. Likewise, in statistics of “daily wages,” of a “fair 
return,” there is introduced possibility of error from defini- 
tion, not only from one but from two sides. Crops in bushels 
or in acreage may readily be determined; the “normality” 
of these crops, however, raises other problems and calls for 
superior statistical organization and for a much greater 
exercise of judgment. As these additional considerations 
enter, occasioixs for error and bias crowd in, and it is these 
conditions to which attention is drawn in distinguishing 
between simple and composite data. 

Numerical data may be expressed in the form of ratios, 
or relative numbers. These are ^own collectively as co- 
efficients and imply definite relations between numerators 
and denomi nators. A coefficient should be assignable to 
the conditions which make it possible, or in the words of 
Bertillon, “always compare effects to the causes producing 
them.” One would not relate the number of deaths from 
spinal meningitis to the whole population, nor compare in 
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this rc'spoct populations of entii'ely different age composi- 
tion. Neither would one compare the number of industrial 
ac(‘ideiits for similar plants where the hazard or exposure 
in terms of man-hours and machine-hours is widely different. 
Likewise, statistics of the number of farm accidents should 
not b(' related to the total nmnber of farm employees, but 
only to the miml)er employed in occupations producing the 
accidemts. The number of accidents occurring in the min- 
ing industry would seem to stamp it as highly dangerous, 
ymt this is noticeably true only when the accidents are related 
to the types of occupations in which the hazard is excep- 
tional.^ 

Loose thinking always results when effects are not related / 
to the specific causes producing them. Long hours, poor / 
ventilation and light in factory or mill are often assigned 
as the causes of occupational disease and laws are passed to 
correct the evils; yet it is not always clear how much of the 
result ought not to be assigned to conditions of home life, 
intemperance, etc., things only remotely associated with 
or entirely disassociated from the occupations per se. Iii 
each case responsibility can be assigned only after investigaJ 
tion and after each effect is related to its specifi,c cause. * 

^It is not a sufficient justification for the violation of thi.^ 
principle to maintain that in economic life effects are rarely / 
if ever to be attributed to single causes, and therefore all 
effort to allocate the responsibility’’ is useless.\ The state-s 
ment is true but the inference does not follow, and its truth 
only calls attention to the extra care necessaiy in the use 
of economic and social statistics before conclusions are 
drawn from them and policies mapped out upon them. Here 
again, the best that may be done is to call attention to this 

1 For a more (jomplete discussion of XJnit^ of Measurements, sec Chapter 
III, infra. 
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important fact and leave the investigator, thus warned, to 
make application of it in each problem considered. 

A fifth consideration is that the use of data is conditioned, 
among other things, upon the accuracy ivith which reported, 
the accuracy with which determined, and the accuracy of dc- 
termination. Each of these topics requires brief considera- 
tion.^ 

The acc uracy with w hich data are reported and collected 
depentls in largi> part upon the character of the informant, 
the nature of the records kept, the type of questions asked, 
and the care u sed in answer ing them. If difficult and un- 
familiar questions, or questions which in any way incite 
distrust or suspicion, are asked, the answers are likely to 
be either incomplete, brief, non-committal, full of error, or 
purposely evasive. The problem largely turns on the ques- 
tion of reporting. Age, for instance, may be accurately 
known, but falsely reported. Wages may be known and 
yet not reported simply because of suspicion of the use to 
which the data will be put. Moreover, even in cases where 
there is no reason for falsely reporting, liability of error in' 
tabulation is always a factor to be considered. The amount 
of accuracy carried into the final returns depends upon the 
care used in editing, and the general manner in which the 
tabulations have been made. Devices permitting clerical 
accuracy have been pretty well perfected and are now in 
common use. Glaring errors may be detected by an analysis 
of the data themselves. It is seldom necessary, however, 
to check the numerical computations of reputable statisti- 
cal publications; it is always necessary to satisfy oneself 
of the character of the primary material which is the basis 
for secondary tables. 

1 For discusDsion of similar points respecting wage data, see Chapter IV, 
“Types of Secondary Wage Data.” 
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0)1 the other hand, data may correctly be reported but 
the report itself be inaccurate because the answer is wrongly 
det ermi ned. Much of the data, until recently, respecting 
causes of death fall under this head. No necessary diffi- 
culty is experienced in reporting, but only in determining 
the precise cause, or in calling by the same name the same 
thing. The necessary corrective is, of course, a standard; 
classification of causes of deaths and this we now possess for; 
the so-called registration area of the United States. Like- 
wise, statistics of occupations in the United States suffer 
greatlj’- from the lack of a standardized nomenclature. 
Identical occupations are called by different names ; things 
which are equal to the same thing, in reality, are not equal 
to each other in name. As a basis for the determination of 
occupational risk, for the development of schemes of acci- 
dent compensation or insurance, they are almost worthless. 
Fortunately, we are now making some progress toward uni- 
formity of occupational naming. Here, as in the former 
consideration, the personal equation is important, but more 
often the real source of trouble Ues, as in the instances cited, 
in the nature of the problem itself. 

Statistics of capital employed in manufacturing industries, 
as reported by the United States Census Bureau, suffer much 
because of the inaccuracy with which determined. The 
definition of capital for statistical purposes offers the first 
difficulty. Even for detailed analysis authorities are not 
agreed as to what should be included as “capital.” The 
reasons for including or excluding different categories vary 
and are of different force in different industries, or in the 
same industry under different conditions of management 
and forms of business organization. For census purposes 
such a unit must of necessity be used with little more than a 
semblance of exactitude, and, of course, the statistics col- 
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lected are very little better than rough guesses. The same 
considerations apply to “value of products,” “cost of ma- 
terials,” “expenses,” etc. The difficulty is not necessarily 
one of error in reporting (yet undoubtedly this is an im- 
portant factor) nor in the accuracy with which such facts 
7niglit be determined, but rather with the accuracy with which 
they are determined under the conditions of collection. If 
nothing more is desired than an indication of trend this may 
be secured in cases where complete accuracy of detail is 
wanting, providing errors are distributed uniformly about 
the average and tend to correct each other, and where sam- 
pling is representative. These conditions, however, so sel- 
dom maintain (never in the last instances cited) that data 
compiled ostensibly under these considerations must be used 
with great care and circumspection for any use where accu- 
racy is important or where vital issues are involved. It is 
painful to see nice distinctions and weighty conclusions rest 
upon such questionable support I 

On the other hand, secondary statistical data are frequently 
compiled where absojute accuracy of determination is im- 
possible and where no pretense is made toward complete- 
ness. T he data at best are estimates. At present no 
statisticarmacIiTnS^Tahdndi^^ for an accurate 

determination of the amount of gold-producing ore in the 
United States ; of the amount in horse-power of our water 
power resources, or of the amount of standing timber exist- 
ing in the United States.^ Absolute accuracy is not necessary 
and no pretense is made of its realization. Of course, there 
may be accurate and there may be inaccurate estimates, 

1 See the interesting report on “The Lumber Industry, Part I, Standing 
Timber,” hy The United States Bureau of Corporations, 1913, where methods 
of estimating the amount of standing timber in various districts and for 
various woods are described and criticized, pp. 7-10, 45 ff. 
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and it is always incumbent upon Mm who uses them to 
choose those which, all things considered, seem best to meet 
the ]*oquirements which they should possess and to use them 
as e.s'ijwafes. Essentially accurate conclusions, of course, 
may be drawn from rough estimates, but in their use the 
element of danger is so great that caution should always 
accompany their employment, and sound judgment con- 
stantly be invoked to guard against false conclusions being 
drawn from them. 

Moreover, not all phenomena allow of statistical measure- 
ment. ISliimericai frequency may be of no real nor vital 
significance. The devotion of a people to a principle of 
right or justice can hardly be measured by the number of 
those who find no occasion to violate it. Regard for law 
and order may not be measured by the number of people 
who remain out of jail. Conversely, the disregard for law\ 
is not fully measured by the number of arrests and convic- 
tions for a given period. The degree of insanity is not 
necessarily measured by the number of commitments to 
insane asylums together with the number of occupants of 
such institutions. The sacredness with which the marriage 
institution is regarded is not accurately reflected by the 
number of divorces granted, nor respect for higher educa- 
tion alone by the number of students enrolled in institutions 
of collegiate and university rank. It is an error to expect 
statistical data alone to answer these questions, and it is 
even a worse error solely to base conclusions respecting 
them on data which are now extant. 

Not less imp ortant than the element of accuracy is a sixth 
consideration, yiz.j the^ hom^eneity of conditions which 
the data descri be. If violent changes of methods of doing 
business have resulted during a period of time, and the cor- 
porate form of organization has become more common 
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because of the relative size of the business unit, then it would 
be inaccurate to base conclusions respecting the proportion 
of business done under this type of organization at two 
periods where all business is taken as the basis of com- 
parison. If "future” transactions, in a given market, are 
supplanting "spot” transactions, and the substitution has 
caused prices to rule higher or lower, then prices to-day may 
not be compared in this respect with those characterizing 
a period when such methods of dealing were not indulged 
in. If prices to-day are influenced by the practice of retail 
dealers "protecting” manufacturers by refusing to give price 
concessions, then present prices are not fully comparable 
with times when such conditions did not maintain. If price 
levels ai'e to be compared, it is unfair to make the basis of 
comparison prices of commodities bought in small quan- 
tities with those paid for in wholesale lots. The conditions 
are not equivalent, and comparisons are invalid until they 
are reduced to a common denominator. Prices expressed 
in a depreciated standard can be compared with those made 
on a gold basis only after a conversion of one has been made 
into terms of the other. 

Not onl y m ay stat isti cal clata, be descriptive of nqn- 
h omog eneous conditions (and this fact not be revealed),, but 
they may also greatly differ in composition at different 
times. Reporting, ed iting, tabulating, and analyzing may 
b e of widely different degrees of^ excellence. New forces 
may have been given recognition, different emphasis may 
have been placed on different things, different definitions 
may have been insisted on, new units of measurements or 
modifications of old ones may have been employed, wider 
or narrower fields may have been covered, the proportional 
elements used to make up a total may have changed materially, 
etc. The presence of these and similar conditions makes 
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comparisons over long periods difficult, if not exceedingly 
dangerous. /The desire for “comparability"’ often becomes; 
the controlling factor in statistical computation, and serious, 
omissions, strained interpretations, etc. (all important iiV' 
the use of the data for a given time) countenanced in order 
to preserve it. The retention of the “capital” inquiry, iri 
all its crudity, in the statistics of manufacture by the United 
States Census Bureau is largely out of consideration for the 
“value of comparisons.” The omission until recently on 
the part of the United States Bureau of Labor Statistics of 
fifteen commodities formerly used in the computation of an 
index number of retail prices, raises at least the question 
of the possibility of comparing the figures before 1907 with 
those since that date.^ The various definitions of a “farm,” 
or of an “establishment,” or of “manufacturing” used by 
the United States Census Bureau at different times, make 
hazardous comparisons over an extended period. Exports 
and imports, whether expressed in quantity or in value, 
must always be interpreted in terms of the units of measure- 
ment employed.^ The student should always go behind 

I The lack of comparability has been definitely asserted by the Com- 
missioner of the Bureau of Labor Statistics. “Some Features of the Statis- 
tical Work of the Bureau of liabor Statistics, ” Royal Meeker, Commissioner, 
Publications of the American Statistical Association, March, 1915, pp. 431- 
441. 

" Most interesting discussions of the difficulties of making international 
comparisons of import and exiwrt statistics, and of the imperfections of 
our own import and export statistics, are contained in an article by Frank 
R. Rutter on “Statistics of Imports and Exports,” in The Publications of 
the Aynerican Statistical Association, March, 1916, pp. 16-35. Apropos the 
topic, here under consideration the following extracts are of interest : 

By virtrio of a law passed in 1893 the agent of a railroad company earrj'- 
ing goods to a foreign country by land was made punishable to the amount 
of 3)50 for failure to present a manifest to the collector of eu, stoma. “The 
effect of the change in law' is reflected in the exports through Buffalo* to 
Canada. From loss than $600,000 in 1890 the figures jumped to over 
$4,000,000 in 1895.” Ibid., p. 20. 

On the matter of units of measurements and classification, the following 
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the printed figures and make sure of the units, their inter- 
pretation, and the weight assigned to the different factors 

quotation is of interest : “The greatest need for the expansion of the elassi- 
fieation is found in the ease of exports. The most detailed classifit'af ion 
of exports now covers les.s than 600 items, while in the imports for consump- 
tion there are about 3,000 distinct items. The chief preventive of an in- 
crease in the number of items is the indefinite character of e.xport dechiru- 
tions. So many artieles are described merely by general terms that it is 
out of the question to separate artieles frequently of much eoinmereial 
importance. 

“Defects in tlie present classification, aside from its incompleteness, are 
the ineomiaarability of the import and export schedules and the failure 
to conform to current commercial terms. The latter defect is due to the 
Iireservation in the tariff of many terms now obsolete, and the necessity 
of having the statistical classe.s follow closely the tariff items.’’ Jhid., 

p. 26. 

On the definition of “imports” the author says: 

"What is genorall 5 ’' understood by the term ‘imports’? Legally, an 
article is imported when landed, whether for immediate con.sumption or 
for storage in bonded warehouse.s. From an economic point of view, 
however, bonded warehouses may well be regarded as foreign territory. 
The door of the bonded warehouse is really the economic frontier of the 
country. 

“ Since the United States is not a large reexporting country, the difference 
between 'imports’ and ‘imports for consumption’ is largely one of time. 
The instances in which goods are exported from warehouses are few as 
compared with the instanee.s in wliich after the lapse of time goods are en- 
tered for consumption wnthin the country. • 

“Perhaps the distinction is most clearly brought out by an illustration. 
While the last tariff was under discus.sion wool in large quantities was landed 
at our ports and stored in bonded warehouses until December 1, 1914, 
when it could be withdrawn without payment of duty. W"as such wool 
really imported when it was landed or when it wa.s removed from the ware- 
house? 

“On the export side we have a clear distinction betw'een domestic exports 
and foreign exports. On the import side imports for consumption are most 
nearly comparable with domestic exports, yet not fully comparable, since 
free goods are not generally warehoused and may be entered for consumption 
although intended for reexportation. To bo strictly accurate, dutiable 
imports for consumption sliould be compared with domestic exports and 
free imports with domestic and foreign exports combined.” Ibid., p. 28. 

“Perhaps the most striking instance of the unfortunate result of our 
method of valuation is seen in the import prices of rubber. Notwithstand- 
ing the improvement of plantation rubber, Para rubber is still quoted at 
a slightly higher price. In Brazil, how’-cver, there is a heavy export duty, 
which constitutes an important element in the price. This duty is not 
included in our statistical valuation with the result that the value of India 
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ill the eoinposite group before he hazards detailed comparison 
or arrives at conclusions^ 

IV, Consideration's of Importance Prior to the 
Collection op Data 

Before undertaking a statistical study it is essential that ^ 
the problem be studied in order to determine the possibility 
of the statistical as contrasted to other approaches. All 
pniEleiiis do not lend themselves equally well to numerical 
treatment. Indeed, many questions are so affeeted by ethi- 
cal, moral, and religious considerations that they do not 
ailmit of statistical interpretation. 

If it is decided that the problem possesses statistical merit, 
among the important things to be considered before actual 
collection of data is undertaken is the availability of th| 
facts desired. Not infrequently data relating to a given ^ 
phenomenon exist but are not available. This condition may 
result from the fact that records are imperfectly kept, that 
data are so meager and so widely distributed, or scattered 
over so long a period of time that the expense involved makes 
collection impracticable. In the case of industrial occupa- 
tions frequently we have only the trade name, or the trade 
processes, available and it is difficult to reduce to a uniform 
nomenclature the reported facts as a basis for any valid con- 
clusions, If data desired are available, they still may not 
be in a form which will permit of their being directly applied 
to the problem at hand. Conversion of the units may be 
necessary. This frequently requires technical knowledge 

rubber imported from Brazil during the fiscal year 1914 averaged only 40 
cents a pound, while the import value of that from Ceylon averaged 60 
cents a pound.” IMd., p. 30, 

1 Bowley, A. L., “The Improvement of Official Statistics” in the Journal 
of the Royal Statistical Society, September, 1908, Vol. 71, pp. 461-469 
particularly. 
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and in many instances the use of unwarranted discretionary 
power. 

Besides availabihty, the relationship of data to lie col- 
lected to complementary and vsupplcmentaiy facts already 
collected or possible of collection should be considered. 
This suggestion has to do with the necessity of correlating 
existing statistical material rather than with the technique 
of actual collection. Yet it is intimately connected with the 
latter. Indeed, the type of data already available may be 
the dominating factor in determining the new line of statis- 
tical approach. To duplicate work already done is justi- 
fiable only when it is felt that existing data are incomplete, 
unrepresentative, or in some other respects inadequate or un- 
suited for the uses to which one desires to put them. Thcl 
aim should always be to supplement, to carry one step further,! 
to make function the data already possessed. Too fre-l 
quently statistical studies both of students and of statistical 
bureaus are uncorrelated. They stand out as independent 
efforts, throwing little light upon problems to which they are 
addressed largely because they do not form a necessary part 
of a single and comprehensive program. They begin and 
end as independent, uncorrelated efforts. 

An illustration respecting public bureaus will serve to 
bring oiit the importance of this consideration. The statis- 
tical bureaus of some of our leading states collect from 
one to three, or possibly four, important types of data 
upon the subject of unemployment. Taking Massachu- 
setts as an example, we note four types. The first is the 
one on unemployment due to lack of work, lack of ma- 
terial, strikes, lockouts, etc., regularly collected from trade 
unions. These data apply only to union conditions. A 
second type, rather upon the subject of employment than 
unemployment, is the data on the average number of em- 
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pl()ye('s l>y months reported by manufacturing institutions 
to the Depai'tment of Manufacturers in the Bureau of Statis- 
tics. A third type, more local in its character, is that regu- 
larly collcctetl by the Public Free Employment offices. The 
facts in this case relate to the applications for employment 
and, of course, cover both union and non-union employees. 
A fourth type exists in the form of data regularly collected 
concerning accidents and compensations for accidents by 
the Industrial Board. These types of information, although 
separate and distinct in character, undoubtedly throw con- 
siderable light on the subject of unemployment, and if cor- 
related would bear even more strongly upon the problem. Up 
to the present time, however, the collection of each type of 
information has been considered chiefly as an end in itself, 
and no systematic attempt has been made to correlate the 
material collected. 

The lack of cooperation and the overlapping of function 
and output of American statistical bureaus generally are 
appalling. Respecting the national government it has been 
suggested recently that there be created “The Office of' 
National Statistics” to act as the coordinating unit among, 
the “twenty-nine branches of government” now issuing 
statistics with ‘the “inevitable plenty of wastefulness and 
duplication.” The lack of cooperation between bureaus of 
the Federal Government ma5'' be shown by the following 
illustration : 

The law providing for the talcing of the United States 
Census makes it obligatoiy upon every manufacturer to 
supply Census data, and stipulates that the information fur- 
nished “shall be used only for the statistical purposes for 
which it is supplied. No publication shall be made by the 
Census Office whereby the data furnished by any particular 
establishment can be identified, nor shall the Director of 
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the Census permit an3>' one. other than the sworn employees 
of the Census Office to examine the individual reports.” 
Precautionary measures are undoubtedly necessary to guard 
against publicity of individual retmms to the detriment of 
those involved in competitive industry, but it does not .seem 
necessary and reasonable for this bureau to inake a fetish 
of this restriction and in a measure to defeat the purposes 
of other departments of the government. This publicity- 
provision is now (1915) so narrowly interpreted as to pre- 
clude other departments of the government from even secur- 
ing a list of the names and addresses of the manufacturers, 
to whom the Census sends schedules. Let us see just howl 
narrow such a policy is, and some of its consequences. 

On any given Census year the chief sources of materials 
for names, addresses, nature of business, etc., are the sched- 
ules on file for the preceding census. These must be cor- 
rected and supplemented from trade directories, telephone 
books, gazetteers, etc. To correct a list for the United States 
is an enormous task, and if done by one department of gov- 
ernment its duplication by others would seem unnecessary. 
The Census Office, however, so narrowly interprets the con- 
fidential features of the law as to refuse to furnish the list to 
the Trade Commission, notwithstanding the fact that only 
by the merest chance could the Commission, if it desired, 
clearly distinguish the names and addresses for those cases 
in which these facts were not generally known, whether^ 
supplied from old schedules or from directories. The Census 1 
has the necessary facts and organization for compiling a I 
complete list at a low cost, yet after it has compiled the dataj 
for administrative purposes, their use by other departments | 
within the national government is refused. * 

The result is as follows : Within the Federal Government 
(not to speak of the state departments to which such a list 
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niieiht be furnished upon some reasonable basis) there are, 
uiuoiig others, the Census Bm’eau, the Bureau of Labor Statis- 
tics, the Trade Commission, the Children’s Bureau, all re- 
quiring as a first condition to the administration of law a list 
of manufacturers, traders, mercantile concerns, etc. \!The 
reason for desiring the list varies with the departments; 
the necessity for the list is common . ) The Census Office in the 
face of this common need refuses the information under the 
flimsy pretext that the matter is '‘confidential.” Such lack 
of cooperation, whether resulting from the provisions of law 
or from the short-sighted policy of the administration, should 
not be allowed to endure. 

Only recently have there been any serious attempts to 
correlate and standardize the statistical work of the several 
states. The passage of workmen’s compensation laws by 
a majority of the industrial states has demonstrated the ne- 
cessity of the adoption of a definition of an industrial acci- 
dent, the use of uniform report blanks, and of uniform 
methods of tabulation of accidents. Under the leadership 
of the United States Commissioner of Labor Statistics, and 
in cooperation with the statisticians of the bureaus of the 
states affected and the liability insurance companies, there 
are gradually being developed uniform standards in defini- 
tions and treatment of industrial accident statistics.^ Until 
these are in use it is impossible to reduce industrial statistics 
to a comparable basis and to calculate the degrees of hazard 
accompanying occupations either for purposes of workmen’s 
compensation or state insurance. 

There are instances, likewise, in which the states are co- 
operating with the Federal Government in the compilation 

1 The progress in this line is conveniently summarized in “Industrial 
Accident Statistics, ” Bulletin of the United States Bureau of Labor Statistics, 
Whole Number 157, March, 1915, Washington, D. C., 1915, 
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of statistical information. Massachusetts, respecting her 
manufacturing census ; Ohio, respecting union rates of wages ; 
Wisconsin, respecting labor in canneries; Illinois, respect- 
ing industrial disease ; Indiana, respecting female wage 
earners in mercantile establishments, — are cases in point. 
There are similar instances in which the work of the states, 
if not completely duplicating that of the Federal Government, 
is done in ignorance of it. New Jersey's cost of living studies 
and the refusal of numbers of states to accept the provisions, 
respecting reporting of births and deaths, established by the 
Department of Vital Statistics, Bureau of the Census, are 
conspicuous. 

No attempt is made to compile a catalog of the multitu- 
dinous points of statistical contact between the statistical 
departments within the national government, within the 
states or other divisions, or between the departments and 
the several jurisdictions. Neither is it the intention to 
enumerate the instances in which cooperation is effected 
or in which it is ignored. Conspicuous instances of coopera- 
tion and its absence stand out, and these have been mentioned 
for the purpose of calling attention to a problem the study 
of which in the United States has been sadly neglected. 

The examples cited will suffice to bring to the attention of 
persons and bureaus intending to make statistical inquiries 
the necessity of studying the field so as to become acquainted 
with what has been, and is being, done in order more 
properly to make the facts collected supplement rather than 
duplicate matter already collected. By this simple ex- 
pedient many inquiries, which in themselves will be fruitless 
because of lack of time and money, may be avoided, and real 
contributions made by gathering additional evidence on 
single or closely related phases of topics or by correlating 
material already at hand. One cannot legitimately object 
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to the iudustiy displayed by modern statistical biireans, in 
colk'(‘iiii,£>; facts; but severe criticism of the disposition to 
consider collection as an end and to leave untouched any con- 
trasted and correlated use of the material is frequently 
justified. 

( Another consideration of importance prior to the actual 
collection process should be mentioned. Most public agents 
are possessed of mandatory power.y They may compel 
answers to be made to the inquiries submitted. This power 
normally does not extend to private individuals and its ab- 
sence in most instances is a real handicap to effective in- 
quiry. It is, however, sometimes possible for investigators, 
through contact with informants, and by cultivating their 
good-will, to develop in them a feeling of obligation to report, 
which more than compensates for any lack of mandatory 
power. So far as public statistical organizations are con- 
cerned, conspicuous instances where a feeling of obligation 
to supply information has been well developed are the cases 
of price reporting to the United States Bureau of Labor 
Statistics, and the reporting by unions of the conditions of 
employment to the Bureaus of Labor Statistics in Massa- 
chusetts and in New York. 

By cultivating the good-will of informants, these bureaus 
have been able to enlist their support, so that at the present 
time they receive excellent reports with little actual incon- 
venience and cost. Various ways are open for securing their 
interests and good-will. One approach is through a guaranty 
against an abuse of confidence. Sometimes it is accom- 
plished through assurances that statistics desired apply to 
the group as a whole, and when compiled will be supplied 
gratuitously to all those who have contributed to their col- 
lection. Sometimes appeal is made openly to the feelings 
of state or local pride, as, for instance, in the collection of 
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statistics of manufactures in New Jersey. In this instance 
the bureau inserts a provision in the manufacturer’s schedule 
to the effect that in case answers are not made the returns 
for the state will be deficient, and that relatively New Jcrs(\y’s 
showing will be less favorable than that made by other states. 
Another %vay of gaining the confidence of the informants 
is by studying their interests and by cultivating their go<^d- 
will by correspondence. This method is being used effec- 
tively in Massachusetts, where bureau officials are careful to 
indicate by semi-personal letter the value to the informant 
and to the public generally of data to be collected, and the 
importance of answering specifically and promptly the 
inquiries made. Where mandatory power exists it is not an 
uncommon practice for statistical bureaus requesting infor- 
mation to quote the terms of the law, and to indicate the 
penalties attached to failure to live up to its provisions. 
This method, however, should be used with discrimination 
inasmuch as it may tend to incite a spirit of distrust and 
opposition rather than of cooperation. 

Private individuals, as contrasted with regularly con- 
stituted authorities, may always be said to be in a disad- 
vantageous position in this respect in the collection of data. 
The limitations under which they operate should be clearly 
kept in mind in order to guard against a too sanguine belief 
in the efficacy of individual effort. Too gz'eat confidence 
as to the outcome of a given undertaking generally charac- 
terizes the efforts of the inexperienced. 

Still another consideration is of importance preparatory to 
the collection process. It is necessary to know the types of 
informants to whom appeal must be made. If they are 
ignorant, indisposed to appreciate the significance of the prob- 
lem under study, or to oppose its continuance, if they are in- 
clined to look upon everything as inconsequential and useless, 
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lit tle w('ight (lan be attached to the answers given. The con- 
siderations named above in cultivating a personal acquaint- 
ance? apply here. An investigator, however, should be cog- 
nizant of this limitation, and should consider it as a pre- 
liminary fact to be given attention before an extensive 
stutisticjil study at first hand is undertaken. Likewise, 
the time, the money, and organization available should be 
considered. Data may exist, informants be ever so willing 
to supply them, and yet the actual consummation of a task 
be impossible because of lack of funds, time, or organization. 
Few peoplf‘ not accustomed to planning statistical work 
{‘learly realize? the time, energy, and expense involved in a 
thorough statistical investigation. 

V. The Collection of Primary Statistical Data 
1. Purpose and Plan 

In the actual collection process the first and foremost 
t?onsi de ratK>ns jire the purpose an d p lan. These should be 
outlined clearly both as to direct and indirect implications. 
The scope of the problem should be thoroughly understood 
and the primary and secondary considerations bearing upon 
it clearly realized. The limitations of the statistical ap- 
proach should constantly be held in mind. All units to be 
employed in actual measurement should accurately and 
unmistakably be defined and the problem, so far as is pos- 
sible, viewed from beginning to end. Only by so doing is 
it possible to provide in advance for all contingencies that 
may arise and to make an adequate statement of the case. 
The ability to do this comes only with practice, but the 
necessity of its being done is no less real by virtue of this 
fact, ^he problem of adequately and fully stating the pur- 
poses of statistical studies is held to be so important that 
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much of Chapters III and IV is devoted to a discussion of 
it for typical cases.^^ 

2. Methods of Collectnig Data (Descriptive) 

After having clearly outlined the problem and developed 
the plan to be followed, three inetho^ of coll ecti ng data are 
available. The one or ones used will depend, of course, 
upon their appropriateness to the purposes in mind. The 
pre.sent treatment of these types is purely descriptive and 
does not attempt to outline all of their peculiarities and 
adaptations. First, rec ourse may be had to official re cords. 
In the case of ])u.siness houses, undertaking statistical studies 
from data in their own records, the process of collection 
might, perhaps, more properly be called “assembling ma- 
terial from records.” In many cases, no doubt, consider- 
able adjustment in the types of records, and in the manner 
in which facts are reported, is necessary before they can be 
made available for summarization and analysis, but in these 
cases the presumption is that after the preliminary work 
is done — and oftentimes this is a real and vital part of the 
problem — that the remainder, so far as the collection of 
material is concerned, is largely a question of transcribing 
data. Motives for withholding part of the facts, of misstat- 
ing those given, or of blocking the study with the purpose of 
defeating it, are not presumed to be present, since the pur- 
pose of undertaking it is to throw light on the relative 
efficiency of methods pursued and to point the direction 
for possible changes in policy, organization, etc. 

Moreover, the conditions for the operation of personal 
bias, desire to make a case, reliance on incomplete returns 
are reduced to a minimum. The position is not taken that 
data available in returns currently collected or in those 
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wliic'h may lie .-eiaired are always adequate, partieularly 
wh(‘u the purpose is indefinite, as it almost always is, in case 
it is not undertaken by some one especially trained for such 
work, but that those collected under these circumstances do 
not pres(mt the difficult problems which confront the statis- 
tician who comes to the work from the outside with no 
sanction (‘xcept that of an impersonal government, a loose 
organization, or Ins own good intentions, and without the 
tact to enlist the sympathy" and cooperation of those upon 
whom he must depend for success. 

It is, of c.ouvsi'., true that most smaller business houses 
do not und(‘rstancl the uses to which data in their own 
records c;in put, and consequently do not have satis- 
factory statistical records. INIoreover, those who appreciate 
their possilih^ significjince have considerable reservation 
a])out giving ovei- to a sejiarate department the function of 
informing others of the wt'ak places in their organizations 
and of tlie losses which could be prevented and savings made. 
“Statistics” are in ill-repute and largely so because, they are 
considered eitlier in themselves infallible or fallible, — de- 
p<mding on whet her they show the rigid or wrong thing, — 
or are used in an unsciontific manner and, as a consequence, 
are not reliuljle. There is almost as much science in the way 
statistics are (.collected as there is in the subsequent inter- 
pretation of them, but this truth is almost the last to be 
recogriizcni by the inexperienced. 

If the agent securing data is outside the organization, 
records may bo furnished in the original or their contents 
transcribed. If transcribed, this may be done either by the 
informants or by the agent. The former method is expedi- 
tious but liable to abuse. In some instances requests may 
be ignored or answers purposely misstated in order to de- 
ceive. Without an adequate check upon the information 
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funiishctl this method cannot be advocated as wise for general 
adoption. Examples where informants supply material 
from formal records, and still a reasonable degree of accu- 
rafsy is obtained, are the reports of accidents to various state 
compensation bureaus, and the reports of manufacturing 
statistics made to the Division of Manufacturers in the 
Ihiroaii of Statistics, State of Massachusetts. On the other 
hand, instances are common where informants supply ma- 
terial which is grossly inaccurate. Accident reporting in 
New Jersey may be cited as an example. In the former 
case (Wisconsin may be used as an illustration), inasmuch 
as both insurance companies and employers are required to 
report upon accidents to the Industrial Commission and all 
employers are recpiired to be insured, essential completeness 
and* accuracy of accident reporting are guaranteed. In 
Massachusetts, manufacturing statistics have been collected 
from representative concerns for a great number of years 
and records are available for intimate comparison from one 
period to another. Under such conditions it is almost im- 
possible that material error shall characterize the figures, 
particularly in view of the care exercised by the bureaus in 
their compilation. 

Where schedules are used and informants are required 
to fill them out, the necessity for detailed descriptions of 
units is often so great in spite of extreme cautions that serious 
errors creep in. Long explanations cannot conveniently 
be made upon schedules, and it is impracticable to accompany 
them with elaborate instructions. Only in cases where 
obligation is felt on the part of informants to answer ques- 
tions, or where answers may adequately be checked or given 
under supervision, as, for instance, in the statements of ex- 
penditures in a recent study of working women's budgets 
ill Ohio, can complete reliance be placed in information sup- 
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plied by <{“liodules which infomiants themselves have filled 
fuit. In the invesligatiun into “Wages and Regularity of 
Ein})loyuieiit in the Cloak, Suit, and Skirt Industry, ” etc., 
in New York, information supplied upon 1429 schedules 
filled out by the workers and gathered by the shop cliair- 
nien, was found to be “so full of errors that they were dis- 
carded as entirely unreliable.” * 

An alt('i‘native method is for an agent or representative to 
transcribe the records. This is expensive but conducive to 
uniformity and accuracy. It is, however, not carried on 
to any areat extwit in large~sc:ile investigations. A con- 
spicuous instance where it is followed is in the statistics of 
cities, published hy United States Census Bureau. By the 
us(‘ of agents, the Ctui.'^us Bureau is ahlc^ to convert dissimilar 
accounting systems to an essentially uniform b.asis and to 
publi.sh in most respects conip.ar.ahlc statistics. This method 
has b('en followed to some degive in th(' colk'ction of statis- 
tics of in.anufacturi' by the thiited States Government. 
In special investigations, siu'li as those made by the Bureau 
of Corporations into the Petroleum Industry, the Tobacco 
Industry, the International Harvester Co., ef al, it is the rule. 

A ficcund g('neral method of securing data may be described 
as the process of countiiiq. Obviously, enumeration in some 
tbrm is ins'oKa'd in all method.s of collection. It is funda- 
mental to the study of statisti(!s. But in this connection 1 
enumeration or counting is used in a narrower sense with ; 
the idea of suggesting the process of initial count or tally. 
Where it is used, records do not generally exist to which ; 
direct appeal can be made ; or if they exist, they are not 
(airrently corrected and it is desired to get more recent 
figures. The distinctive character of this process will more 

’ Bulletin of the United States Bureau of Labor Statistics, Whole Number 
147, p. 14, Washington, D. C., June, 1914. 
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readily l)e appreciated if examples in which it is used are 
cited and comments made upon them. 

Probably the best example of a statistical study in which 
the process of counting or enumeration is primary and where 
it is most severely tested, and its limitations most emphati- 
cally revealed, is the United States decennial population 
census. Similar but less conspicuous examples are the regu- 
lar or irregular state or city censuses of population. The 
surplus of births over deaths, together with the surplus of 
immigration over emigration, are the sources making for an 
increase of our population. Reasonably accurate statistics 
of births and deaths are restricted in the United States to the 
so-called registration area. vStatistics of immigration and 
emigration are reasonablj' accurate for the country as a whole. 
Statistics of distribution of immigrants more accurate than 
possibly the state to which they declare they are bound, or 
of the origin of the emigrant, more definite than his last place 
of residence, we do not possess. Little or no record is kept 
of migratory movements of population within the country. 
The result is that for statistics of population we must chiefly 
rely on the decennial census made by the United States 
Bureau of the Census, and for the interdecennial years upon 
the state censuses or the estimates made by reputable sta- 
tistical organizations. 

The actual enumeration of the population of 100,000,000 
people in a district as large as the United States is a gigantic 
undertaking. Divorced from the tendencies for districts to 
exaggerate their figures and for the enumerators to pad their 
lists in order to increase their remuneration, the difficulties 
are almost insuperable. Coupled with these conditions, 
and serving the political purpose which a census does, as an 
actual enumeration or count, little value so far as absolute 
or even near accuracy is concerned can be attached to it. 
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With the reasons for this state of affairs, attributable as it 
is to the method of appointment of enumerators, to the in- 
herent bigness of the task, to tlie divided duties of the enu- 
merators between a population census proper and an agricul- 
tural and occupational survey, to the political purpose which 
it serv(‘s, etc., we are not here particularly concerned. Our 
chief intere.st is in stating the method employed in the enu- 
meration rather than in analyzing the trustworthiness of the 
data collected. Que.stions involving the determination of 
legal re.sidonce, the treatment of floating population, of people 
in transit from })lace to place, etc., are involved in the process 
of counting. Questions relating to classification, depending 
as the latter <ioes upon race, conjugal condition, nativity, 
etc., are not pcaailiar to the problems of enumeration, but 
are present in all processes of collection. They involve the 
fomiulatiou of accurate definitions of the units employed, 
and rigi<l adherence to the conditions laid down. 

In the case of the population census, partial checks on the 
accuracy of 1 he count are found in the preceding censuses, in 
the records deaths, births, immigration, emigration, and 
in the fact that normally the distribution of age and sex 
classes is essentially uniform from period to period (this rela- 
tionship is somewhat disturbed in the United States by the 
influx and egress of mature male immigrants) . These checks, 
however, valuable as they are to keep in bounds of reasonable 
inaccuracy the results of the canvass, do not lessen the in- 
herent difficulties even under the best of conditions, of count- 
ing large aggregates even with approximate accuracy. The 
frequency of contested elections in cases where crookedness 
is admittedly absent, furnishes another evidence of the in- 
herent difficulties in correctly counting large aggregates. 
As a generalization, however, it may be maintained that the 
difficulties experienced in enumeration are not so much to be 
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attributed to the inability of the mind to comprehend large 
aggregates as to the use of inadequate statistical organizations 
and the not infrequent desire to actually misstate a fact or 
misinterpret a condition of affairs. 

The third rnethod or process of cqlle^^^ is that of 

estimates. These may be made on the basis of formal records 
or of enumerations without records. They may be made on 
the basis of direct material, as when expectancy of death 
(life tables) is based upon the number and conditions of 
deaths. They may also be made from allied material, as 
when call-loan rates of interest are estimated on the basis 
of bank reserves, the net interior movement of money upon 
the size of crops, the trend of business on the combined fac- 
tors making for business distrust or confidence, or the 
probable price of corn from the price of wheat. Indeed, 
in the business world most dealings are hazarded upon the 
ability to foretell the most probable results from a given set 
of conditions. Market prices of cereals are, in large part, a 
reflex of the likely condition of croppage during the subse- 
quent six or twelve months balanced over against the likely 
conditions of demand ; prices of securities are based upon an 
estimated earning capacity of the properties floating them ; 
increases of investment are hazarded upon a continuance of 
favorable trade conditions or the favorable disposition of the 
legislature. 

Much of the statistical data regularly compiled on the 
agricultural outlook, on the depletion or conservation of re- 
sources, upon national wealth and its distribution, upon the 
benevolence or malevolence of a given state policy toward 
Inisiness and industiy, or the likely consequences of the adop- 
tion of a regime of Socialism or government ownership, upon 
the deleterious effects of a given work policy or condition upon 
the laborer, have nothing more solid at base than crude 
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ostiinatos. Soino of the ciuta are siiffieiciitly accurate for all 
practical purpose?:, are compiled under conditions which tend 
to give them real value, since absolute aceuracj' is unneces- 
sary, tiiitl may serve as bases upon which to formulate a policy 
or launch a program. Such, undoubtedly, is true respecting 
th(‘ data issued by the Agricultural Department at Wash- 
ington on the condition of crops, on the acreage of cereals, 
etc. Ai)sohite accuracy is not required, and the amount 
of eiT(jr, tending as it does widely to distritaite itself and 
to nuuain esscnthilly the same from period to period, is not 
a s('rions]y disturbing factor. The same in part may be 
said com'crning receipts and expenditures, earnings, tonnage, 
etc., of busiiu*ss units so currently and confidently estimated 
in business Ihe. 

On tla.‘ other hand, estimates made respecting conditions 
whit'll constantly change, and upon which adecjiiate data as 
guides do not exist, or wliich in themselves are impossible of 
tletorminal ion, have serious limitations. Too free use should 
not ]>c made of them in shaping governmental or business 
policies and in questioning social and economic institutions. 
The estimatt'd amount of arable land in the United States 
is materially increased by the completion of irrigation projects 
and tlu' jierfection of dry farming methods. Power sites are 
mattu’ially increased in number and value by the perfection 
of high pow(?r transmission lines, and the available supply of 
png'ious metals by the discovery and use of the cyanide pro- 
cess for separation of gold from crude ores. The estimated 
coal supply takes on new significance in the light of recent 
discoveries respecting the production of gasoline and the per- 
f(‘ction of internal combustion engines which burn crude oils. 
Tlie actual displacement of the steam by the gasoline engine 
puts in a new light the eon.seqiiences which are sometimes 
associated with an estimated rapidly diminishing fuel supply. 

|i ■ ■ I ' ■ 
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We ur{\, however, wot concerned at present with the eonse- 
queiK^es of a condition, the facts about which are arrived at 
hir^t'ly, if not wholly, through estimates, but rather with this 
method of numerical^ describing such condition or tendency. 
Attention is simply called to the fact that a very large propor- 
tion of statistical data currently collected by government and 
private statistical bureaus is nothing but estimates. They 
may be good, bad, or indifferent ; but this does not now con- 
cern us. They should, however, be used as estimates, and the 
limitations of the methods under which they are collected 
fullj' imderstood. Descriptively, this method constitutes 
the third step in the collection process, 

3. The Collection Process (Functional) 

(1) Who are to be Canvassed? 

Intimately connected with the statement of the purpose 
for which a statistical study is to be made, and the outline 
or plan for actual execution, is the question : Who should be 
canvassed ? This can be answered roughly in most cases, by 
an inspection of the field. A complete and definite answer 
is possible, however, only after a directory of the possible 
sources of information has been completed and the types of 
the informants, together with the character of the material 
which they possess, determined by intimate study. If the 
problem is the fixing of a reasonable minimum wage for gain- 
fully employed women, inquiry must be directed to those 
who clearly fall within the group to be benefited. If the wage 
is to apply to a single industry, then obviously there is a 
double restriction imposed. Having determined, however, 
the industry and the persons affected, the question remains : 
From whom shall information be secured? If it is secured 
wholly from the employer, objections may be raised that the 
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returns are inaceurate, that all cases are not included, that 
; the data apply to unrepresentative seasons, that the money 

I of perquisites granted are included in the wages re- 

I port(Hl, that because of the stability of employment and the 

; s(Hnn‘ity of tenure, these factors are capitalized, etc. If they 

j are secured frcnu th(>. workers the contention may be made 

: tiiat records an; not kept and, therefore, that the data sub- 

' mitted are at b{»st estimates, that no cognizance is taken of 

; other things than money w^ages, that evidences exist that 

\ there is a strong presumption of a desire to make a case, etc. 

1 NtathtM’ source may be depended upon absolutely, yet in case 

I of wi<le <liv(*rgt'nce or difference in reports or testimony, and 

] in the absence of llu‘ actual facts, reported figures have to 

5 be taken. If any of < he above considerations maintain, they, 

of (*ours(‘, may la* giv(‘n weight in the determination of actual 
comlitions. A single source is not always available ; fre- 
quently, it is necessary and desirable to use various sources 
ill ord(U' to get the facts and to see them in tlieir correct light. 

If tht* subject of study is budgets of workingmen’s fami- 
lies; Who shall be included and who excluded? What 
national, racial, customary trade, occupational, and wage 
boundaries to the problem shall be set up? How many 
budgets can lie secured? How many must be taken and for 
what period must they apply in order to give validity and 
general application to conclusions? How wide must the sur- 
vey be to be typical of the group or class? These questions 
cannot lie answered off-hand ; they demand careful considera- 
tion and the exercise of keen judgment and sound statistical 
sense. 

If it is desired to test the results from the operations of a 
law which requires all employers of five or more persons to 
report industrial accidents to a central authority, and to 
render conditions of labor safe by the adoption of ade- 
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quate safety devices ; Who are affected by its provisions ? 
Failure to conaply with a law cannot be made punishable 
when the supplying of blanks, for instance, for reporting 
accidents and recording the installation of safety devices, 
is made a condition of the law’s operation, and this the ad- 
ministrative board has failed to do. In the administration 
of such laws one of the most difficult problems is the perfec- 
tion and current correction of directories of those to whom 
the law applies. Anything like a statistical statement of 
the results accomplished or the conditions maintaining is 
impossible without determining those who are affected. 

Frequent!}'- conditions of time, money, and organization 
require that sources of information be omitted or that typical 
facts alone be presented. The problem becomes one of 
sampling. What shall be used and what omitted ? An in- 
dex number of prices may materially be affected by the 
omission or by the too frequent use of a given commodity or 
set of commodities.^ The reasonableness of a court decision 
or of an administrative ruling as to what constitutes a “fair 
return” may hinge upon the inclusion or exclusion of certain 
representative railroads. The omission of an important sale, 
under the sales method of evaluation, may materially affect 
the price accorded to real estate in a given district. In the 
determination of a unit value for urban land how much im- 
portance shall be assigned to corner influences, to frontage, 
and to relative position ? Small deviations in either matter 
from the standard usually employed may make a material 
difference in the value assigned. The area included may be 
too large, conditions may not be homogeneous, and the re- 
sulting unit value not be typical. The problem is essentially 
one of judging the conditions to be included, together with 
determining the weight to be assigned to each controlling 
1 See •in/ra, chapters IX and X. 
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factor, unci is not unlike the problem of discriminating be- 
tween this ttnd that source of information, of including or 
eliminating this concern or that individual, in the attempt 
accurately to represent a group or to determine the direction 
of a tnuid. 

W ho shall be canvassed, and what conditions shall be in- 
clud(‘<l, depend in large part as to whether samples will suffice 
or whetlnn’ all data are necessary for an adequate picture. If 
it is decidetl to emploj’ samples only, care should be used to 
distribute them over as many categories as are represented 
in the full data, and to guard against an undue emphasis on 
any particulai- c|uality or feature peculiar to a given type. 
If one were iiit(*rest«?d in the typical wage paid to mechanics 
in automcibile factories in the Middle W^estern States, ob- 
viously littl(‘ w(uglit would be given to the conditions in the 
Ford factories. On the other hand, if complete data on 
wage-rates in the industry as a wliole were desired, the exclu- 
sion of the Fftrd Oompany would be a serious error. 

Comparatively few workingmen’s budgets, if accurately 
kept an<l reported, will serve to give a correct picture of the i 
cost of living.’ It is unnecessary to canvass all individuals I' 
of the class considered. The Bureau of Statistics in Massa- * 
(ihusetts maintains that the returns from representative 
manufacturing establishments are superior to those which 
would be secured if returns from all establishments were in- 
cluded. Wdiat is de.sired, of course, is not a record of capital 
employed, wages paid, etc., for all establishments, but only 
for representative ones. On the other hand, in the collection 
of statistics of trade union membership and the amount of 
unemployment, it is desired to get totals for all unions. No 

J For an interesting discussion of sampling, see Livelihood and Poverty, 
by Bowley, A. L., and Burnett-Hurst, A. R., Chapter VI, pp. 174-185 
(London, 1915). 
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reasons exist for the employment of the sampling process — ■ 
the statistics are meant to be inclusive. If they are not, the 
onl}’' alternative is an estimate upon the basis of the incom- 
plete returns. 

(2) The Schedule 

In the preparation of schedules certain elementary prin- 
ciples should be observed : 

1. Assurances should be given that the inquiries are made ; 
according to the provisions of law, or if voluntarily under- l 
taken, with the hope of throwing light on some pa-rticular j 

foi" making the inquiries themselves, to- I 
getEer with reasons for making them of the particular in- 
formants should either be stated or be clear by inference. 
Informants generally demand assurance that the law requires 
answers to be made, or that the purpose sought to be accom- 
plished has some really vital end. 

2. Schedules should be accompanied with stamped envelope 
for return. 

3. Schedules should be as brief as is consistent with the 
purposes which they are to serve, and the questions asked 
should unniistakably be^ addressed to the problem. So far 
as possible, the bearing of each question should be evident 
from its context. 

4. Units of measurements should be clearly indicated, be 

defined, and so far as possible, conform to common 
usage. Definitions and explanations should so far as is con- 
venient appear in the body rather than at the beginning or 
the end of schedules. 

Ruli ngs and should be simple 

definite so as to guard against the misplacing of items. 

In case spaces or columns are not to be used this fact should 
clearly be indicated. 
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6. Opportiinilios or occasions for making false or inaccurate 
answers should be guarded against bj'- having the questions 
so far as is possible corroboratory. 

7. Xorinally, the making of arithmetical calculations as 
totals, percentages, etc., should be reserved for the statisti- 
('al organization, and not be intrusted to or imposed upon 
the informant. 

8. ( Questions should be simple and unmistakable as to 
meaning, should not allow of evasive answers or of double 
inttapretation. shoiikl not be iindiil}’ inquisitorial, should be 
arraiig('d hjgically and iu the order most convenient for the 
informant, should liave an evident bearing on the purpose 
st)ught to b(^ realizivl, .should not involve duplications, should; 
be capal>le. of luntig answered by yes or no, or by number, 
and siiould always 1)0 civil and diplomatic in tone.'\ 

Tlie sending out, returning, and editing of schedules raise 
some interesting ])roblems and call for brief consideration. 
Normally, all the schedules should be sent out at one time. 
Thi.s prora'.ss will often alia}" a suspicion which might arise in 
ease one of a group recoivTS his schedule far in advance of 
others. He may feel that he is being singled out for special 
inquiry. By schedules canying announcement of the terms 
of the law, of the scope of the inquiry, or by being mailed 
simultaneously, inattention to details may best be obviated 
and cooperation secured. Moreover, the simple expedient 
of sending out schedules simultaneously tends to guarantee 
against their being late in returning, and against interference 
with the process of tabulation and analysis. If returns come 
straggling in over long periods it is often difficult to know 
when to “close” a case, and what to do in cases of excep- 
tionally late returns. Second or subsequent requests may 
always bo made, but the amount of pressure which may be 
applied in case of a failure to report will depend upon the 
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importance assigned to a given return, to the mandatory- 
power possessed by the inquirer, to the degree of cooperation 
which maintains between the informant and the person or 
organization seeking the information, and to the period 
available for delays, or the position arrived at in the process 
of tabulation and analysis. 

When schedules are returned, whether this is done by in- 
formants, or by representatives of the collecting agent, a; 
certain amount of checking, editing, and revising is neces-,- 
sary before they can be accepted and the work of tabulation 
begun. If agents of the collecting unit send them in, a greater 
degree of uniformity of detail in their makeup will undoubt- 
edly exist, and occasions for correspondence and personal 
interview regarding the meaning and force of certain entries 
will largely be obviated. The services of agents in these 
cases are employed before the entries are closed rather than 
after the schedules are received. 

Upon receipt of schedules, evident errors due to omissions, 
addition, false entry, and confusion of items can readily be 
corrected. Undue tampering with the facts, however, is 
dangerous, and alterations should be made only in cases of 
unmistakable error. It is an easy matter materially to 
change the results of a canvass and to distort the truth by 
the interchange of a few items. The will to deceive or to 
make a case may not be present at all, and yet the same re- 
sults follow as if it were present. If questions have been uni- 
formly misunderstood, the basis for change is certain. If, 
however, the relationship between items is made to fit a pre- 
determined order, then the data are used merely as a support 
to individual opinion. 

The degree to which omissions may be allowed or error 
countenanced is also of great importance. If an entry on 
the samples used tends unmistakably to confirm a given fact, 
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and Hie .samples are representative, then the omission of this 
fact on a number of schedules may be tolerated. If, how- 
ever, the evidence t(*ntls to arrange itself on either side of a 
question in about t'(}ual proportion, and the drift of the trend 
or t he degree of relaticmship is indefinite, tlien the omission 
of an item in a comparatively few cases may be a serious mat- 
ter. It may be tliat these are the very items which are 
iietided to d(‘cide the ease: in point. No rule can be formu- 
lated nor general principle stated which will cover all such 
eases. If the range for disci-iinination is wide, the final 
analysis may l>e dettinnined by the judgment of the editing 
official. 

Many of the same considerations apply in the case of error. 
If erroi’s tend to correct each otlier, a considerable degree of 
inaccuracy may be allowed. If, however, they tend to be- 
come cumiilativ<‘ on either side, then their presence is of seri- 
ous consequence and every effort should be made to remove 
them. 

These considerations may be given point by relating them 
to a case where editing is of vital concern. In the use of the 
sales method” of evaluating real estate the above con- 
siderations are of primary importance. All biased errors 
must first be removed. These are interpreted to include, 
among other things, cases of nominal consideration, transfers 
between relatives, sales involving land contracts or other con- 
ditions which ill any way cloud the titles, etc. Only sales 
between ready and willing buyers and ready and willing 
sellers and involving full warranty deeds are held to be valid 
for use. By insisting upon these conditions, however, the 
number of sales actually available as a basis for value deter- 
mination may^ be so few as to be inadequate. Shall sales 
made between relatives be included when the values rep- 
resented by them essentially agree with the findings when 
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they are omitted ? To include them would be to add weight 
to the value arrived at on the basis of other sales, providing 
the value thus determined is warranted. If it is not 
warranted, then their inclusion only tends to support a case 
which in and of itself is incorrect, and w^eight would normally 
be given to the conditions under which the sales were made. 
Their inclusion, on the other hand, may change materially 
the values assigned to a given district, and yet from every side 
the evidence is clear that they represent true value. The 
only consideration against them is the relations of the grantees 
and grantors — relations which will normally not be allowed 
ill the use of sale statistics for the determination of land 
values. Moreover, how many sales are necessary to establish 
a unit value ? With twenty sales the unit value is 1 100 per 
front foot; with twenty-five sales the unit value is S105, 
and with eighteen sales $95. How many sales should be 
included and to what districts should they apply? 

Such considerations as these are vital, and their force is 
constantly being experienced in actual statistical work, no 
matter whether it applies to land valuation, price determina- 
tion, studies of wages, cost of living, or what not. The 
function of the editor calls for the possession of sound 
judgment and the exercise of keen discrimination. 

VI. Conclusion 

This chapter has to do with the sources of secondary and 
the collection process of primary data. The aim is to discuss 
the practical steps to be followed in statistical work. Both 
are held to be anterior, but at the same time vital, to all 
other considerations in the statistical process. The dis- 
cussion is intended primarily as a manual of instruction rather 
than as an encyclopedic treatment. If the points of view 
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here cU'A'cloped are kept constantly in mind, and there is real 
desire to profit by them^ subsequent steps will be easier and 
the reader will have the assurance that he is employing in a 
S('ientlfic manner a delicate, though frequently abused, in- 
strument of stmly. 

The personal <‘l(‘ment stands out as an important factor in 
all tliai has been said. Statistics do not answer questions or 
support eonelusions independently of the one who manip- 
them. Judgment, candor, and integrity are necessary 
at every sti^p. One must not only know the field in which 
lu‘ is working, its statistical possibilities, and what has been 
done, ]jul hi' must. ;ilso realize the difficulties under which 
data are collectiid, the precise maimer in which they are used, 
the sources uud jiossibilities of error and bias, etc., and the 
ways of di'tecling and eliminating them. In a word, he 
nnI.•^t underst.aiiil wliat is involved in the preparation of an 
intellectual tool, and then in the light of his knowledge use it 
intelligently fetr the purpose in mind. If it is faulty he should 
know and acknowledge it. If it is well fitted for his purpose, 
that fact should be evident in the uses which are made of it. 
To be a good .statistician one has to be more than a technician, 
l.>ut technique cannot be ignored. 
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CHAPTER III 


UNITS OF MEASUREMENTS IN STATISTICAL STUDIES 

Passing from the more general statement of the principles 
involved in the collection process, and of the methods of 
collecting statistical data, the significance of such expressions 
as units of measurements, purposes of studies, schedules, 
etc., will be clearer if they are discussed separately and studied 
in connection with concrete problems. This is done in the 
following two chapters. 

I. The Meaning of Statistical Units of Measuebments 

The stat ist ical approach to a subject is alw ays num erical . 
Things, attributes, and conditions are counted, totaled, 
divided, subdivided, ahd analyzed in this approach. We 
do n ot deal alone with si ngl e instances or with rare occur- 
rences, b ut rather^ with aggregates .^ The statistical process 
is both analytical and synthetical, and numerical considera- 
tions and preponderances of evidence are the chief bases for 
conclusions. 

/The numbers of aggregates dealt with always relate to units 
ofxiQaeasurements characteristic of the things or conditions 
studied. It is not 1000 as an abstract unit of frequency 
which is considered, but 1000 farms^ industrial establish- 

_ ^ “Statistics . . . does not deal with a single homogeneous mass but 
with a complex body composed of multitudinous units differing in form and 
action one from the other ; and it is with the complex not with the units 
that it is concerned." Bowley, A. L., Elements of Statistics, p. 262. 
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UH'iiis:, loans, inortsagos, etc. Numbers as abstract units 
may Ix' eurn})iii(xl. separated and divided indefinitelj" because 
tlu‘-y are hoinogtaicous, the more or less merely indicating 
preseiiei' or absenct; of a condition represented abstractly. 
In physi<'al measurements we are accustomed to add, 
subtract, and otherwise treat numerically units of length, 
width, and volume as it suits our fancj^ or as necessity 
demands. This is geiu'rally done without any necessity of 
r(‘-detining tlu' units since they are homogeneous, stand- 
urtUzed, and unvaiyiiig as respects time, place, and condition. 
Tht'v do not. iuive to be adjirsted to each purpose for which 
they are (‘mploy('d. A linear foot remains 12 inches, a meter 
iiielies, an American gallon 231 cubic inches, etc., for 
all us(*s to which they apply, and they may be combined 
with like units ami frecpieiitly converted into terms of each 
other without any serious inconvenience or risk of iiiis- 
imderstanding or confusion. 

'T1k‘ same etinnot l^e said of most units of measurements 
which are detilt wil h in (economic statistics!:* Respecting such 
a unit as the ton-milo, while the physical measurements re- 
main constant, in applying them to concrete problems many 
counter considerations are involved. While a ton is in- 
variably a ton, anti a mile a mile, all tons, except as to the 
one quality w'eight,-are not the same, nor are all miles, except 
as respects distance, equivalent. One ton may be bulky, 
lotv-grade freight ; another ton may be compact, high-grade 
freight. One may be the measure of a quantity of stovepipe 
elbows, the other of a quantity of silks. Likewise, one mile 
may be of easy grade in a prairie, the other of heavy grade 
in mountainous tunnels. The conditions necessary to the 
movement of one ton one mile — the ton-mile — may be 
wholly dissimilar in spite of the common name which is 
assigned to the service. Units must be referred to the condi- 
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tioiis wliich they describe, and since these are widely different, 
combinations of them should be made only with care and 
circumspection. The point sought to be emphasized is that 
in statistics while abstract units of size, dimension, and fre- 
quency are employed they ai’e not dealt with as abstract 
units, but only as reflecting conditions which produce them 
and for purposes to which they apply. 

Respecting most units, with which the student of economic 
statistics deals, the fixity and definiteness which characterize 
such a unit as the ton-mile do not hold. Abstract quanti- 
ties or frequencies representing relative abundance or absence 
— a more or a less — are still employed, but the conditions 
which they measure and the purposes for which they are 
used are so different for each unit that a clear declaration of 
purpose must always precede their definition and use. The! 
problem is not so much that of counting units describing! 
different degrees of intensity, abundance, or absence of the] 
same tiling, as it is counting different things which have been' 
given the same general name. An illustration will give point' 
to this contention. ' ; 

If our problem were simply to enumerate the number of 
manufacturing establishments in a given district, the defini- 
tion of this unit would obviously be determined by the follow- 
ing conditions: (a) The meaning of manufacturing as dis- 
tinct from trading, mercantile, transporting, agricultural, 
etc., pursuits. (&) The meaning of an establishment. The 
definitions employed will depend upon the purpose in mind in 
using them. If it is to learn the number of such enterprises 
when the criterion of individuality is ownership, one condition 
maintains ; if the criteria are independent existence respect- 
ing the processes involved and the management over them, 
independence respecting housing conditions or contiguity, 
independence respecting relative location, etc., then other 
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Cfuriitions tirf surely maintain. In the first ease the fact of 
owiu'i-sliij) deteniiiiies the fact of enumeration; in the other 
cases, j'esi)ectively, independent processes through which 
inatiuiiictured goods pass while under one management or 
owma-ship, the fact of lK?ing contiguous or under one roof, 
the fact (jf being located in the same political or economic 
jiirisdicf ion. In tljes(^ cases it is not enough to maintain 
timt an establir-lmuait is an establishment; the identity, and 
thor(‘ff»]-e the numlx'r to be enumerated, depends upon the 
critc'i’ia which an* s(*t iij>. The statistical process of grouping 
and combining i-^ impossible unless the units enumerated are 
identical in the particulars chosen as a basis for enumeration. 

One olhei* example of a somewhat different type may be 
giren in this (‘onuection. It is desired to determine the in- 
diistritd acci(l(;n( rate in a given industry as a basis for fixing 
a scale of compensation for accidents. What is an accident? 
Obviously, the reason for compensation is personal injury 
with its att(!ndant consequiaices, and it is the character of the 
injury which serves as a basis for enumeration. All injuries 
involving a loss (jf any time howsoever slight might be thought 
worthy of inclusion. But since compensation is the cause 
for the determination of the number, only those injuries 
shoukl be included which occasion an appreciable loss of time. 
What is an appreciable loss of time? To an individual who 
expericmces tlie loss a reasonable amount might be any time, 
howsocnaa’ sliglit. To the employer, however, who advances 
the compensation, and to the public who finally bear it, a 
period of one or two weeks might be thought to be the mini- 
mum compensable period. But many trifling accidents may 
occasion a far greater loss of time than a single or a few serious 
ones. There would be no hesitancy about counting the 
serious ones, j^ct there might be respecting the minor ones. 
But it is precisely the latter which can frequently most easily 


STATISTICAL UNITS OF MEASUEEMENTS 63 


be prevented, and about which we may desire information, 
since precautionary measures may be taken for their eradica- 
tion, which involve little added cost to the employer, in- 
creased efficiency to the employee, and the gradual elimina- 
tion of the occasion for compensation. 

Moreover, only industrial accidents are to be compensated. 
Self-inflicted injuries as well as those occurring to workmen 
while not engaged in industrial operations, and when work 
done is not a proximate cause of the injury, should clearly 
be eliminated, when accidents are enumerated for this pur- 
pose. Moreover, is disease contracted directly as a result 
of the conditions of industry an accident? Surely it is an 

injury, ” and if injury is the basis of compensation, ought not 
diseases of this type to be counted in determining upon a 
reasonable basis ? If disease contracted directly as a 
condition of employment is counted as an industrial injury 
(not “accidental,” but characteristic or regular), how should 
instances involving impairment of health, mental or physical 
ability, be considered? How long a period must elapse 
before a condition, the result of employment, ceases to be 
checked against such employment? What is an industrial 
accident for compensation purposes ? 

Our problem, however, relates to the rate of industrial 
accidents. Not all occupations are equally hazardous, and 
to refer to industries the accidents occurring irrespective of 
the occupations involved, is equivalent to assigning them to 
conditions which the latter cannot produce. Moreover, the 
number of accidents which occur is a function of the number 
of persons exposed to risks and the period of exposure — the 
man-hours or man-days. In using reported accidents as a 
basis for compensation care, therefore, must be taken to assign 
the results to conditions which produce them. 

On the other hand, if the purpose in enumerating industrial 
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ac'cidcntrf were to measure the gross amount of time lost 
through mental or physical injurj", obviously all accidents and 
all diseases directly attributable to industry should be in- 
cluded, If the purpose were alone to secure information as 
ti basis for nuiioviiig the conditions causing accidents, or for 
assigning n'sjionsiljility for them as between employer or 
employe(a machine or injured person, those which were 
trivial from the ])oiut of view of the individual would take 
ecpial rank with those' denominated severe. What is an 
industrial acchlent? 

IiHpiiries similar to the ones suggested above respecting 
acci<lcnts must always b(* made and answered before the 
collect imi of juhuary material or the use and analysis of 
secondary data n'spt'cting any problem is begun. It is not 
sulheient to study mere frequency, lait frequency related to 
the units chosi'ii, and the units in their particular applications 
to the casts under consideration. Too often we are prone 
to treat statistical data as though frequencies were abstract 
conceplions ; to add, divide, and subtract them wdtli little 
regard to their particular significance, and to their appli- 
cation and function when subjected to new and different 
uses. To formulate tlie purposes for which statistics are to 
be collected and used is the first step in statistical studies ; 
rigidly and unmistakably to define the units of measurements 
in which tlie aggregates are expressed and to adhere to them 
throughout the process, is the second. The latter is governed 
by the former, as the former is determined by the latter. 
The two are reciprocal. Statistical units cannot be defined 
outside of the purpose of their employment, and the purposes 
cannot be outlined in detail with sufficient accuracy for exe- 
cution without a clear notion of the units. 

Probably enough has been said to bring to the reader’s 
attention the problems in and the necessity of the accurate 
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deterniiiiation of units, as preliininaiy to statistical investiga- 
tions, as well as the distinctions between the use of abstract 
units of mass or frequency in mathematical calculations and 
the use of the same abstract concepts applied in statistical 
studies. Statistics is more than arithmetic. It is numerical, 
but its function is broader than numerical computations. 
It is concerned, as has been said, with the processes and 
methods of formulating and testing conclusions from prem- 
ises resting solely upon numerical bases. 

Leaving this more general discussion of the nature of 
statistical units, we may now address our attention to the 
types of units which should be distinguished, and to some of 
their peculiarities. 

11. Types of Statistical Units of Measurements 

Distinction should first be made between imits of enumera-\ 
tion or estimation and units of exposition or analysis. The | 
first are those which are employed in the collection or sum- 
mation of primary or secondary data, — the units in which 
measurements are made, — while the second are those 65'' 
means of which data are applied to problems. The former 
are primarily units of collection ; the latter primarily units of 
analysis. One is related more to statistics as numerical facts ; 
the other, more to statistics as methods in the use of these 
facts. 

1. Units of Enumeration or Estimation 

Units of this type may conveniently be divided into two 
classes, s imple and com posite. A simple unit is one in which 
a single condition is present which calls for definition. 
Examples of this type are; a farm, a ton, an accident, a 
strike, a lockout, an immigrant, a room, a street, a draft, a 
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Isill of oxohringo, a deposit, a novel, a citizen, fdc. The 
distingiiisliiiig thing about such units is the absence of any 
hunting qualifications. Many considerations must ])e given 
attcMition in accurately defining them, ])iit the difficulties 
are significantly less than would be experienced were a limit- 
ing word or words added to each. Wh('n such limiting words 
are adiled, sin\pl(' are converted into composite units. For 
instance, a farni as a simple unit becomes composite by adding 
sucli a limiting expression as ‘‘improved.” The problem is 
now not only to define a farm, but also to define the condition 
known as improved. Similarly, the other units named above 
may laxidily lx? ('onverted into the composite tjqie. A ton 
becomes a freight-ton; an accident, an industrial accident; 
a strike, a carpenters’ strike; a lockout, a building trades’ 
l<»ck()ut ; an immigrant, a southern-European immigrant; a 
room, a sleeping room ; a street, a business street; a draft, 
a sight draft ; a Ifill of exchange, a finance bill of exchange ; 
a dep{)sil, a time deposit; a novel, a religious novel; a citi- 
zen, an ‘‘ undt'sirable ” citizen, etc. While limiting words un- 
doubtedly restrict, the field in which units may be employed 
and narrow the coinepts materially, they clearly bring into 
play in each case two or more sets of conditions to be defined 
where formerly there was but one. Greater discrimination is 
required in order to fix the limits in which they are employed, 
and two or more occasions for error are introduced — errors 
respecting both the original concepts and the limiting words. 

The composite type is not restricted to instances where 
only two sets of considerations apply. There may be more 
than two conditions which it is necessary to fulfill. For 
instance, a southern-European immigrant as a composite 
unit may be still further restricted by adding the words 
Christian and literate. The unit then becomes “a literate- 
Christian-southern-European immigrant,” and, of course, in 
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this form is much more difficult of accurate determination 
than was the simple unit “immigrant.’’ Each portion of the 
unit must be specifically defined and the grounds for dis- 
tinction unmistakably set forth. 

Moreover, a limiting word or words frequently change the 
meaning and significance of the simple units from that which 
they possess wffien used alone. For instance, the unit 
“room,” in a survey conducted solely to determine the size 
of rooms in tenement buildings, wmuld be defined in such a 
way as to call for the listing of any portion of a house habit- 
ually used as a place of abode set off by walls with exits 
either closed or capable of being closed. To add to this unit 
the limiting word “sleeping” suggests so many considerations 
respecting light, ventilation, size in respect to number of 
occupants, and time of occupancy, etc., as to alter materially 
the meaning attached to the unit when the counting was 
undertaken to determine size, but not size in connection with 
use. 

In the case of composite units, whether made from primary 
or from secondary material, care should be used not to com- 
bine limiting conditions without first accurately deter- 
mining those maintaining when they were separately em- 
ployed, and the necessary effect of the combination. To 
repeat, statistical processes are not confined to counting or 
combining abstract units, but units defined under particular 
circumstances and addressed to particular problems. For 
instance, it is desired to compare the illiteracy among 
southern-European immigrants and the American negro in 
the Southern States.' It would be clearly an error to make 
this comparison until the meanings of immigrant and negro 
were definitely settled, until comparable sex and age classes 
were specified, and until the same or comparable tests for 
determining illiteracy were employed. The illiteracy tests 
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for t iio ininiigruuts maj- not have 1:)een comparable with those 
for th(^ negroes. The tests for the immigrants may not 
Iiav(‘ ])(-en adJusTod for the different age classes, nor shaped 
iipcm stamlards characteristic of the new world. Moreover, 
tliey may havt' be(*n influenced by the standards used to 
distinguish immigrants from non-immigrants. It is in- 
<Iispensablc for the student to define units of measurements 
for use in primary studies so as to serve specific purposes, and 
in using thc' units of secondary material to satisfy himself 
fully {jf t Jjeir peculiarities before employing them for purposes 
of compaitson. 

'Tli(‘ })oiHt wliiidi k sought to be emphasized is the necessity 
of reduciiig the eondititms in every unit to a homogeneous 
basis, ( 'outlicting and oveiiap})iiig conditions cannot main- 
tain. These <‘onsidei-at ions are of distinct application in the 
fi(‘Id of cost ucconntiug where it is necessary that cost data 
bc.‘ n'duced to their most elemental units. If composite or 
compound units are dealt with, comparisons, except under the 
most favoral:)le circumstances, ~ circumstances which seldom 
if ever exist, — are exceedingly dangerous. This connection 
is forcibly brought out in the following citation in relation 
to the use of cost units in New York City. 

'‘An example of the weakness of the usual cost data is shown by 
the "cost per square yard for certain paving work done by five dif- 
ferent gangs under different foremen. 1 have in mind a single day’s 
work for these gangs. The work to bo done was identical yet 
the cost ranged from $1.11 per square yard to $1.89. This cost 
data was worthless on its face because it did not analyze the cost 
into the constituent elements. It accepted the comqmmd^ unit 
cost as final. By going back of the unit cost per square yard we 
find the reason for the difference in cost for doing the same thing 
under similar conditions. We base eveiything on elemental ^ cost 
data. By this i.s meant the unit cost of each element that enters 
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into the performance of a thing as, for instance, the laying of a 
scpiarc yard of asphalt pavement. The fact that it cost only $1.70 
for laying a square 3aird of asphalt pavement is absolutely’- useless 
and misleading imless we know all of the facts entering into the 
cost of laying the pavement.” (Here follows a statement of thirty 
t^ornonts to l.ie considered in making such comparisons.) . . . 

“The fact is that one square yard of asphalt may be cheap at $2.00, 
while another square yard may be high priced at $1.00. 

“ Another trouble -svith cmnpomul ^ units cost data is that it com- 
pares entirely dissimilar things with each other. ... The number 
of square yards to be done has a marked effect upon the miit cost 
per square yard and the conditions under which the -work is done 
will have an even more marked effect.” - 

2. U'fdis of Exposition or Analysis 

The second type of units distinguished above are those 
used in applydng primaiy or secondary material to problems. 
The feature which most clearly distinguishes this group from 
simple and composite units is their functional use. Compari- 
son or the establishment of relations is always involved. 
The problem is to relate numerical facts to conditions pro- 
ducing them. Relations are established, and to the units 
resulting we apply the general term coefficients. 

The group may be divided into two parts : (1) units of 
interpretation; (2) units of presentation. Respecting the 
first, three subclasses, or more properly, three aspects are 
distinguished, viz., those of condition, those of time, and those 
of place. The characteristic features of each subclass and 
the reasons for differentiating the concept in this manner 
may best be illustrated by means of examples. 

1 Italics mine. 

2 Adamson, Tilden, “The Preparation of the Estimates and the Formula- 
tion of the Budget — The New York City Method," in The, Aymals of the 
American Academy, November, 1915, Whole No. 151, Vol. LXII, atpp. 253- 
255. 
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(1) Units of Interpretation 

By the use of clearly defined simple units of measurement, 
suppose the exact number of deaths from infantile paralysis 
occurring: in a given year have been determined for a given 
district. The population of the same district has also been 
correctly (*numcrate<l or otherwise determined. The prob- 
lem is to express the dt'atii rate from this cause in the form 
of a coefficient — to rcdato deaths to population. Obviously, 
the iotul population is too broad a basis, since the particular 
cause of d<‘atli is common to only a restricted group of the 
total. B(?fore a coefiicijuit is e.stablished, the base should be 
narrowed so as to include only those of appropriate age 
groiip.«, or the number of deaths occurring be corrected in 
accordance' with the ag(^ composition of the population. 
Other (‘xumple.s will make clearer the importance of relating 
phenomena to conditions producing them. The marriage 
ratt‘ is properly related only to population of marriageable 
age; the birth rate, only to total marriages or to married 
population ; the suicide rate by sexes, to adult population 
by sexes ; occupational mortality, to occupational exposure 
for identical conditions ; industrial accidents, to exposure in 
the occupations and industries affected; consumption of 
alcoholics, to consumers only ; street accidents, to number 
exposed and the place and length of exposure, etc. 

The distinction wdiicli is being emphasized is between crude 
and corrected coefficients. Frequently only crude rates are 
available. The use of such coefficients, however, is never to 
be preferred when it is possible to make the appropriate 
correction. It will be noted that the correction consists 
essentially in more accurately defining units and in applying 
each phenomenon rigidly to the conditions producing it. 
Where this is not done, comparisons for different periods or 
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for a single period for different places are extremely hazardous. 
The amount of error involved is almost never known, and 
therefore provision for it can seldom be made. 

This leads directly;- to a consideration of coefficients where 
time or place is a factor of importance. Examples where 
these are vital will serve to make clear the emphasis desired. 
A comparison of the death rates from malaria for the South 
and North is of little real value. A comparison of sickness 
rates from spotted fever in the Rocky Mountain and New 
England States is meaningless ; of the per capita kill of prairie 
dogs in Wyoming and Massachusetts is ridiculous ; a com- 
parison of the number of miles of steam railroads per capita 
or per one hundred square miles of territory for New Jer- 
sey and Utah is of little if any real significance. Why ? 
The answer is clear; because the conditions are so widel/ 
different ; the same phenomena are related to conditions 
wholly dissimilar or in each case of local application. 

Similar considerations are of importance when comparisons 
are made between two widely separated periods. Com- 
parison of the ratio of the number of bank failures to liabilities 
for the period before state and national regulations were 
inaugurated with the present time ; of per capita city 
expenditures or debt of the 70's or 80’s and the present time, 
are to a large degree without meaning. In the first case, 
regulation has made the conditions under which banking is 
now done non-comparable with the conditions characteristic 
of the earlier period ; in the second case, the respective 
domains of public and private initiative have so changed 
that a consideration of the amount of expenditure divorced 
from the benefits accruing from it is without merit. Other 
examples might be cited, but these seem adequate to call 
attention to the danger in using coefficients for comparative 
purposes where material changes respecting either time or 


STATISTICAL METHODS 


have oeeiirrod and where these have acted upon the 
conditions compared. It is the limitations liei’e noticed 
which art* fretpuaitly j^iven expression in the hesitancy to 
(•om])ar(' American and European conditions, for instance, 
respecting: wap:t‘s, standards of life, transportation services,^ 

1 Thr fnllinviiijr cuatioii.s art* nf inlorest rotfeeciiiip: tha fiifficullias of 
romptirinu; rnihvay statistics in the Uniteci States arid foreijiti (‘ountries : 
“Attention railed e-'peeially to the fact that, the strict conijiaraliility nf 
all the items throuRliont this bulletin is not assured, even ),\v the greatest, 
care in cortij illation. It wosild be an iinpo.^sible ta.sk .so to tabulate and 
adjust the railway statistics of a imniber of countries — differing from each 
other in so many respects — as to place l.hcm on a strictly <*omparable 
basis. KvvT.v attempt to present a coiiiparison between statistli'.s of different 
countries encounters practically irtsitjierablo ob.stacles to completn com- 
parability. These sprinL' from inunerotis dilYerences in the chissili cation 
of data, in tlie coinpodtioji of accounts, and in the org.'UiizaTicin and character 
of the railway service. A h'w ex.'imples will illustrate the jioint. 

“In most European coiuitrie.s the term ‘freight’, as einploj-ed in the 
.statistics of freight tonnaw^ and freiglit revenue, includes a large part of 
."uch trailic a.s is <-!irried hy expre.ss crunpanies in the United States. . . . 
A great part of .sin*h traffic is carried ou fa.st freight trains along with what 
Americans dcsigntito ‘package freight.’ It is in most respects a part of the 
fast freight sert'icc, rather than an cxpr(*ss service, as th.at i' understood 
in the Unitc'd .'States, Besides the (luestion of expediency, is the impossi- 
bility — since both kinds of traffic are c;uTied on the .same freight train.s — 
of dererinining for comparison on the tniin-iuile basis the freight train-milo.s, 
in the American .s«Mise of thi' term, that would eorre.spond to the I’evised 
tfumage and revenue statistics oiitained by eliminating this sort of e.xpres.s 
traffic. By leaving this tr.affic in the tonnage and revenue statistic.^ for 
freight, the data for each country are at least self-consistent. 

“Differences in the character of the service affect the comparability of 
aver, age receipts per passenger-mile and per ton-mile. In the case of the 
passenger sc'rvice, jiractically all countries other than the United States 
and Canada offer a great variety of accommodations. And in those coun- 
tries the clieaper aeeomnindations, much inferior to that of the usual ‘day 
coaches ' here and in C’ariada, arc far the more extensively used. As a result, 
the a’vorage revenue per passenger-mile is greatly reduced on account of 
the preponder.auco of fraffii! in the second, third, and even fourth classes. 
No allowance can he made for this difference by any adjustment . . . 

“In the case of the freight serAuce the railways of the United States carry 
freight to a far great(>r extent in wholesale lots than in any other country 
except Canada. European countries, including England, cater to frequent, 
fluick delivery of small shipments. The result is a more expensive service 
and a higher average effiarge. Furthermore, the average length of haul 
in the United States is . . . greater than in any other country. A compari- 
son of the average receipts per ton-mile from the freight traffic as a whole 
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state monopolies, city and state revenues and expendi- 
tures, etc. 

Too great care cannot be taken to make comparisons 
legitimate. This is particularly true in the case of statistical 
comparisons, since they are numerical and seemingly 
exact. A numerical statement of a fact is often taken 
by the unwary and uninitiated, as sufficient proof of its 
absoluteness and finality, and is made to support prede- 
termined conclusions or premises to which it has no rela- 
tion. A rigid adherence in the collection of primary, and 
in the use of secondary data to the principles here formu- 
lated respecting units, will help the reader to use statistical 
facts in a scientific manner. 

(2) Units for Presentation 

Coefficients may also be regarded from the point of view of 
units for presentation. The thought is closely associated 
with Tabulation ^ but it appears more logical to consider it 
in this connection because of its relationship to the principles 
outlined in the preceding discussion. 

The dominant thought here, as before, is the necessity of 
relating facts to the conditions producing them. The ap- 
proach, however, is different in that the aim in this connection 
is to adopt that unit of time, place, or condition for presen- 
tation which will give the facts vitality and make them serve 
most fully the purposes for which they were collected or 
assembled. Statistics collected without a well-defined 
purpose are seldom of much value because of the lack of 

in the United States and other countries is thus not a comparison of receipts 
for quite the same kind of service.” ‘‘Comparative Railway Statistics, 
United States and Foreign Countries, 1912,” Bureau of Raihoay Economics, 
Consecutive No. SS, Miscellaneous Series No. SI, 1915, Washington, D. C., 
pp. 7-8. 

^Classification — Tabular Presentatio7i, infra. Chapter Y. 
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care in their preparation aiid because of the absence of a 
controlling purpose in their presentation. 

‘'Science has derived very little or no benefit from the miscel- 
laneous collecting and grouping of facts without any previous notion 
of what they are likely to reveal. An investigation is usually made 
for the purpose of answering a definite question, or of verifjnng 
an anticipation. With some such end in \iew, with some principle 
by wiiich the classification is guided, the result usually reveals not 
only what is lookc^d for, but frequently still more fundamental 
characteristics. . , ^ 

Too frequently the unit groups into which facts are assembled 
are so l)r(ja(l, purpo.seIe.ss, and indefinite that whatever value 
the facts may have had as collected, is lost by the failure to 
correlate the method of presentation with the purpose or 
function which t}u,^y are to play. Thus we have death rates 
tabulat(.‘d liy districts so large that correlation of deaths with 
their respeedive cause.s in detail is impossible. From an 
administrative poijit of view such statistics are almost 
w'orthle.ss. Contrariwise, the groups of causes of death as 
tabulated are frcfiiKuitly so broad and ill-defined as to make 
it impossiblt? to single out from the groups the significant 
causes and to use the statistics as a basis for a health crusade. 
Again, density of population — a common coefficient — is 
almost worthless when assigned to so large a population and 
so diverse conditions as those found in cities of appreciable 
size.^ Density as a coefficient is significant where over- 
crowding is a problem. Not all sections of cities are capable 
of producing the unit of density assigned to the entire dis- 
trict, while in many sections the density is far greater than 
the single unit implies. In some districts density is of no 

1 Oramer, Frank, The Method of Darwin: A Study in Scientific Method, 
p. 92. 

‘ Cf. Bowley, A. L., The Measurement of Social Phenomena, pp. 40 ff. 
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significance ; in others, it is precisely the unit which is most 
vital. The units for presentation should always be chosen 
with the thought in mind of making the statistics function. 

Taking an illustration from a more strictly economic field, 
a large part of our wage statistics, as presented for public 
consumption, suffers almost beyond redemption because they 
are reported as undifferentiated totals, as average wages, 
or in groups so broad as to conceal the facts which they might 
otherwise reveal. It is of little significance to know that the 
great majority of wage earners in the United States receive 
less than, saj^, $1200 a year. What is necessary to know is the 
distribution and wages of those below this limit. The wages 
paid to a non-homogeneous class expressed as a total or as an 
average without classification is of little significance in throw- 
ing light on problems on which we need light, such as the 
distribution of wealth, a sound basis for arbitration of wage 
disputes, standards for minimum wages, etc. The units 
for expression are generally too broad ; the facts are related 
to conditions which do not produce them. Statistics in 
this form becomes more an end than a means to an end, 
more a goal than a process. , 

Expense and time are frequently urged as serious barriers 
against detailed presentation of facts. The validity of this 
common excuse for inefficiency and for statistical sinning 
is not always of easy determination. Neither is the excuse 
always of equal merit nor of universal application. Fre- 
quently, respecting public bureaus, this excuse has in reality 
little weight Ijecause their activities are characterized by a 
lack of cooperation, planlessness, and duplication. In 
studying the output of statistics on economic topics there are 
frequently excellent grounds for repudiating such excuses 
and abundant reasons for characterizing public statistical 
activities as undertaken largely irrespective of costs. It is 
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not inonoy and time which constitute our gravest statistical 
needs ; it is (•ooperation, planning, correlation, and above all, 
an appreciation of the fact that statistics are far more than 
records, tiiat they may serve as a record of achievement or 
tli{i la<‘k of it at the same time that they are made fimctioiiiiig 
instruments. They find their chief Justification in the 
maniiei' in which they minister to our economic needs. 

III. Rules fob the Use op Statistical Units op 
AIeasukements 

Our general ('onclusions respecting the functions of units 
of nifasureinents and the rules and cautions which it is 
necessary io follow in their use in statistical studies may con- 
veniently be summarized as follows: 

1. Refer all units of measunnneiits to the conditions which 
pniduc(' them. Make them homogeneous, suited to the 
purposes for which they are employed, and use them with 
consistency mid integrity. 

2. Define all units elearlj’’ and fully in the beginning. 
Cc'i'tain corollaries follow from this general rule : 

(IJ Study problems in all tlieir aspects before defining 
the units. Anticipate all the flifficulties there encountered, 
and make provision, if possible, for others not seen. 

(2) Define all units in the light of the intelligence of the 
informants and the character of the data from which the facts 
are drawn, 

(3) Make all definitions in such a form that exceptions will 
readily be detected, misunderstanding of terms difficult, 
and employment ready, and in terms and form characteristi- 
cally employed. A “farm,’' for instance, as defined for 
statistical purposes, should be essentially the unit as com- 
monly understood. 
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(4) a logical basis for ail definitions. 

(o) Avoid substantive or descriptive units where direct 
Olios arc available. The unit, college graduates, for instance, 
is not equivalent to the unit educated persons, nor is the 
number of insane accurately reflected by the number of 
asylum inmates and the commitments to insane asylums. 

3. Appreciate the fact that statistics should be viewed 
functionally; that a main source of error is in the units em- 
ployed in the collecting, assembling, and interpreting pro- 
cesses, and that rigid adherence to the principles here devel- || 

opiMl respecting units is essential in their employment in li 

statistical studies. 
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CHAPTER IV 


PURPOSES OF A STATISTICAL STUDY OP WAGES, 
UNiTvS OF MEASUKEMENTS, SOURCES OP DATA, 
SCUEDULE FORMS -ILLUSTRATIONS OP METHODS 

L The Piuhilem ix the Study of Wages Stated 

1. IntrodiicUon 

In Ihr pnM'ediiip; {*hiipters emphasis has been placed upon 
the logical order in statistical studies — deciding upon the 
merits of the statistical approach, outlining fully the pur- 
poses of study, dehning units, collecting primary and as- 
sembling secondary data. In the chapter immediately pre- 
ceding this we have givcm <(oncreteness to the difficulties in 
defining and using statistical units, and have shown the 
reciprocal ndations between them and the purposes for which 
they are used. We shall now demonstrate this relation more 
fully by stutlying the problem of wages and by relating to 
it methods of securing primaiy and the sources of secondary 
data. 

Aluch is now being written and spoken on the topic of 
wages. Socialists are condemning the “wage” system; 
social workers and those interested in ameliorating the 
condition of the poor are constantly urging the payment of 
a “living” or of a “minimum” wage. Wages is the bone of 
eontention in industrial disputes, and by some is thought 
to be the ultimate source of all our industrial ills. Efificiency 
advocates are studying various methods of wage payment 
78 
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ill iiri iitteiiipt to harmonize the principles of industrial 
t'flicieiicy with the mterests of employees and thereby to en- 
list their support in having them adopted. Others are 
li^sting the level of wages in terms of their purchasing power 
(‘ilher to measure their trend or to demonstrate their reason- 
al)leness. Still others are attempting to adjust to an in- 
creased nominal wage scale the prices charged for commodi- 
ties and services in the hope of “making both ends meet.” 
To the employee wages are too low ; to the employer, wages 
are too high. To one, they are income, to the other, costs. 
The absolute coinmanding importance of the subject in all 
its vagaries is ample reason for choosing it in order to 
illustrate certain principles in statistical methods. 

It has been thought best to approach the problem from 
the standpoint of a public bureau collecting data from many 
employers, rather than from the standpoint of a single em- 
ployer assembling wage data in his own establishment. The 
first approach, in a sense, includes the second, inasmuch as 
each employer must organize the material in his own plant 
before filling out the schedule for the collecting bureau. 
Moreover, employers are vitally interested in the wages 
their competitors are paying, and the only available sources 
for the necessary facts are the reports which public bureaus 
are authorized to make. They are likewise interested in 
the collection process, for only by a full knowledge of it are 
they in a position to appreciate the limitations and the virtues 
which collected data possess. The finished product is the 
basis for any comparisons which they may desire to make 
and consequently its scope, its merits, and demerits are of 
vital interest to them. 

To employers it is the comparative view of wage scales, 
methods of payment, etc., in wage disputes, arbitration 
proceedings and the like, when dealing with employees ; 
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aud liu' total wage bill, etc., when dealing with competitors, 
wliich arc' most important. The difficulties oxperic'nced in 
tlic (iollection of wage data, the value of comparisons which 
are curnmtly made, and the legitimacy of claims which 
(nnplo3'ees ailvauce respecting wage-rates aiul hours can be 
uppreciatc'd only by a study of the data themselves. In 
what folhtws. we have attempted to desci-i])e tlu^ types of 
wage' data colh'cted in the United State.s, to indicate the 
source's from whicli they are drawn, with their relative 
advantage.s and disadvantages, and to suggest their probable 
value in tht' light of the principles of statistical methods. 

There is an(»llu'r n-ason for approaching the problem in 
th('. nuimu'r followed. Units of measurements and schedules 
or I'epurts are geiu'i'.ally standardized in individual establish- 
ments. As hetwec'ii and sometimes within a single estab- 
lislmu'nl, however, they maj^' differ materially. For this 
reason comparisons are often of little value, although they 
are given much wc'ight, and it is the dangers involved in 
making thc'in which are here given particular attention. 
These diinger.'! are traceable to inaccurately and loosely 
delined units of measurements, to unrepresentative, biased, 
and (jrudely tabulated data, and to the failure to perceive 
the limits of the statistical method and to abide by its 
principles. In order to use statistic.s with discrimination 
and integrity it is necessary to have a knowdedge of their 
source', of the interpretation given to the original entries, 
of tlie groups and combinations into which they are throwm, 
etc. It is with these thoughts in mind that so much at- 
tention has been givem to units in the preceding chapter, 
and that in this one the collection process for a concrete 
problem is discussed from beginning to end. 
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2. Characteristic Confusions in the Use of the Term “Wages” 

The meaning of the term “wages” in current discussions 
is generally clear from the context in w^hich it is used. When 
the term is employed statistically, however, its various 
uses frequently cause misunderstanding and confusion. 
Wages and earnings are often used synon 3 nnously without 
any seeming appreciation of their differences. Wages and 
wage-rates, nominal or money rates and real wages are used 
interchangeably, or at least without clear distinction of the 
differences involved and the conditions upon which they 
rest. The term “salaries,” as contrasted to wages, is used 
to distinguish large and regular from small and precarious 
incomes, notwithstanding the fact that the bases chosen are 
in part illogical when income as salary is less than income as 
wages. Moreover, the criteria by which the two are dis- 
tinguished are not standardized; the rules set up are not 
always strictly adhered to and statistical studies based upon 
current distinctions or in violation of them sometimes lead 
to grotesque conclusions. The principles developed in the 
preceding chapter of relating facts to the conditions produc- 
ing them, and of making comparisons involving consider- 
ations of time, space, or condition legitimate, are constantly 
being violated. 

i: The reasons for and types of confusion in the use of this 
expression will more clearly be seen by studying various 
purposes for which one would wish statistical information on 
wages and by. defining the limits of the term as used for 
these purposes. No attempt is made to cover all, but only 
those purposes which bring out the peculiar statistical dif- 
ficulties to which it is now desired to call attention. 
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3. Bases for a Definition of Wages 

W;iges are defineil in {‘iiiTeiit economic tliseussions as 
‘‘the im'oiiie received on account of labor performed,”^ 
*■ the price of labor hired and employed by an entrepreneur^’ 
or as ineludinfi; “all ('arnings assigned to men for their work, 
from lowf'st pU'ce wages to highest annual salaries and 
*wag(‘s ()f nianagcnu'iit/'’ ® In a still different sense the 
term is used indicate “the share of the annual product or 
national divid('ud which goes as a reward to labor, as dis- 
tinct frf)m tlu' rcimuit'rai ion received by capital in its various 
forms/' ^ Tic* term tlius defined is too indefinite for sta- 
tistietd use, yt‘t the distinctions suggest the differences to 
\vhi(*h it is desired to call attention. The first suggests 
property us contrast t*d with service income,'* but does not 
distinguish mon(\y income from real income nor salaries 
from wages. The distinction between the wage system and 
other possible me1;hods of service remuneration is reflected 
in the seeorul, while the last calls attention to a use restricted 
to economic theory — namely, that of distinguishing the 
reward of labor as contrasted with the re-ward of landlords 
and capitalists. 

A number of distinctions must be made in order to use 
the term in statistical studies. Wage-rates must be dis- 
tinguished from earnings; nominal rates from real rates; 
and earnings from labor — wages — from earnings from all 
sources including returns from investments, rents, etc. 
It is necessary also to distinguish wage-rates from salary- 

* Johnson, A. S., Introduction to Economics, p. 152. 

^ Gide, Chas., Principles of Political Economy (Second American Edition), 
p. 487. 

^ Seager, H. R., Principles of Economics, p. 244. 

^ "R^ebster, New International Dictionary. 

® See Nearing, Scott, Income, Macmillan, 1915. 
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rates, and wages (wage-rates times the period for which paid), 
from salaries (salary-rates times the period for which paid), 
in converting wage-rates into wages the former must be 
increased ]:)y the money equivalent of concessions and per- 
quisites and decreased by the monej’' equivalent of time lost 
for which no compensation is received. Money wages must 
clearly be differentiated from real wages, or “the purchasing 
power of nominal wages measured by a constant standard.” 
When cojnputing real Avages and making allowance for con- 
cessions, perquisites, payments in kind, and imeraplo 3 onent, 
the nominal money equivalent must be reduced to its pur- 
chasing power and added to or subtracted from, as the case 
demands, the money wages similarly reduced. 

4. Wages Defined 

The term “wages,” therefore, wall be used to suggest 
various concepts l3ut alwaj^'s with the following meanings ; 

By wages, when used alone, are meant earnings in money or 
its equivalent because of manual, mechanical, or clerical labor 
service, paid according to a stipulated scale, at frequent 
intervals, and under conditions which make it customary to 
make deductions for short periods of time lost. This defi- 
nition does not admit of the term being used to cover labor's 
“share” in contrast with the shares of capital and land in 
distribution. 

By wage-rates are meant the predetermined rates at which 
manual, mechanical, or clerical labor service is remunerated. 
Wage-rates multiplied by the period for which paid equal 
wages as defined above. 

By salaries are meant earnings in money or its equivalent 
because of responsible, supervisory, or directive labor serv- 
ice, paid according to a stipulated scale at infrequent in- 
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lervals und utuler coiiditions which make it customary not 
to make deductions for short periods of time lost. 

By salary-rates are meant the predetermined rates at 
which r(}sponsihlo, supervisory, or directive labor service is 
remimerat(‘d. 8 alar 3 '-rates multiplied by the period for 
whi(‘h paid e(}ual salaries as defined above. 

Ry earniup:s, when used alone, are meant money incomes or 
their (*(piivalents reci*ivcd from labor services, without dis- 
tinction })ctwt‘(>n wao’cs and salaries. The same term, in 
order to imtiidt* other income than that regularly received 
from labor seia'ice, must be accompanied by a limiting ex- 
po 'ssion. 

Ry real wages an* meant the equivalents of money wages in 
economie goods measured in terms of a constant standard 
of value. 

Soiiie of thf‘ })urposes for which statistical studies of 
wages, as currently uudcr.stood, may be undertaken, and 
the meaning whieli the expression must have in each case 
will now !>e di.scussed. 

5. Studies of Wages and the Uses of Terms 

If the purpose of study were to approximate the effect 
of trade unions upon wages one would be inclined at first to 
restrict the study to wage-rates, since minimum scales are 
determined by unions in bargaining with employers. Union 
figures on wages are invariably quoted as rates and are usu- 
ally nominal and minima. The actual rate received is fre- 
quently higher than the minimum specified and in some eases 
may be even lower. If by wages are meant earnings from 
manual, mechanical, or clerical labor service, then the effect 
of union activities on emplojunent would have to be consid- 
ered. Wage-rates may remain the same and still w'ages be 
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materially affected. This fact introduces other difficulties. 
Are employment j strike, and other benefits to be considered 
offsets to wage losses or are they to be considered to be 
counterbalanced by increased dues necessary to replenish 
depleted unemplo3anent, strike, and sickness funds? Union 
activities may seriously affect wages but have no influence on 
earnings from other sources. Wages, therefore, must be 
distinguished from earnings, if the latter are used to include 
earnings from other than labor services. 

When ‘'minimum” wages are discussed, undoubtedly 
wages are understood to mean rates, since employers are not 
compelled to hire labor but only to pay at least the stipu- 
lated minimum to those employed.^ On the other hand, 
when the term “living” wage is used, reference is not so 
'‘much to the rate of wages nor even to wages alone from labor 
service, but to earnings from all sources under the conditions 
possible for the persons affected. Undoubtedly, earnings 
from other sources than labor service, in the cases of those 
to whom the receipt of a living wage is a problem, are almost 
negligible, yet the term “ income is more suitable than the 
term “ wages ” to describe this condition. 

In comparing wages for manual, mechanical, and clerical 
labor service by industries, occupation, districts, etc., it is 
necessary to use wage-rates instead of wages, since only the 
former are available on an extended scale. It is next to 
impossible to trace individuals from industry to industry 
and to approximate, with any degree of accuracy for an ex- 
tended period, the extent of unemployment, the amount of 

^ The order on minimum wages in the brush-making industry in Massa- 
chusetts specifically takes account of the rates to be paid. “Assuming an 
average scale of 50 hours and regular employment” (a rather violent assump- 
tion) “this rate (15^ji) would yield earnings of .17.75.” Quoted from 
“Estimates of a Living Wage for Female Workers,” by Charles E. Persons, 
in Puhlications of the American Statistical Association, June, 1916, p. 577. 
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overt inic worked, eted It is d<>ubtful if anytliing better 
elassibcd rates are procured by statistical bureaus which 
ask f< a- <au-iiings. The rates as quoted by trade union sources 
are always niiniimim and nominal and, therefore, are of 
limitiHl >ie:tiihcaiH‘e in detcrininihg the economic status of 
the gn)Uj>s (‘oncerned. Those secured from employers are 
for a limitc'd p('riod — gcajcrally a week, except in intensive 
stutlies -and are mh; a satisfactory measure of earnings 
from Ichor s('rvi<-e. Wages instead of rates are necessary for 
this purp< *se. I'he sanu* fact applies in studies relating wages 
to eiricieitcy, t(t >5(‘x, 1(» nationality, to length of service, etc. 
Wage-rales ;t,re (lie only data generally available and, of 
courses should be used as such. 

If tlie deteniuuatimi of the trend of wages is the problem 
to he studie'd, wages may mean a number of things. Wage- 
rates, or I'cruiugs in the broad or in the narrow sense, may 
be considered. Study may extend to nominal or money 
wages or to r(‘al wages, and may include not only wage labor 
but salaried labor as well. If the trend of real wages — “the 
purchasing power of nominal wages measured by a constant 
standartl" — is the object of study, rates and not earnings 
must bo used, since it is only the former of which we are in 
possession, or which we may secure with reasonable accuracy 
on an adequate scale. Homogeneous rvage groups must • 
also be used, Aloreover, a logical basis for the inclusion or 
exclusion of sidaries must be established, care being exei^ . 
cised that the basis of distinction is followed throughout the 
entire period. Nothing is here said about the price index 
used in making the conversion of wage-rates into current 

1 For the difficulties involved even in an intensive study, sec “Wages 
and llegularity of Eniplojnnent in the Cloak, Suit, and Skirt Industry,” 
etc., Bulletin of th.n United States Bureau of Labor Statistics, Whole Number 
147, June, 1914, pp. 14, 41, 42, .50. 
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prices or of the peculiar difficulties in adjusting the index 
to the classes of labor to which the comparison applies^ 

If the purpose of a study of wages were to determine from 
the producers’ standpoint the relative costs involved in 
labor service, as contrasted with rents or interest, obviously, 
rates of wages in the narrow sense used above would be too 
exclusive a category. Distinctions between salaries and 
wages would be necessary, since the purpose is merely to 
determine production costs assignable to labor as distinct 
from land and capital. If the approach to the same problem 
were made from the social viewpoint, it would be necessary 
to distinguish between wages and salaries, and on grounds 
other than those generally followed, inasmuch as those 
are frequently illogical and indeterminate. Merely to call 
one group salary receivers and another group wage receivers 
results in confusion when the economic conditions of 
both are similar, and when criteria for determining the 
status of one apply with equal force to the status of the 
other. There would be the same reasons for accurately de- 
fining salaries as for defining wages. The bases for the 
definitions should be factors of importance in the study in 
which the units are used. It is inappropriate to contend 
that the conditions according to -which the units are defined 
change with each purpose and, therefore, that such units 
are unsuitable for statistical uses. The premise is valid, but 
the conclusion does not follow. Such a claim only serves 
to bring more forcefully to mind a fact already considered, 
namely, that while abstract measures of numerical frequence 
are employed in statistical studies, they are not used ab- 
stractly but applied to units the limits and terms of which 
are conditioned by the uses to which they are put. 

1 Index numbers are discussed below, Chapters IX and X. 
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IL Tub Rp:lation of the Pkoblem as Outlined to 
Statistics of Wages 

The procedini? discussion liUvS served in a general way to 
show the n{‘e{'.ssity of aceuratelj^ defining units of measiire- 
iiients in (■oimecthui with the purposes of statistical studies, 
and to emphasize the necessary points of distinction in the 
use of such a wonl as “wages,” but it has probably not re- 
laied, with sufficient closeness, the subject to actual statis- 
ti<*al data and suggest e<l the problems by which one is con- 
fronted in using wage data possible of collection or currently 
collecttHl. Tliis closer relation we shall now establish by 
indicating the sources for primary wage data, by discussing 
the difficulties cxpericmccKl in their collection, by describing 
the types of secondary data currently collected, and finally 
by constructing wage schedules to be used in connection 
with a concrete probhan. 

1. Hource,^ for Primary Data, in Wage Studies 
(1) Primary Data Directly Applicable to Studies of Wages 

Primary data in the study of wages may emanate from four 
sources. Those secured from emplo 3 '’ees, from emploj’-ers, 
and from union officials are diroctlj^ applicable ; while those 
from institutions such as banks, building and loan associ- 
ations, insurance companies, lodges, etc., are onlj" indirectly 
applicable. 

a. Data from Employees 

Data on wage-rates ; hours of work (nominal and actual) ; 
the amount of unemployment by cause; the methods and 
frequency of wage paj^ment; earnings from labor and from 
other sources ; perquisites in the forms of bonuses, benefits, 
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profits ; penalties, fines, forfeits, union dues ; biidpjetary 
expenditures, and facts relating to age, sex, nationality, oc- 
cupation, training, length of service, previous wages, etc., 
may be secured in whole or in part, satisfactorily or unsatis- 
factorily, from individual employees, in proportion as in- 
formants are wise or ignorant, truthful or deceitful, willing 
or unwilling to aid, and in proportion as the statistical or- 
ganization used is well or ill adapted for the purpose in mind. 
It is impossible to summarize in a single sentence the suc- 
cess attainable in securing data on wages or on any other 
topic directly from individuals involved. Frequently, the 
costs are prohibitive; in other cases, where cost is not 
an insuperable barrier, the types of individuals dealt with 
and the character of the information desired make this 
approach impossible. The generalization, however, is haz- 
arded that data collected from a source where personal su- 
pervision or intimate checking are impossible are likely to 
possess serious limitations respecting all topics which in any 
way call for discrimination, for the exercise of judgment or 
the use of records, etc., on the part of the informant, or in 
which the personal equation enters to an appreciable extent. 
The discussion, in Chapter II, of The Collection Process is 
particularly applicable in this connection. 

6. Data from Employers 

Much the same types of wage data as those listed above 
are theoretically obtainable from employers, and the chances 
are much greater that they will be free from error since less 
ignorant groups, recorded facts, impersonal relations, etc., 
are dealt with. The facts, however, are of a somewhat dif- 
ferent sort and rarely apply to an extended period. The best 
that can be done in most cases is to secure cross-section 
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at wid(?ly separated intervals. Moreover, for the most 
part, classes and not individuals are considered. These 
may or may not. be homogeneous, and in this respect are 
much less desirable statistical units than are individuals. 
From this source, with an adequate statistical organization, 
and willi sufficient sanction, the total wage bill, time- and 
piece-rates, by occupations and processes, classified wage- 
rates, pertpiisiles allowed and penalties assessed, and the 
numlx'i' of employees classified by sex, age, and time of em- 
IDloyimnit, etc., are theoretically available. The facts regu- 
larly secured on an extended scale and available for use are 
discussed below. 

c. Data from Trade and Labor Unions 

In many respects the records of trade and labor unions 
are satisfactory sources for wage data. Theoretically, 
nominal time- and piece-rates for regular, for overtime, 
and for Sunday and holiday labor ; nominal hours per day 
and per week ; benefits allowed, classified by the amounts 
paid, by purposes, ])y duration, etc. ; union dues ; numbers 
unemployed, classified as to causes, and wage losses, etc., 
— are jivailable from this source. The data, however, may 
have serious limitations. Frequently, the desire to make out 
a case is held to be sufficient cause for furnishing defective 
returns or for withholding information. In many instances 
the inqiuri('s addressed to union officials concern matters 
about which they can have but the most inadequate and 
superficial knowledge, and yet they are urged to give positive, 
negative, or numerical answers with few or no opportuni- 
ties being offered for explanations. In some instances, un- 
doubtedly, sincere efforts are made to state the truth as 
nearly as it can be determined ; in other instances, no such 
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care is exercised. The value which data from this source 
possess is to a large degree determined bjr the scrutiny to 
which thej'- are subjected by collecting agents. 

The limitations, however, are not always to be attriluited 
to errors in reporting or to incomplete returns. Frequ( airly, 
they result from misusing and assigning finality to figiirt\s 
at best but estimates, from ignoring the specific advice of 
collecting agents, and from violating the fundamental prin- 
ciples of statistical methods. The same result, however, 
may occur respecting data drawn from the most acceptable 
sources. Statistical facts will be cited to prove contentions 
with which thej^ have no connection and will be distorted 
and misapplied so long as people have hobbies, lack integrity, 
or are ignorant of the functions, limitations, and purposes 
of statistical data and legitimate ways of using them. 

It will be noted that data on wages from unions are re- 
stricted to nominal rates and to union members. These are 
serious limitations where wages or earnings are sought and 
where non-union labor is involved. Such data are of little 
value in discussions of minimum wages, living wages, or other 
topics in which light is desired pi-imarily concerning unskilled 
labor. 

(2) Data Indirectly Applicable to Studies of Wages 

Facts which contribute indirectly to a knowledge of wages 
and wage conditions may be gleaned from a study of the 
increase or decrease of savings, the number of depositors in 
savings institutions and the average deposit, the size of em- 
ployers’ payrolls, the activities of building and loan associ- 
ations, the growth or decline of fraternal insurance, the in- 
crease or decrease of union membership, etc. In most 
respects their connection with the topic is remote and con- 
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tingi'iit. They are at best suggestive and corroboratory 
and slioiild be used with extreme caution, cognizance being 
taken of the round-aboutness of their application, the 
potency of other contributing causes to produce the effects 
siiown, the interrelation of economic phenomena, etc. 

Having sketched the types of wage data theoretically 
available, their sources, and the difficulties in securing and 
the dangers in using them, we may now briefly enumerate 
the types currently collected with their sources and some of 
their peculiarities. No attempt is made to describe or 
criticize fully or even to enumerate all forms regularly and 
irregularly collected in the United States. This has been done 
in a general way by others. ‘ Moreover, such a treatment is 
not germane to our immediate purpose. 

2. Types of Secondary Wage Data 

Secondary data on wages collected from the chief primary 
sources are available in many forms. They appear in public 
and private reports, issued on the basis of data furnished by 
wage earners, employers, an(i unions. Some reports appear 
regularly, some irregularly; some are restricted to the 
single topic, while others bear upon it only indirectly. Some 
are monographs on special topics, while others are exhaustive 
independent surveys. 

(1) Secondary Data Directly Applicable to Studies of Wages 
a. Data from Employees 

Wage studies, in which the material is drawn from in- 
dividuals alone, are made primarily in connection with cost 

1 Nearins, Scott, Income, Chapter II, pp. 18-52, New York, 1915; 
Streightoff, F. H., The Distribution of Incomes in the U. S., Columbia Uni- 
versity Studies, Vol. LII, No. 2, 1912. 
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of living studies, such as those of Chapin ^ and Mrs. More “ 
in America ; Rowntree ® and Booth ^ in England ; or as a 
condition of the administration of labor laws, such as those; 
on compensation for industrial accidents. Those of the 
first type generally apply to limited territories and restricted 
groups, cover only a relatively short period, and arc made 
in connection with or are designed to throw light upon 
budgetary matters. In those of the .second group, wage 
data are subsidiary to the main purpose of study, are re- 
stricted to definite classes, are not collected simultaneously 
for all groups, in some instances are semi-confidential, and 
are generally too meager to be conclusive respecting either 
ruling wage-rates or wages. Hence, they are not generally 
published except in summary form along with accident and 
other data.® They are, however, of excellent quality, be- 
cause of the purposes for which collected, and in the course 
of time when they have been sufficiently accumulated will 
undoubtedly furnish material for thorough and comprehen- 
sive wage studies. 

Studies on wages from material drawn directly from 
employees are published only at irregular intervals and can- 
not wholly be relied upon for current information. Those 
associated with budgetary matters refer invariably to wages 
or to earnings ; those arising out of the administration of 
labor laws always relate to rates of wages. Those of the 

^ 1 Chapin, Robert C., The Standard of Living Among Workingmen's Families 
in New York City, Charities Publication Committee, New York, 1909. 

2 More, L. B., Wage Earners' Budgets, New York, 1907. 

3 Rowntree, B. Seebohm, Poverty; A Study of Town Life, London, 1906. 

■' Booth, Charles, Life and Labor of the People, London, 1891. 

® The brief tables on wages in “First Annual Report of the Industrial 
Accident Board,” Massachusetts Industrial Accident Board, Boston, 1914, 
and in “Report No. 4” on “ Industrial Accidents in Ohio, January 1 to June 
30, 1914,” b 5 '’ The Industrial Commission of Ohio, Columbus, Ohio, 1916, 
are illustrative. 
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first (.'lass arc important in calling attention to low wages 
in certain industries, in certain districts, for limited groups, 
and are indispensable in the determination of minimum and 
living wage standards, but are inadequate for comparing 
wages by industries, by localities, and over long periods. 
Neither do they furnish material for measuring the trend of 
wage.s. Tliose of the second class may be used to correlate 
wage losses and amounts of compensation for accidents, 
hut at present are in the main superficial and restricted 
studies, serving no other purpose than that of a record of 
wage data collected on accident schedules. 

6. Data from Employers 

The statistical matter relating to wages and wage condi- 
tions reported and published by regularly constituted sta- 
tistical bureaus, by special commissions, and by individual 
investigators, may be divided into twm groups; those di- 
rectly related and those remotely connected with the topic. 

{a) Material Directly Related to Wages 

Direct material relates, first, to the total wage bill paid, 
and second, to classified wage-rates. The United States 
Bureau of the Census publishes at decennial and at certain 
intercensual periods the total salary and wage payments made 
during the jmar to which the census applies, to salaried 
officers, to superintendents and managers, to clerks, stenog- 
raphers, and other salaried employees, and to wage earners 
including piece workers in manufacturing and mining indus- 
tries. The Interstate Commerce Commission regularly 
publishes in Statistics of Railways in the United States the 
amount of compensation by years and the average daily 
compensation received by railroad employees classified into 
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eighteen groups, by classes of roads and by transportation 
districts. The same commission publishes for express com- 
panies the wages and salaries of emploj^’ces in the “traffic/' 
“transportation,” and “general expense” divisions. A few' 
state bureaus of statistics and labor, particularly tiiose in 
Massachusetts, New' Jersey', and Oliio, collect and publish, as 
part of their manufacturing censuses, the total compensation 
for labor services classified as salaries and wages. The 
schedule^ used b}' New Jersey calls for the “total amount in 
w'ages paid during the year,” and instructs informants that 
“only wages paid to wage earners actually employed” in an 
establishment or in “erectmg or placing its products clse- 
wdiere” should be included. Salaries of managers, book- 
keepers, salesmen, etc., should be omitted. The schedule ^ 
to manufacturers used by Massachusetts asks for the “total 
wages (paid during the year to w'age earners only),” and 
instructs the informants to omit “salaries of agents, man- 
agers, bookkeepers, clerks, salesmen, and others of this 
class.” The schedule ® used by Ohio contains essentially 
the same questions and provides for the same omissions, 
except that salespeople are divided into two groups, travel- 
ing and non-traveling. 

Classified w'eekly wage-rates are collected and published 
for manufacturing enterprises in a number of states, but most 
satisfactorily in Massachusetts, New Jersey, and Ohio. In 
those instances the data are taken from payrolls. Massa- 
chusetts and Ohio in their schedules ask specifically for weekly 
rates, wdiile New Jersey apparently desires weekly earnings.^ 
Massachusetts and New' Jersey supplement their schedules 

1 Bureau of Statistics of Labor and Industries, 

^ The Bureau of Statistics, Division of Manufacturers, 

27tc Industrial Commission. It is not quite correct to speak of a “ Manu- 
facturing ” census in the case of Ohio. 

^ The data are published as “earnings" but undoubtedly are rates. 
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by field agents. Ohio is able to dispense with these in con- 
nection with her wage studies, inasmuch as in the adminis- 
tration of her compensation law, she secures the audited 
payrolls of all employers subject to the law. It is not likely, 
under these conrlitions, that employers affected by the law 
in both respects will furnish incorrect returns. The schedule 
of classification in Ohio is by one dollar groups above $3 
and less than SIO. The remainder is as follows : $10 to $12, 
$12 to Slo, $15 to $20, $20 to $25, $25 to $35, $35 to $50, 
$50 to $75, and $75 and over. The Massachusetts schedule 
proceeds l)y one dollar groups from $3 to $16, two dollars 
groups from $16 to $22, and the balance as follows : $22 to 
$25, and $25 and over. The New Jersey schedule provides 
for oiu' dollar groups from $3 to $10, and the remainder as 
follows; $10 to $12, $12 to $15, $15 to $20, $20 to $25 and 
over. TIk; se.x'os are distinguished for adults in Massa- 
chusetts and New Jersey, the age of distinction for adults 
and children being 18 in the former and 16 in the latter. 
Ohio distinguishes between adults and young persons, making 
the division at IS years of age, and further classifies both 
groups by sex. Moreover, the classified scale in the case 
of Ohio extends to clerks (not salespeople) ; bookkeepers, 
stenographers ; to salespeople (not traveling) and to traveling 
salespeople. In the other states mentioned the classified 
scale applies only to wage earners as they define the term. 
In each case the week for which the data are secured is that 
in which the largest number is employed during the year. 

The most exhaustive study of classified wage-rates for the 
United States is that on Employees and Wages made by the 
Census Bureau in 1903 under the direction of Professor 
Davis R. Dewey, and known as the “Dewey Report."' The 
data refer to the years 1890 and 1900, apply to thirty-three 
industries, but include only a limited number of establish- 
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meiits in each industry. Wages of 103,453 employees in 
1890, and of 160,859 in 1900 were tabulated in detailed 
groups, Wliile the study is exhaustive in scope and unique 
in method it is not of current interest and must be passed 
over with brief mention. 

The United States Bureau of Labor Statistics publishes 
from time to time special studies on wages and hours in 
different industries. Those on Cotton, Woolen, and Silk, 
1907-1913 ; ^ and on Boot and Shoe, Hosier3q and Knit Goods, 
1890-1912,2 are illustrative. The data are for one payroll 
each year, apply to identical establishments, and give the 
average rates of wages per hour, the computed average full 
time weekly earnings, and the number of employees receiving 
classified wage-rates per hour by occupations for the sexes 
separately and by geographical districts. To facilitate 
comparisons, relative or index numbers, based on the year 
1913, for the average rates of wages per hour and for full 
time weekly earnings, are also computed. From 1890 to 
1907 the same bureau published a general index number of 
rates of wages per hour based upon the average wage 1890 
to 1899. From 1907 to 1914 an index was computed only 
for those industries for which special wage studies were 
made. In 1914 such a study was made general but applied 
to union labor only. 

(6) Material Indirectly Related to Wages 

The material indirectly bearing upon wages may be classi- 
fied under two heads, first, actual or average number of 
employees by months, and second, the time which plants 
operate during the year. 

1 B\dletin of the United States Bureau of Labor Statistics, Whole Number 
150, Washington, D. C., 1914. 

^ Ibid., Whole Number 104, Washington, D. C., 1913. 
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The United States Bureau of the Census publishes for 
manufacturing and mining industries the number of wage 
earners, including piece-workers, as per payrolls or time 
records, on the fifteenth day of each month for the periods 
covered })y its reports. No distinctions are made for age 
and sox classes. New' Jersey, as a part of her manufacturing 
census, ])iiblishea the ^‘number of persons employed”^ dur- 
ing each month of the year for w^hich study is made, classified 
l.)y sox for those sixteen years of age and over, but without 
sex classification for children under sixteen. Massachusetts 
publislies tlic' average " number of W'age earners during each 
month for males and females separately but wdthout age 
classification. She likewise publishes the number of wage 
earners eighteen years of age and over and under eighteen 
yeai-s of age classified by sex on the thirteenth® day of 
December as per payroll. Ohio requires employers to report 
tlie number of waige earners employed on the fifteenth day 
of each month as per paj'roll, classified by sex but not by age. 

Ohio, likewise, requires emploj’-ers to report the number 
of full days that plants are in operation and idle during the 
year, the former including part-time days reduced to a full- 
time basis and the latter not including Sundays and holidays 
unless plants normally operate on these days. The number 

1 Neither the instructions to informants nor the schedules define this 
number. Whether it is to be the average force computed on the basis of 
twenty-six, thirty, or thirty-one days, to be the normal force during the 
period, or the number of separate individuals to whom employment was 
given during each month, we are not told. It conceivably might be any 
one of them, carefully computed, but more likely it is a rough average repre- 
senting nothing better than an estimate. 

® The use of an average in this case seems unnecessary and to somewhat 
lessen the value of the figures in computing the deviations from month to 
month, wdth the purpo.se of throwing light on the seasonal character of em- 
ployment. There seems no sufficient reason why the exact number, as re- 
quired by Ohio, and others, should not be called for. 

3 This is the date indicated in the schedule for 1913. 
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of hours normally worked per full day or shift and per full 
week is also required to be reported. In Ma.ssu('hu.sctts 
the number of days in operation and idle is ineludefi in 
the manufacturing schedule and published in this form. 
Informants are specifically reminded that Ihe working 
year is composed of a stated number of days and that the 
sum of the days reported, not counting Sundays and holi- 
days, should total to this number. In New Jerse.y, data arc 
published for manufacturing establishments on the number 
of days in operation, the normal number of hours per day, 
the normal number of hours per week, and the total number 
of hours extra time during the year in which estal)lishments 
operate. The Bureau of the Census publishes like figures 
on the number of days manufacturing and mining establish- 
ments are in operation during the year and the number of 
hours normally worked by wage earners per shift and per 
week. Respecting the latter topic informants are instructed 
that “all that is desired to know is the practice generally 
prevailing in respect to the hours of labor of employes.” 

c. Data from Trade and Labor Unions 

The wage data regularly collected from union sources by 
statistical bureaus refer to nominal (minimum) time- and 
piece-rates, nominal (maximum) hours per day or per week, 
causes and extent of unemployment, number and duration 
of strikes, etc. In this descriptive part of the chapter it 
will suffice, in view of what has been said above, brieflj'' to 
describe the statistical activities of the United States Bureau 
of Labor Statistics, of the Department of Labor of the 
State of New York, and of the Bureau of Statistics of Massa- 
chusetts, respecting union wage conditions. 

The United States Bureau of Labor Statistics has pub- 
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lished the union scales of wages and lioiu’s of labor for the 
principal mechanical trades, for the largest cities of the United 
States for the period 1907 to date. The report for 1913 
covers tht> forty industrial cities located in thirty-two states 
for which the Bureau publishes retail price statistics. Union 
scab's fur both wage-rates and weekly hours are followed, 
but such scalcjs fix the limits in onty one direction. Mini- 
miiin wage-rates are established below which members of 
unions will not as a rule work, and maximum hours beyond 
wdiich tliey will not work at regular rates of pay. In certain 
cities and trades workmen are paid more than the union 
scale and work regularly less than the scale of hours. How- 
ever, the Bureau takes no cognizance of these conditions. 
All wag('-rates are reduced to an hourly basis, and for all 
the. ti’ades for which the Bureau has figures, relative or index 
iiiimhers ai'e computed for both wage-rates and hours for 
the years 1907 to 1913. The data are collected by special 
agents in personal visits to union business agents and secre- 
taries, and wage scales, written agreements, and trade 
imidn records consulted w'herever available.^ 

Statistics of unions and their membership were first col- 
lected by New York State in 1894 and 1895. Since 1897 
such statistics have been regularly published. Information 
is now collected semi-annually from all unions, in part by 
schedule and in part by field agents. Schedules relate 
to membership and idleness, to hours of work, to new trade 
agreements, to changes in the rates of wages, and to rates 
of wages of time workers. The amount of unemployment 
is reported under six specific and one miscellaneous head; 
lack of work, lack of material, the weather, strikes or lock- 

' A similai- stud3^ in cooperation with the United States Bureau of Labor 
Statistics, is made by the Industrial Commission of Ohio and applies to all 
the larger cities in the state. 


ILLUSTRATIONS OF METHODS 


101 


outs, sickness or accident, old age, and miscellaneous. The 
data apply to the sexes separately and to the end of March 
and September as the case might be. The regular hours of 
work for Saturday, Sunday, and other days, and the total 
per week by branches of trades and for the sexes separately 
are included. Changes in hours, with those befol-e and 
after each change, and the niunber of persons affected are 
also requested. Respecting rates of wages information is 
secured on the rates before and after changes, the number 
of members affected, and the estimated weekly earnings 
before and after changes in the case of piece workers. 
Schedules respecting wage-rates of time workers relate to each 
branch or grade of work, to the working hours per day for 
the specified rates, and to the number of members by sex 
receiving them. Other inquiries of less significance and 
certain modifications of these are also included. 

The schedule is a model in technique ; the questions are 
vital, clearly stated, and well arranged. It is mailed to 
union secretaries, ten days are given for answering, and de- 
linquents are visited by field agents of the Bureau. Ap- 
proximately 50 per cent of the schedules are sent in by 
mail and 50 per cent ‘'fielded.” 

The published material is issued in two series : one called 
“Series on Unemployment” and the other “Series on Labor 
Organization.” The first shows the amount of unemploy- 
ment by cause, by months, and includes summaries for 
years by industries and by detailed trade groups. The 
issuance of a letter on the state of the labor market based 
upon monthly returns from the larger unions is also a regular 
feature of the Bureau’s activities. The second series relate 
to the number and membership of unions classified so as 
to show data by industries, by trades, by localities, etc. 

This account of the New York Bureau’s activities respect- 
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iiig union wages and conditions, although brief and sketchy, 
is probalily adequate to reveal in a general way the types of 
data ccjllectod and the manner of securing them. Neither 
the schedules nor the methods of tabulation are open to 
severe crit icism. The only criticism which might be offered 
is that the facts are supplied by unions. Essentially the 
same facts, but in a different form, respecting wages, hours, 
and inunnploynient, are available from employers and the 
pi‘obabilities are that they are more accurate when so re- 
turned tliau are those furnished by unions in spite of the 
care exercised to correct the errors. Emploj^ers are subject 
to state supervision in many respects, the statistical ma- 
cliiiK-ry is adjusted to this source of information, and the 
reporling of facts may be required legally. Unions are not 
compelled to report nor are they punished for withholding 
or distorting the matter supplied. In one respect, however, 
it seems necessary to deal with unions as units. Public 
and private boards of arbitration require union scales of 
wage-rates and hours as bases for making awards. These 
facts for unions cannot be gotten from employers; their 
scales do not necessarily express union experience. Unions 
must supply the material. 

The Massachusetts Bureau of Statistics in its Labor Di- 
vision collects and publishes statistics of organized labor 
relating to union scales of wages and hours, number and 
membership of unions, unemployment, strikes and lock- 
outs, etc. Each of these will be touched upon briefly inas- 
much as they probably represent the most accurate and 
complete data on organized labor now regularly collected by 
any statistical state bureau in the United States. 

A report on union scales of wages and hours is regularly 
issued. The data are furnished entirely by unions and are 
published as reported, no inquiry being made as to the 
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extent to which the union scales prevail in the various 
trades and localities. That is, minimum rates and not those 
actually received by union labor are published. The pro- 
cess of collection may be indicated by reference to the 1913 
report. Returns by schedule were received from 1003 
unions, or 78 per cent of those in the state. By the use of 
special agents 200 more were obtained so that 92 per cent of 
the locals in the state were included. In tabulated form 
they show rates of wages by the hour, day, week, overtime 
(hour), and Sunday and holiday (hour) ; and hours of labor, 
by the day, week, and the period in wliicli half-holidays are in 
effect, all classified for occupations and for municipalities. 

Statistics on the number and membership of unions have 
been systematically collected and published since 1908. 
The collection is mainly by schedule and includes national 
and international unions with afliliated locals in Massa- 
chusetts, their relationship to the American Federation of 
Labor, the number of chartered local unions and the pro- 
portion in Massachusetts with their membership, cla.ssified 
for the sexes separately, by municipalities, occupations, 
industries, etc. 

Statistics on unemployment among organized wage earners 
are issued quarterly. The data are collected from unions 
solely by schedule and are published so as to reveal the 
amount of unemployment by cities and occupations due to 
lack of work or material, unfavorable weather, strikes or 
lock-outs, sickness, accident or old age, and other reasons, 
the latter specified in detail. Approximately 75 per cent 
of the locals are included in each quarterly report. 

Statistics on strikes and lock-outs have been collected by 
the Massachusetts Bureau since 1881. Unions and em- 
ployers are scheduled on the basis of information supplied 
by newspapers, trade journals, etc. Besides certain pre- 


104 


STATISTICAL METHODS 


liiiiinary data tho following facts are secured from unions; 
the names of emploj’ers affected, conditions demanded by 
strikers, conditions before and granted after strikes, who 
ordered strikes, the occupations and numbers of strikers 
(the latter l)y sex), the dates on wliich strikers left and re- 
sumed work and on which strikes were ended, as Well as 
tlie methods of settlement. From employers those ques- 
tions of the above which apply and the following are asked : 
the num]>er of employees who struck, classified by sex ; the 
number of non-strikers thrown out of work, classified by 
s("x ; time lost by non-strikers ; measures used by strikers 
to regain tlarir positions, etc. In approximately 50 per cent 
of the eases the returns from the two sources are so con- 
ti’adictory as to necessitate the use of special agents to ob- 
tain the facts.* FA’en by this method in many cases the 
facts prove to be so indeterminate that the reports are pub- 
lished only on the basis of what seem, to be the facts after 
all evidences are given their appropriate weight. These 
reports, therefore, appear to be summaries of reported or 
estimated facts concerning industrial disputes — knowledge 
of wliich is received through the press, by hearsay or by other 
means — having little value alone in connection with wage 
studies, and chiefly of interest for informational and not for 
functional use.^ 

Without citing further detail of the practices and experi- 


1 E.<3tira;ited for the witer by the Division Chief. New Jersey, placing 
complete reliance in newspaper clippings for initial information and depend- 
ing altogether for the facts secured on schedules from unions alone, priblishes 
an annual report on strikes and lock-outs. If the experience of Massachu- 
setts respecting like data is worth anything, statistics thus collected stand 
condemned. 

2 A detailed estimate of the value of these and like data compiled by the 
Bureau is not attempted here. It was made, however, by the writer during 
the summer of 1914 for the United States Commission on Industrial Rela- 
tions, 
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ences of Ainorican statistical bureaus in securing wage and 
allied data from trade unions, sufficient has been said to 
indicate the problems and possibilities in this approach to 
the study (d* wages. In all cases nominal and minimum rates 
ar(‘ involved and these are reported under conditions which 
make it difficult, if not impossible, to apply them to unem- 
ployment data in any attempt to approximate earnings 
from lal.)or service. When properly checked by scrutinizing 
trade agreements, nominal hours and time-rates from this 
source may be determined with reasonable accuracy. Any 
attempt, however, to secure piece-rates on an extended scale 
from tills source is bound to prove unsuccessful. Unem- 
ployment data from unions at best are approximations, and, 
of course, refer only to union labor. They serve fairly well 
to give a general notion of seasonal displacement of labor 
and of trade depression or boom but are of little value in 
measuring earnings or economic distress. Statistics of 
strikes and lock-outs as collected may serve as a rough meas- 
ure of tlie frequency of labor disturbances but not of their 
consequences nor of the correction which it is necessary to 
make from this cause when estimating wages from wage- 
rates. 

In summary, we may briefly relate the statistical data 
extant on wages to the various concepts which this term sug- 
gests. 

Comprehensive data on wages as defined above do not 
exist in the United States.^ For annual reports for all manu- 
facturing industries on classified wage-rates for short pay- 
periods, where conceivably wage-rates are equivalent to 

1 Nothing i.*? .said about ouf present national income tax statistics. The 
exemption allowed is so high as to omit most “wage earners,” and the re- 
turn.s are not published in a form suitable for estimating earnings for such 
groups. See Falkner, R, P., “Income Tax Statistics,” Publications of the 
American Statistical Associaiion, June, 1915, pp. 521-549. 
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oaniings — assuiiiing neither over-time nor time lost — we 
may turn to Mjrssachusetts, to New Jersey (“earnings” in 
this state)., and to Ohio.^ Studies of classified wage-rates 
for sptH'ial industries are periodically made by the United 
States Bureau of Labor Statistics. In order to use nominal 
and minimum wage-rates as equivalent to wages it is neces- 
sary to assume that nominal conditions are actual, that 
figures are i\>ported accurately, and to correct rates by figures 
on uncmjjloyment supplied by unions, by employers, or by 
cm ) )Ioy( '( \s . The reliance wlfich can be placed in union figures 
on strik{‘s and other causes of unemployment lias been sug- 
gested abov(‘. The importance to Ijo assigned to fiuctuations 
in The employed force, as indicated by the average or actual 
nmnbta’ of employees at various times in ea<'li yi'ar, depends 
largely upon the fluklity of labor, the ability of wage earners 
to lind emi)Ioymeiit, and the complementary character of 
industries, studios of which on a significant scale have not 
been made. The fact of unemployment is known but it is 
next to impossible, except in intensive studies, to measure 
it by apphung to those affected. The United States Census 
Bureau attemj)ts to measure it from this source but the best 
that is secured is a rough approximation.^ Moreover, it is 
chiefly among unskilled labor that unemployment is great- 
est, and union figures do not furnish the desired facts. Wages, 
therefore, in the sense in which the term is used here are 
not available in anj'- other form than as estimates. 

On the other hand, wage-rates for short periods, taken 
from employers’ payrolls for manufacturing and some other 

1 Not restricted to manufacturing industiies in this state. 

A que.stion on unemplosTcnent was first included in the population sched- 
ule by the United States Census in 1880. The information secured, however, 
was never published.. In the three succeeding censuses a similar inquiry 
was included, the form in 1910 being “whether out of work on April 15, 
1910” and “number of weeks out of work during the year 1909." 
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industries, are reported with reasonable accuracy to a few 
state bureaus. In these eases, industries constitute the units, 
indi\iduals and occupations being lost sight of in the group- 
ing pro<*es.s. To supplement such data there are the nominal 
wage-rates reported bj^ unions in which distinctions are made 
for f)ceupations, industries, sexes, etc. The data are sup- 
plementary but not compai-able. At least no comparisons 
of rates are currently published by bureaus to which both 
sets of facts are reported. 

Earnings, in the sense of income from labor service without 
distinction being drawm between wages and salaries, and in 
contrast to property income, may roughly be approximated 
from the income and expenditiu’e accounts of industrial and 
other businesses.^ Our income tax returns do not aid us in 
this respect since we, unlike most European countries, neither 
distinguish between “earned” and “unearned” incomes in 
fixing rates nor differentiate incomes by sources in publish- 
ing returns. 

III. A Study of Wages : Declaration op Purpose, 
Definition of Units, Schedule Forms 

Without considering the types and sources of data on 
salaries and salary-rates, and without treating prices in 
relation to wages and wage-rates, we pass immediately, in 
order to illustrate the preceding treatment, to a discussion 
of a wage problem upon which it is intended to collect pri- 
mary data. Criticism of the substance, form of tabulation, 
and interpretation of existing secondary data must rest 
with the brief sketch given above. The immediate problem, 
then, is to state definitely the purposes of the study which is 

^ See the studies of Nearing, op, cU., pp, 18-52 ; Streightoff, F. H., op, cit„ 
pp. 44, 2xtssim. 
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iutonded to be made, to outline the plan to be followed, to 
defines the units to be used, to formulate schedules and to 
( HI t line suggestions for the receipt and editing of returns. The 
precise use which will be made of the data will, of course, be 
determined in part by the character of the replies and can 
only tentatively be outlined in advance. It is intended, 
liowevtH’, to establish certain relations and make certain 
comparisons between the facts reported, and the tabulations 
will be adjusted to these ends. 

1. Declaration of Purposes 

The problem which has been chosen for study is the wage 
conditions in the textile industry in North Carolina for the 
year 1911. For convenience, the survey is restricted to 
manufacturer.s of cotton goods including small wares. On 
the basis of information collected, schedules will be sent to 
100 establishments which were found to be doing this busi- 
luvss. at some time during the year, the basis for listing estab- 
lishments scyjarately being that outlined in the schedules. 
We arc interested to know the level of wage-rates for the 
sexes separately, for adults and young persons, to measure 
the fluctuati<jns and seasonal character of employment and 
their relations to wage-rates, to determine the wage bills 
to employers during the period, to study the relation of wage- 
rates to character of business organization, to fluctuations 
in employment, etc. The schedule is formulated with these 
points in mind and is intended to be filled in by employers 
without supervision, other than that which is received from 
the instructions contained in the schedules. The study is 
undertaken under the assumption that it has sufficient 
sanction, that the filing of the returns is obligatory, that re- 
turns for individual establishments are not to be published 
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separately, and that the results of the study will be of general 
social interest in which informants share equally with others. 
Sufficient time is to be allowed for full reports to be made 
and tabulations and analysis are not to be begun until satis- 
factory reports are received from all concerns scheduled. 
No attempt is made to supplement the data collected from 
employers by scheduling either individual employees or 
unions. Complementary material may be secured from those 
sources but in this study it is intended to rely wholly upon 
the returns from employers. 

It must clearly be kept in mind that the discussion im- 
mediately above is illustrative of the steps which would have 
to be taken in the study of such a subject as wages. The 
facts have been given somewhat more in detail than would 
have been necessary had the purpose been merely to describe 
the data on wages and wage conditions in the United States. 
Moreover, it must be remembered that the requirement 
that all of the schedules must be returned is rather more 
severe than would be made in actual statistical work. The 
aim has been to duplicate as nearly as possible the steps to 
be taken in an actual investigation. Of course, it is not 
possible entirely to do this, but the nearer it can be done, 
the more interest the student will have in his work and the 
more value he will get from it. That which is sometimes 
considered to be meaningless, routine clerical work may, 
by paralleling as nearly as can be a real problem, frequently 
be thought to be both necessary and vital. Great value 
comes from ha\dng a student see a problem as a whole and 
the correlation of the different parts. By so doing the 
meaning of all the statistical steps through which he is led 
takes on new light. He is then not so much studying method 
as a problem to which method is vital in its explanation. 
Most mature minds desire to see some goal to their activities 
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and reasons for the methods of study which are used. And 
this is as it should be, for then individuality is bound to 
reveal itself and the use of statistics l>ecomes more than mere 
routine labor. 

2. Schedule and Explanations 
The X. Y. CoMarissioN op North Carolina 

IL^LBIGH, NORTH CAROLINA 

It is desired to make a study of the wages and wage conditions 
for the (.‘alondar year 1914 in the establishments in North Carolina 
which manufacture cotton goods, including small wares. All 
concerns in the state doing such business are included in this survey. 
The study is undertaken in accordance with the provisions of law, 
(sec Chapter 1)73, laws 1914) and your cooperation in making it a 
success is respectfully solicited. Individual returns will not be 
publislu'd separately, and every care will be taken to hold the facts 
reported coniidential. All employers submitting the reports called 
for will be furni.shed gratis with copies of the complete report as 
soon as published. 

Read the whole .schedule through before answ^ering the individual 
questions. Accurate answ-ers according to permanent records are 
required on all questions. 

Use the enclosed self-addressed and stamped envelope for return- 
ing the schedule. Schedule should be returned not later than 
April 30, 1915. 

The X. Y. Commission, 
Raleigh, North Carolina. 

I hereby affirm that the accompanying report is accurate and 
complete to the best of my knowledge, and is made according to the 
permanent records of this establishment. 


Name of Concern Name of Secretary or other person 

making the return 


P. O. Address 


Month 


Year 
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Schedule to be Used in the Collection op Wage Data by 
Establishments in the Manupactuee op Cotton Goods, 
Including ;Small Wares, North Carolina, Year 1914. 

1. Name of Establishment 

Use a separate schedule for each establishment. By an c^slablish- 
ment is meant a plant or mill as imderstood in general usage. 
Where separate plants are owned in common, are contiguous and 
carried on under one set of books, such separate plants are reported 
together as one establishment. 

2. Name of Corporation, Firm, or Individual Owner 


3. Location of Factory : 

County City or Town 

Street and No P. O 

The location should be that of the physical plant and not of the 
financially controlling head. 

4. Character of Business Organization ( ) ( ) 

Individual Firm 


Corporation 

Indicate whether individual, firm or corporation by checking 
thus (C) the appropriate term. 

5. Frequency of Payment ( )( ). Time- 

Weekly Fortnightly 

or Piece-Rates ( ) ( ) 

Time Piece 

Indicate the frequency of payment, and whether time- or piece- 
rates f revail by checking thus (V) the appropriate terms. 

6. Character of Industry 

Indicate by giving principal product manufactured. 

Please be specific respecting the principal product. The data 
are necessary for accurately editing the returns. 

7. Number and sex of Wage Earners, both time- and piece-workers ; 

not salaried employees. 
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Wage earners are persons receiving money or its equivalent 
because of manual, mechanical, or clerical labor service, paid accord- 
ing to a stipulated scale at frequent intervals, and under conditions 
which make it customary to make deductions for short periods of 
time lost. These should be included. 

By salaried (nuployees are meant persons receiving money or the 
erpiivalent Ijecaust^ of I'esponsible, supervisory, or directive labor 
service, paid according to a stipulated scale at iirfrequent intervals 
and under conditions where it is not tlic custom to make deductions 
for short periods lost. Tliese should be omitted. 



A 

B 

C 

A HE .iNii Sex op Emi>i*oyees 

CillE.iTEST 

Ntobeu 
Employed at 
Any Time 
Ditbing the 
Ye.^k 

Least 
Ndmbbb 
Employed at 
Any Time 
Derino the 
Year 

Total 
.Amocnt 
Paid in 
Wages 
During tub 
Year 

Men 18 years of age and over . 


— 

- 

Women IS years of age and over 

Young persons under 18 years of 

age 




Boys . 

- 



Girls 

— 

— 

— 


ILLUSTRATIONS OP METHODS 118 


8, Number and sex of Wage Earners eraplo3'’ed on the 15th of each 
month, 1914. If data are not obtainable for this day enter 
the same for the nearest representative day. 
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0. Classified Weekly' Wage-rates for the Week of the Greatest 
Employment during the year 1914. 

Do not include over-time ; short-time earnings should be reduced 
to a full-time basis; bonuses and preniiiims, if any, should be in- 
cluded. Fines and similar deductions should be excluded. 


SpEcmEB Waob-rates Paid fob 
THE Week Ending 

Number op Wage Eabnebs Both Time- and 
P lECE-WOBKEBa RECEIVING SPECIFIED WaGE- 
bateh Peb Week 

Adults IS Years of Age 
and Over 

Young Pcrson.s Under 
IS Years of Age 


Males 

Femalc.s 

M.ales 

Females 

h'^ndcT per week . . . 



— 



_ 

S.‘l to per week . . . 

— 

— • 

— 

— 

S4 to S4.99 per week . . . 

— 

— ' 

— 

— 

S5 to .?o.99 per week . . . 

— • 

: 

— 

— 

S6 to $0.90 per week . . . 

— 


— 

— 

$7 to $7.99 iK;r week . . . 

— 

— 

— 


$S to SS.90 per week . . . 

— 

— 

— ■' 

— 

$9 to $9.99 per week . . . 

— 

— 

— 

— 

$10 to $10.99 per -week . . 

__ 

— 

— 

— - 

$11 to $11.99 per week . . 

— 

— 

— 

— 

$12 to $12.99 per w'cek . . 

— 

— 

__ 

— 

$13 to $13.09 per week . . 

— 

— 

— 

— 

$14 to $14.99 per week . . 

— 

— 

— 

— 

$15 to $15.90 per -week . . 

— 

— 

— 

— 

$16 to $16.99 per week . . 

— 

— 

— 

— 

$17 to $17,99 per week . . 

— 

— 

— 

— 

SIS to $18.99 per week . , 

— 

— 

( _ 


$19 to $19.99 per week . . 

— 

— 

— 

, 

$20 to $20.99 per w^eek . . 

— 

— 

— 

— 

$21 to $21.99 per week . . 

— 

— 

— - 

— 

$22 to $22.99 per w'eek . . 

— 

— 

— ’ 

_ 

$23 to $23.99 per week . . 


__ 

_ 

— 

$24 to $24.99 per week . . 

— 

— 

— 


$25 and over per week . , 

— 

— ■ 

— 

— 
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CHAPTER V 


CLASSIFICATION — TABULAR PRESENTATION 
1. The Meaning of Tabulation 

Progress in understanding or explaining phenomena 
rests ui)on tiie use of scientific method. Similarities and 
dift'erences must be studied minutely and their causes traced 
to their foimdations. This requires that discrimination 
and judgment be used according to some clearly defined pur- 
pose. In statistical as a part of general method fundamental 
steps are classification and tabulation, 

“Performed consciously or unconsciously, the act of classification 
is indispensable to and accompanies every scientific inference, A 
mind is ordeity or slovenly, according as it does or does not habitu- 
ally and accurately clas.sify the facts with which it comes in contact. 
The success of an investigation, the worth of a conclusion, are in 
direct proportion to the fidelity to this principle and the exhaustive- 
ness with which the process is carried out." ^ 

Loose thinking and the assignment of cause for effect, or 
vice versa, result from a denial or a violation of this principle. 
This truth is involved in all that is suggested in the term 
“standardization," and applies no less to statistical science 
than it does to business and economic procedure. It is the 
principle of orderly arrangement and to violate it is as in- 
defensible when dealing with statistical facts as when for- 


1 Cramer, Frank, The Method of Darwin: A Study in Scientific Method, 
88 . 
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mulating systems of cost aceoimts, for instance. A cost 
system which failed to distinguish between overhead and 
material costs could no more be defended than a statisticai 
summary w'hich grouped together facts of different properties, 
Gombinations must be made on bases that are common. 
What these are, how inclusive they may be, and what facts 
are affected by them, can be discovered only through classi- 
fication. 

Classification in statistical methods consists in arranging 
data into groups according to their common characteristics. 
Tabulation consists in placing data thus classified into tables 
— flat surfaces “ with breadth not disproportionately small 
in comparison wdth length” — which may be read in two 
dimensions, the items being set opposite the stub (horizontal) 
and caption (vertical) classifications. Tabulations may be 
of the first, second, third, or subsequent order, depending 
upon the amount of detail which they include. Those of the 
first order contain all of the important details classified 
according to their most numerous common characteristics. 
Those of the second, third, and subsequent order contain 
data in summarized form and are used primarily in text 
analysis and in specialized studies to focus attention upon 
some distinctive characteristic which data possess or relation- 
ship which they suggest. 

Most frequently detailed data are given in the form of 
appendices or “General Tables,” more with the idea of 
preservation for purposes of record, and as material for in- 
tensive and detailed study, than for current or casual use. 
They constitute the raw material, removed one step from the 
original entries, to which access is impossible, and are the 
sources from which special summaries must be made and 
standards formulated for an appraisement of the grouping 
and condensing which are made in the summary tables. 
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Xulwitlistanding the fact that the distinctions between these 
fonus of tabulations are solely of degree and not of absolute 
dilTereiU'(‘, they are important because of the place which 
cLich has in t la^ process of analysis and in the presentation of 
results. Thi; basis of distinction is on the detail included 
and the anujuiit of grouping and combining used. It is 
clear that a.s the grouping and combining process is extended, 
accuracy and completeness are sacrificed. Just how far this 
proct'ss should ho carried and in how detailed a manner the 
individual characteristics should be portra 5 ’'ed depend upon 
the character of the oi-iginal data and the uses which they 
iin^. to serve. Properly to summarize the detailed facts 
bearing on eoiapl(?x problems calls not only for statistical 
sense but also for statistical integi'ity. To accept all 
summaries on their face frerpiently argues either a lack of 
interest in scientific study or an abundance of ignorance 
of the delicacy and limitations of the device which has been 
employed. 

Tabulation may also be used to give a synoptical view of 
numerical facts. In tables of this character no attempt is 
made to include all data in detailed or in abbreviated form, 
but only samples chosen at random or according to a fixed 
purpose. It is in the use of such tabulations that the 
greatest dangCT lies and that exercise of the care and scrutiny, 
discussed above in relation to primary and secondary data, 
is most imperative. The discrimination necessary to make 
a representative digest of detailed numerical data presupposes 
not only breadth of view and intimate acquaintance with 
all detail, but also the ability to put in short compass the 
salient facts without unduly emphasizing some factors or at- 
taching too little importance to others. Only in rare cases 
should conclusive weight be assigned to a digest. It is 
always wise to acknowledge the limitations of a synoptical 
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view, and to make frequent references to the detailed tables 

upon which summaries are based. ; j 

II. The Advantages of Tabulation \- 

Of the superiority of classified over unclassified or heteroge- 
neous statistical data in the analysis of economic problems, it 
seems almost unnecessary to speak. Certain of these, how- 
ever, may be specified and briefly commented upon. ii 

First: Regularity over Irregularity and the Order of i 

Arrangement. ll 

Order of arrangement in tabulation may be determined by | ' 

numerical considerations or by time or position conceptions. h 

Great importance is attached to the numerical order in the | 

tables of the publications of the United States Census Bureau 
where, for manufacturing industries, the amount of capital, 
the amount of product, value of product, etc., are controlling 
in the industry and state classifications. In the tabulation 
of the Wisconsin income tax statistics the average tax per 
tax payer controls in certain tables, all other data being 
arranged on the basis of a descending order in this item. 

Where arrangement is according to the ascending or de- 
scending order of a single item, it is unwise to rank the condi- 
tions producing the items by the use of consecutive numbers, 
as 1st, 2d, 3d, etc. The numerical differences are always 
one, but the frequency differences, to which the numerical 
scale applies, may be represented either by largo or by small 
amounts. The United States Census, evidently for political 
reasons, freely employs this device in ranking states and their 
subdivisions. The illogicalness of the process may con- 
veniently be illustrated by data taken from the Thirteenth 
Census. 
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TABLE A 

Table Showing the Names op Industries and Numerical 
Ranking by Value op Product 
(United States Census of Manufacturers, 1909) 



1 Value of Pboduct, 1009 

iNDCSTIlIEa 

Amount 

Rank 

of 

Induatrj' 

Difference 


Amount 

Per 

Cent 

Rank 

Leather, tanned, cur- 






ried, and finished . 
Butter, cheese, and 

8327,874,187 

IS 




condensed milk 

274,557,718 

19 1 

$53,316,469 

19.42 

1 

Paper and wood pulp 
Automobiles, including 

267,656,964 

20 i 

6,900,754 

2.58 

1 

bodies and parts . 
Smelting and refining 

249,202,075 

21 

18,454,889 

7.40 

1 

lead ... 

167,405,650 

30 

81,796,425 

48.86 

9 


For value of product, in the instances chosen, a change in 
rank of 1 is shown to result from an absolute difference, 
varying from approximately seven to fifty-three and one 
third millions of dollars, or relatively, by a difference ranging 
from 2.58 to 19.42 per cent. In one instance, a change in 
rank of 1 requires five eighths as large an amount as is neces- 
sary in another case to occasion a change in rank of 9. In 
cases where it is desired to rank data according to their 
ascending or descending order it is far better to reduce them 
to index ^ or relative numbers, using the beginning, the last, 
or an average of all, as a base, than to resort to the use of 
consecutive numbers. 

1 Index numbers are discussed in Chapters IX and X. 
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Probably the most frequently controllinig (‘ondilion in 
tabular arrangement is time. When this controls, data, no 
matter how different in absolute amount or in relative fre- 
quency, are chronologically arranged. In many instances 
this arrangement is unsatisfactory — the time clement, 
having no particular significance. 

Frequently the controlling factor is contiguity or position. 

Suppose it is desired to construct a table showing the number 
of tenant farmers by states in the United States. The table 
might be arranged according to the frequency of the occur- 
rence of this phenomenon. In this case, undoubtedly, certain 
of the Southern states would occupy first position. If 
considerations of relative position or contiguity were made to 
govern, the states would be listed not according to the fre- 
quency of the phenomenon but in the order in which tliey 
occur with relation to each other. If South Carolina were 
listed first, Georgia and North Carolina would follow imme- 
diately. Undoubtedly, such an arrangement would be 
preferable to indiscriminate listing where neither alphabetical, 
geographical, nor frequency considerations prevail. 

Almost invariably, where geographical distribution is a 
factor in the statistical tables of the United States Census 
Bureau’s publications, the order of arrangement of districts .■ 

is from east to west, — New England, Middle Atlantic, East 
North Central, West North Central, South Atlantic, East 
South Central, West South Central, Mountain, Pacific. For the 
number of “ Insane in Hospitals on January 1, 1910 ” this order 
is numerically roughly descending, for the percentage of popu- 
lation born in other divisions of the United States the order 
is distinctly the reverse, and for the percentage of population 
under fifteen years of age it seems to have no significance,’ 


^ “Insane and Feebleminded,” 1910, United States Bureau of the Census, 
Washington, D. C,, 1914, p, 18. 
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The relation between the phenomena described and the 
eoiiti’filling fact in presentation -- passage roughly from east 
to west — in these cases is not clear. It would be clear in 
describing the distribution inland of the European immigrant. 
Undoubtedly argnuKmts could be advanced for using the 
reiverst' order in d(‘scribing the distribution of the Asiatics in 
the Uiiileil States. The point which it is sought to emphasize 
is that in the det(‘nnination of the order of tabular arrange- 
imait cognizance should be taken, so far as is possible, of the 
causal r(dat i< )nship or conformity which maintains between the 
thing and the arrangement of the material used to describe it. 

No sacrc'dness inhcri'S in any single order, except it is the 
alpiia}.i(‘tical, l)ut lU'cn it has its limitations. The industrial 
accident, rate is not, necessarily highest in the “A” states, nor 
suiei(l(‘s and divorces lowest in the “ U or “ W ” states. The 
most emphatic part of a statistical table is its beginning, 
and normally the <n-der of arrangement should allow the 
most important detail (measured in terms of frequency) to 
appear first and permit conformity and causal relationship 
to be establisheil between fact and representation. If 
this is dune, then the data appear in the table in the rela- 
tions in which comparisons will be made. More than one 
consideration, howevm’, may be important. In studying, for 
instance, mortality rates from tuberculosis, it would be desir- 
able to compare districts in which city congestion is large, yet 
conditions of climate, of nationalit3", and of mode of life of 
those affected would also be important. In such cases the 
best order will not be one but many. The thing which should 
■not- control is the absence of any causal or related order, and 
this frequentlj'^ occurs where attention is not given to these 
considerations. Convenience, however, sometimes requires 
that the alphabetical arrangement control, yet one would 
not expect the order of the letters to be of real significance 
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in the distribution of statistical data. If it is given promi- 
nence, it should be subsidiary to conditions which are vital. 

The following abstracts of tables of different typers fsf 
statistical data illustrate varying orders. They should be 
studied to determine what, if any, considerations have con- 
trolled the arrangement. 


TABLE B TABLE C 

Number op Employees op Railroads Railway Freight Cvrs, Nemrer ijj 
IN Service June 30, 1913.* Service, 1913.a 


Class 

Number 

Class of Cur 

Number 

General officers . . . 

4,398 

Box 

1,032, ,585 

Other officers . . . 

10,706 

Flat 

147,541 

Gen. office clerks . . 

84,267 

Stock 

78,308 

Station agents . . . 

37,721 

Coal 

871,339 

Other .station men . . 

167,450 

Tank 

8,216 

Enginemen .... 

67,026 

Refrigerator . . . 

43,389 

etc. 

etc. 

etc. 

etc. 


TABLE D TABLE E 


Developed Water Power Resources, Number op Deaths in the 

House-power, 1900, by Drainage United States by C.iuSES, 

Basins. 5 lOia.'* 


North Atlantic 

Horse-powei 

Causes of Death 

Number 

St. John River . . . 

13,681 

Typhoid fever . . 

11,323 

St. Croix River . , . 

20,500 

Malaria . . . . 

1,565 

Penobscot River , . 

70,454 

Smallpox . . . . 

125 

Kennebec River . . 

63,936 

Measles . . . . 

8,108 

Androscoggin River . 

123,455 

20,569 

Scarlet fever . . , 

6,498 

Presmnscot River . . 

Whooping cough , . 

6,332 

Saco River .... 

25,332 

Diphtheria and croup 

11,920 

Merrimac River . . | 

161,333 

Influenza .... 

7,725 

Connecticut River . ; ; 

! 292,899 

Other epidemic diseases 

6,382 

Blackstone River . . i 

: 31,435 

Tuberculosis of lungs ' 

80,812 

etc. 1 

1 etc. 

etc. 

etc. 


^ Siatisiical Abstract of the Uiiited States, 1914, p. 267. 

2 Ibid., p. 266. 2 Ibid., p. 21. “ Ibid., p. 73. 
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Secoiul ; A Lesser Tax is Placed on the IMemory. 

Facts which are at all possible of association may much 
more readily be remembered and compared when logically 
arranged than when indiscriminately listed. The force of 
this generalization is keenly felt when one, in order to make a 
statistical (‘omparison, is required to read page after page of 
figures lab(jrioiisly detailed in prosaic form when the same 
could have been arranged in a table occupying only a fraction 
of the space and canying much more emphasis. ‘Tn some 
cases even no attempt is made at tabular presentation. 
Nine tenths of the expenditure undeiiying statistical work 
that sees tlie light in such form has been wasted, yet some 
sttite commissions publisli reams of statistics of this nature 
(.‘Very year.” Illustrating the point, the author of the above 
says in a note, “Tims the seventh annual report of the 
Railroad Commission of Oregon, December 15, 1913, con- 
tains over eighty pages (pp. 115-237) of closely printed 
statistical matter presented almost wholly in running text, 
without tabular arrangement. ” ^ Rather than being an aid, 
it is frequently a serious deterrent to have the same facts 
recited at length without comment immediately following a 
statistical table. Certainly, it is an expensive and ineffec- 
tive method of emphasizing that which seems to be of 
importance. 

Third : Visualization of Group Relations is Permitted. 

The mere grouping of like with like into a well arranged 
statistical table permits a rapid survey and a mental picture 
to be made of data in their related form. This cannot result 
if they are indiscriminately placed and if they do not con- 
stitute when arranged a distinct tabular form. 

* Parmelee, Julius H., "Public Sendee Statistics in the United States,” 
Fublications of the American Statistical Association, June, 1915, pp. 489- 
505, at pp. 502-503. 
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Fourth : By Tabular AiTangement Comptirisons are 
Readily Made between Data of Like Cliarac‘t(^r. 

The mere placing of closely related items in Juxtaposition 
simplifies comparison and suggests studies which would 
not otherwise be thought of. 

Fifth : By Tabular Arrangement Summation of Items is 
Facilitated. 

Summation be accomplished without tabular arrange- 
ment but at considerable sacrifice of time and effort inasmuch 
as the items which are to make up the whole are not placed 
in lines and columns, and one frequently has difficulty in 
following them. The component parts of totals ar(? not 
easily recognized without tabular arrangement. 

Sixth ; By Tabular Arrangement Repetition of Explanatory 
Phrases, Headings, and Duplicating Items is Reduced to a 
Minimum, 

One frequently sees in public and private reports long 
drawn out statements of a few simple facts in which the 
items repeated are numerous and in which considerable ex- 
pense and time could have been saved had the items been 
arranged in tabular form. This condition if possible is 
always to be avoided. 

Without attempting to enumerate further specific advan- 
tages of tabulation, it may be said that the same advantages 
in statistical studies, as in other fields of thought, accrue 
through orderly and systematic arrangement and classifica- 
tion. Classification is a prerequisite for discrimination, 
and discrimination is essential to scientific study. 

HI. The Mechanics of Tabulation 

Before the actual process of tabulation is begun, it is 
generally necessary, to go through certain preparative steps. 
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Ii is almost never possible immediately to transfer data 
from schedules or ether primary records to tabular forms 
wilhouf intermediate steps being involved. This need 
may be illusTratc<l by considering the tabulation of data 
relativt} to oeciipatioiis and industries. Before tabulation 
can be })egun classifications for both occupations and for 
industries are necessary. It is impossible to use directly 
all of the variou.s names under which occupations are 
listed and to determine offhand the types of industries by 
tlie charact('r of the products reported. After occupational 
and industrial nomenclatures have been reduced to standard 
ff>rm and the classes which are actually to be tabulated 
determined iijion, it is riecessaiy to transcribe the names of 
the classes directly, or the code numbers which have been 
assigned to them, on to tabulation cards. Errore of classifi- 
cation and transcription are bound to creep in. To guard 
against the former, the limits of the classes must clearly be 
defined, and the conditions governing the entry into them 
unraistakabl}'’ outlined. The readiness and the consistency 
with which individual instances are disposed of depend upon 
the completeness with which these conditions are realized. 
To guard against the latter it is frequently necessary to 
check the accuracy either by testing samples or by “reading 
back.’’ 

The use of tabulating cards makes it possible to list data in 
their fullest detail, assigning one space to each item and 
thereby preserving their individuality and maldng possible 
any variety of combinations of the items which is deemed 
necessary. For simple tabulations a plain card ruled into 
blocks may conveniently be employed. The number of 
blocks can be adjusted to fit the necessary detail. For more 
exhaustive tabulations especially prepared cards are avail- 
able. These are designed for use in mechanical tabulation 
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machines, the best known of which is the Hollereth. 
Numerical codes having been outlined to fit the problem, 
each item may conveniently be listed by number and space 
on the cards. In using the plain card it is unnecessary in 
most instances to write in the detail providing a satisfactory 
code has been employed. A simple mark, such as a cros.s or a 
zero for inquiries to wliich the answer is positive or negative, 
or which admit of only two classifications, or nuinliers for 
more complex groups, may be used to distmguish the facts 
recorded. 

After data have been coded and transcribed on to cards 
the next process is that of sorting according to tlie char- 
acteristics which it is desired to tabulate. In case a punching 
machine has been used, the accuracy of the sorting may be 
checked by holding the cards up to the light and noting 
whether it passes through the respective holes for the 
different items. Any obstruction of the light automatically 
registers an error in sorting. Where mechanical means of 
sorting or summating are employed the process is done auto- 
matically by electrical contact through holes in the cards. 
Punching machines may be employed to advantage even 
where electrical machines for sorting or counting are not 
available. Most generally, however, except in well appointed 
statistical offices and laboratories, sorting is done by hand. 

In comprehensive studies it is best to sort the cards into the 
more comprehensive groups provided for in the code. Sub- 
sequently, each group may again be sorted into as many 
parts as it is thought desirable to tabulate separately. To 
illustrate ; all cards bearing the code number for native born, 
for instance, may be sorted into one pile. These may again 
be sorted into many or few groups, depending upon the detail 
with which one desires to describe the native born element. 
The accuracy of the sorting, when done by hand, may be 
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clieckod roughly by rapidly turning through the cards and 
s{;rutiiiizing each of them for errors. In order that this 
may be clone conveniently the cards must be relatively small 
and Ihe edges accurately cut. 

After* tile cards have been sorted the next process is that 
of counting or summating the frequency of the occurrence of 
each item. I'his may be done in connection with the tabular 
fonn when direct transcription is made from the schedule 
or original sheet to the table. When large aggregates must 
be summafeti before tabular entry can be made the process is 
not easy without first listing the facts, and the use of adding 
machines for this purpose is imperative. It is best for the 
inexpcu’ienccHl operator to u-se a listing machine and to retain 
the listing sheets for future reference. Where detailed tables 
involving comparisons are to be made, the rough material 
on the listing papei* may subsequently be employed in 
computing percentages, averages, etc., and also as a basis 
for new combinations and cross checking. 

It is frequently necessary to arrange data into groups and 
to express the occurrence of each item in a frequency table 
in the manner described immediateh’* below. In so doing the 
individual instance per se is lost sight of. This need is 
particularly true respecting data on wages, sales, ages, etc., 
cases in which it would be difficult, if not impossible, in exten- 
sive" studies to list each individual instance. The listing or 
talljdng may conveniently be done by arranging the groups 
into which the individual items are to be placed on the left- 
hand margin of a sheet of paper and by talhdng off opposite 
each individual group the number of instances occurring. 
This method has the disadvantage of making impossible any 
check on the accuracy of the work. An alternative method 
is that of transcribing the data to be grouped on to small 
cards and arranging these into groups, thus allowing each 
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group to be checked by rapidly running through the cards. 
This method requires all of the data to be copied, thu.s allow- 
ing error to enter from this source. Whichever method is 
followed the accuracy of the listing should be thoroughly 
tested before proceeding to the next stage. 

IV. The Technique of the Tabulation Foem 

The technique of the tabulation form suggests such topics 
as the amount of detail which it is possible and desirable to 
show in a single table and the structure of tables themselves. 
Four types of tables may be distinguished on the basis of 
the amount of detail which they contain. First, is the 
“single” tabular form. In this type of table one fact only is 
given importance. The following may be cited as an 
example : 

TABLE F 


Table Showing by Years the Number op Real Estate Mort- 
gages IN Wisconsin 


Yea.b 

Nombeb op ReaIj Estate 
Mortgages in Wisconsin 

Total 

__ 

1890 



1891 

— 

1892 






The second type is the “double” tabular form in which 
two coordinate facts are represented. The following amplifi- 
cation of the single table will serve as an illustration : 
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TABLE G 

Table Showing by Years the Number of Real Estate 
Tax-^lble anb Non-T.ax,\ble Mortgages in Wisconsin 


YE.ili 

Number op 

Rear Estate Mortgages in 
Wisconsin 

Total 

Taxable 

Non-taxable 

Total 

- 

__ 

- 

1890 


__ 

— 

1891 

— 

— 

— 

1892 

_ 



I 

- 

- 

- 



The third type is known as the “treble” form, and in this 
three sets of considerations are brought out. The example 
below is an amplification of the double type. 


TABLE H 


Table Showing by Years the Number and Amount op Real 
Estate Taxable and Non-Taxable Mortgages in Wis- 
consin 



1 Number and Amount op Real Estate Mortgages 

IN Wisconsin 

Year 

1 Total 1 

j Taxable j 

1 Non-taxable 


Number 

Amount 

Number 

Amount 

Number 

Amount 

Total 

— 

- 


— 

— 
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The foiirtli is known as the “ quadruple. ” In ihis type 
four considerations are given expression. The exiiinple 
l)elow is illustrative. 

TABLE I 

Table ShowinTt by Years and by Distrk:t.s of the State the 
Number axd Amount of Taxable and No.n-Taxahli: Beal 
Estate Mortgages in Wisconsin 
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li will be iK)tic*c‘cl that the numbers and amounts of taxable 
and non-taxable mortgages are given both for years and for 
districts, (dironology is controlling respecting time; and 
numerical consecutiveness, respecting space. Totals are 
provided for ea.ch year and for all j^ears; for each district 
and for all districts. The districts are subsidiary to the years 
in ta])u]ar .‘irrnngement, the former being repeated under 
each y{‘ar ami the total for all years, the reason being that 
it is d<'sir(;d to concentrate attention upon the districts 
each year, mtlM'r tlian upon the years within each district. 
Had the latter piir])ose prevail(?d, the districts would have 
been made primary and the years subsidiaiy in rank. The 
order of arrangement respecting taxability emphasizes the 
direct relations between number and amount. Had the 
purpose been to emphasize the relation between taxable and 
non-taxable mortgages, the data involved would have been 
thrown into juxtaposition under the superior headings 
‘tniimber’’ and ‘‘amount.” The orderof arrangement should 
always be tliat which will best throw into \dew vital relations 
and sequences. As noted below, under Types of Statistical 
Tables, the order and arrangement of tabulation forms 
should make it clear that the significance of data was clearly 
understood when they were planned. 

Of course, more complex tables may be constructed. In 
fact there are no limits, except those of expense and statistical 
prudence, to the complexity which tabular forms may assume. 
It is generally wise, however, to construct several tables to 
describe complex conditions rather than unduly to burden a 
single form. The amount of detail that may readily be 
grasped by the eye is limited, and too great detail often 
suggests confusion and repels attention. Judgment must 
be used in this instance as in all aspects of statistical studies. 
There is no royal road to excellence in table construction, 
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neither are there hard and fast formulae to which a].)peai can 
be made for guidance in all cases. 

Respecting the structure of tables the following general 
considerations are of importance: 

First. The Rulings and Spacings for Major and jMinor 
Headings. 

The amount of space assigned to major and minor headings 
should be in proportion to their respective importances. 
This may generally be determined by the order in which 
they appear. Each subsidiary part should be given less 
prominence than its immediate superior. Likewise, the 
most subordinate heading should be assigned more space 
than that given to an individual item in the body of a table. 
All forms should be set off by double lines at the top and at 
the bottom. The sides, however, should remain open as 
they appear on the printed page. By this method distinc- 
tion is given to the form of the table by the vertical lines in 
the body being more clearly brought out. Moreover, it is 
less likely to have a box-like appearance. Major totals 
should be set off by double lines both horizontally and 
vertically. Otherwise, as a rule, only single lines should be 
used. Where a table is complex and is divisible into two or 
more distinct parts, the separate portions may be set off by 
double lines. The complexity of form and amount of detail 
in each case will suggest the wisdom of modifying these 
general rules. 

Second. The Position of Totals. 

Until recently, totals in statistical tables were almost 
invariably placed below the detail which they summate. 
The Census Bureau at Washington, some years ago, began 
constructing their tables with totals at the top, and this 
practice is now quite widely followed. There is much to be 
said in its favor. The totals so placed are immediately 
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bcf<jr(! the eye and are closely associated with the title. 
They are almost invariably the items of chief interest, and 
it is desirable to have them eonspicuouslj'' placed. With 
totals occupying this position, totaling is upward and 
toward the left. The sums of totals in the lines equal the 
sums of totals in the colmwis, the check upon the accuracy 
showing itself in the total at the extreme left and upper 
corner of the tabular form. 

Third. The Suitability to the Page. 

Table.s, .so far as is possible, should be drawn so as to be 
comi)lGted on a single page. In order to do this it is fre- 
(pKmtly necessary to omit some of the detail or to use a 
foldcal iiLsert somewhat larger than the ordinary page. 
Tabula)' forms which run from page to page necessitate that 
headings l;)e duplicated in detail or in such abbreviated 
form as will allow tlie order of the columns to be followed. 
A sufficient abbreviation in some cases is to number the 
columns so as to correspond with the order appearing on 
the first page. By the use of inserts this duplication is 
obviated, and it is usually possible to view a table as an 
entirety even if long and complicated. This is of distinct 
advantage and should be striven for in all cases. 

Fourth. The Numbering of Columns. 

The practice of numbering columns from left to right is 
not general in tabular forms in publications in the United 
States. It is characteristic of foreign statistical publications, 
however, and its use is of distinct advantage in shownng 
the relationship of totals to their component parts and in 
facilitating references in text treatment. Not infrequently 
it is necessary, in referring in text analysis to items in detailed 
tables, to employ awkward descriptive phrases where it would 
be easy, by citing lines and columns, unmistakably to fix 
their position. One often hesitates to verify references 
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because of their uncertainty and the time involvcni in iden- 
tifying the items. The costs and inconvenience of numbering 
both columns and lines are so small, while the vtilue is ?o 
material, that it would seem of distinct advantage^ to adopt 
both practices in all tables in which the amount of detail is 
large or the form of the tabular arrangement at all complex. 
As an alternative to guide or margin numbers — line 
numbers — some of the United States statistical publications 
are arranging lines into groiij)s of five. This breaks np the 
detail and relieves the monotony of an elaborate table, thus 
making it easier to follow ; but it docs not solve the difficult ies 
of making detailed references to tables in text analysis and 
of showing the columns which .are summarized into totals. 
Column numbers are often of real value in hel}hng to interpret 
relations between columns in a detailed table. These are 
not always self-evident even to those experienced in statistical 
study. 

V. The Contents of Tables 

The contents of tables will always depend upon the pur- 
poses for which they are constructed. The first and fore- 
most consideration is that they should bear clearly upon the 
purposes chosen. Extraneous or unrelated items, which it 
might be interesting to show, should not be incorporated 
into a table designed for a distinct purpose. Tables should 
likewise be easily comprehended both as to purpose and to 
contents. Any table which calls for considerable study as 
to the purpose of its construction or the relationships of the 
items loses much of its value, and sacrifices, in a measure, 
the purpose for which it is employed ; namely, to show clearly 
and forcibly in classified and tabular form the numerical 
facts respecting a given phenomenon or condition. The 
injunction noted above respecting details, the order and 
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iminheriug of eoluinnSj the position of totals, the suitability 
of the page, ett^., should be remembered in this connection. 

T;il)le.-^ siioiild be accurate as to items and totals. Totals 
are but the functions of the items which compose them, 
and generally are no more accurate than the items unless 
errors so ccuupensate each other as to make an accurate 
picture from inaccurate details. As to whether this condition 
maintains, one; has to satisfy himself by a study of the units 
employed in the collection of the data, the accuracy of the 
data themselves, the interpretation assigned them, etc., 
conditions which are described at length in the sections 
above referring to Prima,ry and Secondary data. If error is 
discovtu-ed this tends not only to suggest weaknesses in the 
tabulation method but also to raise a presumption against 
the uccmacy of the details. Totals should be made to cross- 
check accurately, cognizance being taken of the possibility 
that compensating errors may appear in both lines and 
columns and still the cross-check agree. This condition may 
be, guarded against by carefully scrutinizing the items them- 
selves and the position assigned them in the tabular form. A 
cross-check, however, is not a complete guaranty against 
inaccuracies within the body of a table. 

Bearing upon the question of accuracy is the consideration 
of the individuality which is submerged in the tabulating 
process. Abbreviation necessitates that individual items 
be lost sight of. The amount of grouping allowable depends 
in all cases upon the character of data and the purposes for 
which tabulation is used. Grouping is exaggerated in 
tabulations of the “second,’’ “third,” and subsequent orders. 
These are summaries of details included in those of the “first” 
order. It is, of course, impossible in most instances to pre- 
serve each individual item in all its originality. In all sum- 
mary tables, however, the sources of data should clearly be 
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indicated <and the manner of their utilization sufficient I}" 
detailed so as to guard agjiinst incorrect deductions being 
drawn from them. References should be made to table, 
column, and line numbers rather than in blanket form. 

In most statistical studies there i.s a certain percentage of 
data which it is impo.ssible to classify either because of serious 
omissions, the use of inapjjropriate, indefinite, or provimaa.1 
terms, misconstrued inquiries, paucity of data, etc. These 
residua, if used at all, are generally grouped as “miscella- 
neous,’^ “not stated,” or “unclassified,” items. It should 
always be the aim in tabulation to reduce these classes to 
minima. Particularly is this true when comparisons ai'e in- 
volved and when an undue importance either by including 
or omitting tliem might be assigned to unclassified facts. 
In case they constitute an appreciable part of a whole it is a 
wise precaution against misunderstanding and a valuable aid 
in interpretation to add an explanatory note showing in a 
general way their contents. Normally, such notes do not 
immediately, if at all, accompany tabular forms. The result 
of this is generally bad, inasmuch as most people are inclined 
to overlook the exceptional cases and to accept a table at its 
face value. As a general rule, statements of the limitations 
of statistical tables should closely accompany them, be so 
conspicuously placed that even the uninitiated will see them, 
and so clearly put that no one but those who purposely 
ignore them will fail to be governed by their purport. No 
one is as well prepared to know the limitations of data, at 
each stage of collection and tabulation, as those who prepare 
them, and in justice to all their limitations and virtues should 
clearly be stated. The place for appraisement to appear is 
where no one can overlook it. 


Frequently italics, bold type, percentages, and averages of 
various kinds are used in detailed tables to emphasize some 
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outstanding fact or peculiarity. The degree to which this 
practice is desirable seems to vaiy inversely with the geiieral- 
itj’’ of the. table. The functions of summary and ‘‘general” 
tables are not identical. The former are designed largely 
if not solely for interpretive pmposes ; the latter to include 
detail without {jrejudice of any kind on the part of the com- 
piler. The more nearly these two functions can be kept dis- 
tinct, the easier it is for the point of view supported in the 
analytic treatment to be mastered and detailed data to be 
used by others for the purposes which they may have in 
mind. Of course, the two cannot always be kept separate. 
In some cases, particularly in brief studies, the two shade 
imperceptibly into each other. In fact, in some instances, it 
may be impossible or unwise to print detailed facts. In 
those eases both uses ma}'’ be combined in the same table. 
But in large and comprehensive surveys differentiation can 
be made and is desirable. In such studies it is far better to 
have a complete statement of the limitations of the data, 
adequate definitions of the units, and reasons for the com- 
binations which are made of them than it is to dispense with 
these and have the tables bear evidence of finality through 
nice computations of average and percentage relationships. 

It is the })iirpose of the statistician to make statistical data 
as comprehensive and full of meaning as they can be made. 
It is not his purpose, in connection with detailed tables, to 
predigost them. Much time, effort, and money in the writer’s 
judgment are wasted by making a main feature of such tables 
elaborate net woi’ks of percentages establishing varied 
relationshii)s which the form of the arrangement seems to 
suggest ii'respective, if not in violation, of the logic back of 
them. To the attentive reader and the investigator not 
infrequently they are the bases for a legitimate suspicion both 
as to function and application. To the uninitiated, they 
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oftentimes seem conclusive and are used in relations foreign 
to those for which they were intended and disassociated from 
the detail upon which they ai-e based. 

VI. Titles for Statistical Tables 

The title of a statistical table should be a brief epitome of 
the contents. The most important categories shouki he 
specifically named but no attempt made to include ail of the 
different facts revealed. This can be done only by a study 
of the table itself. It is not the purpose of the title to be a 
complete summary of its contents. It should lie short, 
clearlj’- phras(al, w(dl punctuated, and impossible of double 
meaning. Titles arcs generally faulty because of omissions, 
improper jihrasings, and inverted order. Normally, the 
things enuiiKM-ated in the title should follow the order of the 
superior and subsidiary headings. For instance, if com- 
manding importance is as.signed to wages paid and these are 
classified according to hourly, daily, and weekly rates, for 
occupations, and the latter are listed by districts in which 
found or by the nationalities of those occupied, then this 
order should be followed e.ssentiallj^ in the title. To invert 
the order is confusing and may be misleading. Illustrations 
of faulty titles, omissions of column headings, and other 
details to be guarded against in tabulations might be cited 
at length but the following will suffice for our immediate 
purposes. It is not desired to call attention to the statistical 
errors of anj?^ particular publication or organization ; therefore 
references to the sources of the examples are omitted. Each 
case cited, however, is bona fide. The reader should always 
bo on the lookout for errors and bad form in statistical presen- 
tation. In this way he is able to improve his own methods 
and to benefit by the mistakes of others. 
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1. Omissimis in Column 
TABLE J 

Table Showing toe Causes of Accidents Resulting in 
Infection 



To- 

TAl. 

Fa- 

Ampu- 

tations 

Lv- 

PECT" 

ED CUTS 

PUNCTURES 

IK- 

FECl^ 

BRUISES 

In- 

PKCT- 

BUUNS 

In- 

FECl'- 

EI) 

Causes of 
accidents | 

721 j 

5 i 

4 

511 

102 

53 

46 

Ntiils in j 

i .^2 

1 



31 

_ 

TT 

_ 

floor j 

i ~ 








The above table sliould have been constructed thus: 


Oai.'sf.b of 
Acwoknts 

To- 

TAI. 

Fatal 

TO- 

TAL 

Non-Fataii 

To- 

Am- 

putations 

Infect- 
ed CUTS, 
ETC. 

Inpect- 

xmiTISES 

iNPEer- 

BURNS 

Infect- 

EYES 

Total . . 

721 

5 

716 

4 

511 

102 

53 

46 
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2. Misplaced and Confusing Headings and Totals 
TABLE K 

I’ahlb Showing Jointer Accidents Reported, by Nature of 
Disability 


MACHINES 

Am. 

Acfi- 

Totae 

Fing- 

ers 

CUT 

Hand 

CUT 

Finoeks cut off 

Four 

fing- 

crsj 

Three 

fing- 

Two 

ting- 

('>110 

fiiig- 

, ATSONS OR 

'ahkasions 

All accidents 

77 

71 

1 

4 

2 

11 


42 

~ 1 

— 

— I 

— 

1 "" 


— 

27 1 



This talile should liavc lieeii arranged thus: 


Causes of 
Accmknts 

TotAIi 

Inuivid- 

UAL ACCI- 
DENTS 

Hand 

OFF : 

Lacer- 

AT'IONft 

Fingers cut off 

Total 

Four 

Three 

Two 

Olio 

Total . . 

77 

1 

32 

71 

4 

2 

11 

27 

- 

_ 



__ 

- 

i 

- 

„ 
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3. Faulty Rulings and Misplaced Column Headings 
TABLE L 


Table Showing Accidents Caused by Falls op Wobk- 
MEN — By Cause and Disability 


Causes of 
Accidents 

To- 

Per 

CENT 

DIS- 

TRI- 

BUTIONS 

Fa- 

tal 

Loss 

OF 

GERS 

In- 

ter- 

in- 

jur- 

Frac- 

tures 

Sprains j 

Pac- 

tions 

Bruises 

Burns 

In- 

jur- 

ed 

eyes 

Total -all 












Causes . . 

1,387 

100.0 

48 

2 

30 

425 

384 

110 

346 

41 

1 

Falls down 

52 

3.7 

_ 

— 

__ 

19 

15 

1 5 

13 


— 

“ 1 

~~ 









. 



The total columns should have, appeared thus : 


CA.TJSE8 OP 

Accidents 


Total 


Number 


Per cent 
Distribution 


Total . . . 


1,387 


100.00 


VII. Types of Statistical Data and Corbesponding 
Tables 

On the basis of the manner of treatment and the controlling 
factor in statistical arrangements, tables are of three types. 
First, those which express historical data; Second, those 
which describe a situation or condition in cross-section ; and 
Third, those which express variable data of a non-historical 
character. Each of these types deserves brief consideration. 
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The controlling factor in tabulations which express his- 
torical data is, of course, chronology. Normally, the arrange- 
ment is simple and easily comprehended. All of the facts, 
no matter how diverse in frequency or divergent in type, are 
controlled by this consideration, thus giving a continuous 
view from the standpoint of time. This arrangement does 
not, however, suit all data equally well. Only when a table 
serves primarily as an instrument of record and when con- 
siderations of time are significant should chronology ab- 
solutely dominate. In cases where the time element is in- 
cidental it should be reduced to a subsidiary position. The 
degree of prominence to be given to it depends in each case 
upon the purpose of the table. 

The second type of tabulation from the standpoint of 
contents is that in which a situation or condition is described 
in cross-section. The controlling facts are the relationships 
which maintain between the respective things described. 
The following table relating to scales of wages for plumbers 
in Massachusetts mimicipalities will serve as an illustration : 

TABLE M 

Table Showing Union Scales op Wages for Plumbers on 
October 1, 1913, by Municipalities. {Labor Bulletin 
No. 97, Mass. Bureau of Statistics, p. 39, Boston, Mass.) 


Rates of Wages 


Mtjnicipawties 

Hour 

' 

1 Day 

Week 

Overtime 

(hour) 

Sundays 

and 

Holidays 

(hour) 

Attleborough . . 

$0.40f 

S3.25 

S19.50 

S0.8U 

80.81i 

Beverly . . . 

.60 

4.80 

26.40 

.90 

1.20 

Boston . . . . 

.621 

5.00 

27.50 

1.25 

, 1.25 

; . 


. — 

— 
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The data refer to a single period of time and reflect the 
methods of wage payment, among municipalities, and the 
different rates of w^ages at the period to which they apply. 
That is, the table shows not only geographical distribution 
but also the relationships maintaining between hourly, daily, 
and weekly wage-rates. For cross-section tabulations of 
this type commanding importance should be given to those 
considerations which are most suggestive. Related things 
should be placed in juxtaposition in order to facilitate 
comparisons. Before the form is decided upon the relation- 
ships which it is desired to emphasize should clearly be deter- 
mined and the table be prepared to register them. Tabula- 
tion is rarely the first step in analysis ; frequently it is the 
last step, the early ones having been taken in deciding upon 
the form to be used. A large part of the exposition necessary 
to make plain what it is intended to show can be obviated 
if a table on its face unmistakably reveals its purpose. 
There is nearly always a best form, and it is the peculiar func- 
tion of the person using statistics to discover it. After all, 
tabulation is only a method of summary expression where lines 
and columns are used to reveal relationships and sequences. 

The third type of table, from the point of view of its 
contents, is one which expresses a variable fact at a single 
period of time. In describing a characteristic of a natural 
phenomenon one is impressed immediately by the regularity 
which the measurements, in which the characteristic is 
given, assume. Regularity of distribution around a central 
tendency approaches the absolute when dealing with 
numerous samples and with pure chance selection. If one 
were to compare the lengths of a great number of leaves, 
chosen at random from a particular tree, he would be im- 
pressed by the degree of uniformity and by the regularity 
of the graduations on either side of those lengths which 
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might be called normal or typical. The same uniformity of 
distribution characterizes the stature or weight of men, size 
of apples, weight of eggs, or of any other natural thing where 
chance has freely operated in the choice of the samples. 

Similar regularity of distribution occurs when one thing 
is measured many times. The measurements tend to differ 
because of the limitations of the physical instruments and 
of judgment in their use, but these tend to be corrected as 
the number of measurements is increased. That which is 
typical or characteristic tends to be established, and the 
exceptions above and. below it to become fewer and fewer 
as the distance from the norm increases. 

In the measurements of certain economic phenomena the 
same tendency toward regularity of distribution as between 
that which is normal and that which is extreme is noticeable. 
Wage-rates vary within narrow margins for the same type of 
Ihbor for a given district, and between districts the differ- 
ences are not startling. For a given occupation a norm or 
typical wage tends to be established. Wages above and 
below this standard may be thought of as exceptional both 
as to the amounts paid and the number of individuals re- 
ceiving them. The foot frontage value on a certain residence 
city street tends to vary only within a narrow margin, the 
amount of deviation from the ‘extremes being relatively small 
and the frequencies relatively few. Down-town business 
blocks tend to be about six to eight stories in height. There 
are a few blocks higher than twenty stories and a few old-time 
buildings — misfits — which are but two or three stories 
high. Most American freight cars have a capacity of from 
thirty to fifty tons ; very few now in use for freight services 
have a capacity of less than fifteen tons, while few are built 
with a capacity beyond one hundred tons. The ruling in- 
terest rates on real estate mortgages, in Wisconsin in 1904, 
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were 5 and 6 per cent. Some loa.ns were made at less than 
3 per cent ; and a few others at more than 10 per cent. The 
most characteristic rate was 5 per cent. A degree of nor- 
mality in these examples is noticeable, but it does not main- 
tain generally in the same rigorous fashion in economic as 
it docs in natural phenomena. 

TABLE N 

Frequency Table Showing Classified Weekly Wages for 
Employees in All Muvnufacturing Industries in Massa- 
chusetts, 1912. 


{27th Annual Report, Statistics of Manufactures of Massachusetts, 
1912, p. xxii, Boston, Mass.) 


Wage Groups 

Number and Per Cent op Em- 
pijOybbs Receiving Specified 
Amounts '■ 

Number 

Per cent 

Total 

681,383 

100.0 

^ Under $3 per week 

2,266 

0.3 

1 $3 but under $4 

5,792 

0.9 

$4 but under $5 . . , . . . 

16,909 

2.5 

$5 but under $6 

34,070 

5.0 

S6 but under $7 

52,604 

7.7 

$7 but under $8 

63,879 

9.4 

18 but under 19 

68,787 

10.1 

$9 but under $10 . . . . , 

75,006 

11.0 

1 110 but under $12 

103,160 

i5.1 

U$12 but under $15 . . . . . 

107,677 

15.8 

* $15 but under $20 

104,585 

15.3 

$20 but under $25 

32,536 

4.8 

1 $25 and over 

14,112 

2.1 


^Note the changing widths of the groups and the treatment of the 
residuum. 
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Fbequency Table Showing the Number op Deaths from All 
Causes 


Registration Area, United States, 1912 {Mortality Statistics, 1912, 
p. 11, Washington, D. G., 1913) 


Age of Decedent 

Ndmbeb 

Total 

Male 

Female 

All ages 

838,251 

459,112 

379,139 

1 Under 1 year 

147,455 

82,834 

64,621 

1 1 year 

29,713 

15,748 

13,965 

1 2 years ....... 

13,189 

6,889 

6,300 

^ 3 years 

8,240 

4,392 

3,848 

^ 4 years . 

6,042 

3,178 

2,864 

2 Under 5 years .... 

204,639 

113,041 

91,598 

5-9 years 

17,274 

9,149 

8,125 

10-14 years 

11,436 

6,008 

5,428 

15-19 years 

20,343 

10,525 

9,818 

20-24 years 

30,997 

16,696 

14,301 

25-29 years 

33,762 

18,495 

15,267 

30-34 years 

33,743 

18,929 

14,814 

35-39 years 

37,916 

21,850 

16,066 

40-44 years 

37,885 

22,337 

15,548 

45-49 years 

39,624 

23,638 

15,986 

50-54 years | 

45,496 

26,995 

18,501 

55-59 years 

1 ■ 45,732 

26,451 

19,281 

60-64 years 

51,097 , 

28,637 

22,460 

65-69 years i 

55,492 

30,045 

25,447 

70-74 years 

55,650 

29,219 

26,431 

75-79 years 

50,772 

25,808 

24,964 

80-84 years 

36,678 

17,689 1 

18,989 

85-89 years 

19,559 

9,027 

i 10,532 

90-94 years 

7,082 

2,997 

4,085 

95-99 years 

1 1,493 

620 

873 

® 100 years and over . . . 

1 458 

169 

289 

® Unknown ... , . . 

1,123 

787 

336 


1 Note the lower groups. ^ Note the summary of lower groups. 

3 Note the residuum and the “Unknown.” 
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In the statistical treatment of variable phenomena, the 
frequency table is generally employed. Such a table is 
constructed by listing singly or in groups and according to 
their ascending order the units in which a phenomenon or 
condition is measured, and by arranging opposite them the 
corresponding frequencies with which they occur. The 
preceding brief tables wall serve as illustrations. 

When units of measurements are grouped normally, 
accuracy of detail is sacrificed, the amount varying directly 
with the widths of the groups. This, however, depends 
somewhat on the nature of the material measured. In 
continuous series the amount depends in large part upon 
the accuracy of the measurements themselves. By con- 
tinmus series are meant those in which measurements are 
simply approximations to an absolute value and which differ 
by small gradations. That is, they are series in which 
measurements are only approximations, within the limits 
set up, to an absolute but indeterminate measurement. By 
discrete or broken series, on the other hand, are meant 
measurements which are determined by the nature of the 
units in which expressed. In continuous series, measurement 
is dependent upon the accuracy with which approximations 
are made. In discrete series, measurements are determined 
simply by the nature of the units themselves. These con- 
siderations may be made clearer if examples of both series 
are studied. The following example of a discrete series, 
showing the number of real estate mortgages in Wisconsin 
in 1904, classified by rates of interest, admirably illustrates 
the dependence of the frequencies upon units of measure- 
ments. 
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TABLE P 

Fbbquency Tables Showing the Number op Real Estate 
Mortgages in Wisconsin, ,1904, Classified by Rates 
OP Interest 

(Constructed from data in Report of the Wisconsin Tax Commis- 
sion, 1907, p. 330) 


Rates of Interest 

Number op Real Estate Mortgages 

Total 

28,961 

28,961 

28,961 


(a) 

(6) 

(c) 

Under 3 % 

351 


35 

35 

3 and less than 3|% . . . 

133' 


.... 164 

133 

3| and less than 4% . . . 

3lJ 


1,309 

4 and less than 4|% . . . 

1,278 

1 

.... 1,785 

4| and less than 5% . . . 

507 J 

1 

10,769 

5 and less than 5f % . . . 

10,262 

/ 

.... 10,878 

5^ and less than 6% . . . 

616J 

1 

10,004 

6 and less than 6| % . . . 

9,388' 

/ 

.... 9,621 

6| and less than 7 % . . . 

233 J 

h 

4,531 

7 and less than 7|% . . . 

4,298' 

/ 

.... 4,327 

7| and less than 8% . . . 

29 J 

1 

1 AQQ 

8 and less than 8§ % . . . 

1,6101 

j 

.... 1,615 

i,ooy 

Si% 

5i 

1 

An 

9% 

551 

> 

56 

OU 

91% 

IJ 

1 

478 

10% 

4771 


.... 477 

i2%‘ ' ‘ 

J 

21 

1 

> 

2 

2 

16%’ ’. ’ ‘ ’. ’. ‘ ‘ ■ 

J 

1 


1 

1 

1 


A study of the distribution shows that frequencies in 
groups beginning with the half per cent and extending tc 
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but not including the even per cent are conspicuously less 
than in those beginning with the even per cent and extending 
to but not including the half per cent. The relative fewness 
in the former groups suggests not only a greater concentration 
on the even than on the half per cent units, but also a greater 
concentration on the half per cent , than on any other frac- 
tional units. This is in line with the financial practice of 
normally calculating interest rates in no smaller fractions 
than one half per cent units. There is nothing in the nature 
of the case which requires the units to be continuous and in- 
finitesimally small, and much which requires them to be calcu- 
lated in larger units and on even numbers. The actual fre- 
quencies are determined by the units in which they are 
expressed and there is no reason for their equal distribution 
throughout the widths of the groups chosen. As the groups 
stand in column (a), the piling up of the frequencies on the 
lower side is evident in every case. If they were widened, as in 
column (b), the distribution would still be of the same general 
character ; but the relative degree of concentration on the half 
per cent and other fractional parts would not be determinable. 
Column (&) is distinctly less suggestive for the separate 
groups, but distinctly more so for the complete range than 
column (a). By the distribution in column (c) — one per 
cent groups, as 3|- but less than 4| per cent, etc., — the even 
per cent in each instance appears in the middle of the 
group so that the emphasis assigned to it is theoretically dis- 
tributed over the whole group. This theoretical' dispersion 
does not, however, fit the case; the concentration is still on 
the even per cents, and any attempt to distribute it evenly 
over the whole extent is in violation of the facts as revealed 
in column (a). For purposes of subsequent analysis it is 
often desirable to place the limits of the groups as in column 
(c), but it is always well to remember the actual as distinct 
from the theoretical distribution. 
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In fixing the origin and termination of groups in the case 
of continuous series, it is desirable to assign due weight to 
the accuracy of the measurements, so as to provide a con- 
tinuous and uniform distribution of the phenomena through 
each group. The number of groups chosen is affected by 
the same considerations, the purpose being to preserve the 
essential detail of the phenomena as a whole and still to 
provide for a distribution typical in such cases. 

The following table, showing the measurements of the 
lengths of lobsters, illustrates the point in mind and the 
difficulties involved in securing a correct distribution, to- 
gether with the dependence of this upon the accuracy with 
which the measurements are made. 

The measurements are of natural phenomena and there 
is no reason why they should not be distributed with an 
approach to regular frequency. In the actual measurements, 
however, undue prominence is given to measurements falling 
on the even and half inch units so that the data in the de- 
tailed form do not appear to obey any law of regular distribu- 
tion. A false accuracy is assigned to each measurement and 
the resulting distribution is very much distorted from that 
which is characteristic in such cases. Indeed, greater 
accuracy within the single groups and over the complete 
distribution may be obtained if the measurements are 
expressed in wider groups and the resultant frequencies 
suinmated to correspond. This has been done in columns 
(b), (c), (d), and (e). The consideration which distinguishes 
this distribution from that of the mortgage interest rates is 
the unreal concentration upon even and half inch units in 
the approximations. In the former case concentration 
is normal and should be preserved; in the latter case it is 
fictitious and should be smoothed out by widening the groups. 
This process in the former case sacrifices accuracy, while in 
the latter it helps to realize it. 
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TABLE Q 

Phequency Table Showing Distribution of the Lengths op 
Lobsters^ 


Lengths in 
Inches 


10^ 
10 1 
11 
Hi 

}il 


17i 

17i 

17J 



A Inch Group 

J Inch 
Group 

1 Inch 
Gkoci’ 

1 Inch 
Group 

(Frequenc 5 ') 

(Frequency) 

(Frequency) 

(Frequency) 

(Frequency) 

(«) 

(b) 

(c) 

id) 

(e) 

6 

3 


5 

6 


U 


14 


6 

3 








151 

143 


178 


181 





35 

241 


296 




474 



55/ 



SIO 




845 

S14\ 

575 







61/ 

5321 

577 


638 


1152 











1206 

56S 


611 







43 




918 





307 


318 







Ai 








776 

414 


422 


433 





8 

166 


168 




590 



12 

■ 



489 




497 

321 


320 







•5 

146 


148 


153 


474 









. 


579 

426 


420 







90 


90 


516 

1 

i 

516 


370 

2801 

281 


l281 

1 




451 

48 


1 

1 

j 

1 329 

i 


3f 



151 




152 

103\ 

104 


1 

1 




131 

13 

■ 1 

[ “ 


|u. 


44 

301 

30 

j 

1 



1 


sf 

3 

1 

33 

1 

1 

I 33 

i 

10 

71 

7 


1 ' 


[ ' 

1 


* 



i ^ 

1 

1 


■ 4 


4 

1 

1 

I 

1 

J 


j 



1 The measurements in column (a) are taken from the American Statis- 
tical Association Publication, Vol. 7, p. 60. The original data are in a 
monograph by Dr. Francis H. Herrick on “The American Lobster in the 
United States," Fish Commission Bulletin for 1895. 
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Groups should invariably be of equal widths. Where this 
rule is violated false conclusions are likely to be drawn by 
comparing frequencies.^ Not only is error likely to result 
from hasty comparisons of this character but through the 
employment of unequal sized groups subsequent analysis 
by approved statistical methods is rendered difficult, if not 
impossible. The force of this generalization will be more ap- 
parent after we have discussed Dispersion and Skewness. If 
for any reason it is desired to change the size of groups, in order 
to distribute the number of frequencies more in detail, as for 
instance, in statistics of ages, summaries of the detailed groups 
should be made and all successive ones be framed in terms 
of multiples of the narrower ones chosen. The table on the 
next page showing the distribution of wage-rates of operators 
in woolen and worsted mills in the United States serves as 
an illustration of the use of unequal groups and is suggestive 
of the errors into which one may be led through their use. 

Ignoring the widths of the groups and assuming them as 
equidistant — a very usual thing to do unless one is accus- 
tomed to studying such data — it appears that the regular 
descending order of the frequencies for both male and the 
total, beginning at the group 10 to 11.99 cents, is abruptly 
broken at the frequency 2604 for the total, and at 2109 for 
the males, thus giving a second point of concentration of 
the wage earners. Of course, the rapid rise of these two 
instances as well as the retarded decrease in the case of the 
females is explained by the size of the groups. This table 
may only rightly be interpreted if full cognizance is taken 

J See the discussion of this point by Falkner, R. P., in connection with 
an analysis of “Income Tax Statistics,” Publications of the American Statis- 
tical Association, N. S. No. 110, Vol. XIV, .Tune, 1916, pp. 621-550, at pp. 
422, 523, 537. See also the controversy over the meaning of the income tax 
statistics, publi.shed by the Department of Internal Revenue, in The Annalist, 
December 18, 1915, by Carl Snyder, and January 8, 1917, by William P. 
Malburn, Assistant Secretary of the Treasury. 
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of the fact that the distribution applies to groups with limits 
of 2, 5, 6, 10, and 15 cents, as well as to one group which 
is open at the upper side. If the table had been properly 
constructed the order of the units — hourly rates of wages — 
would have been inverted and uniform size groups employed, 
or groups used which were reducible to multiples of each other. 
Where it is impossible to use uniform groupings, breaks 
should be made in the body of the table to call attention to 
this fact. 

TABLE R 

Frequency Table Showing the Number of the Operatives in 
Woolen and Worsted Mills in the United States, by 
! : Sex and by Hourly R4.tes op Wages 

(Report of the Tariff Board on Schedule K, Vol. IV, part 5. House 
; Document No. 342, 62d Congress, 2d session, p, 997) 


Hoxibly Rates op Wages 

Total 

M.AIiES 

Females 

Total 

30,454 

17,343 

13,111 

75 cents and over .... 

33 

33 

_ 

60 to 74.99 cents .... 

60 

59 

1 

45 to 59.99 cents .... 

109 

106 

3 

35 to 44.99 cents .... 

291 

287 

4 

30 to 34.99 cents .... 

486 

451 

17 

25 to 29.99 cents . ... 

2,004 

1,849 

155 

20 to 24.99 cents .... 

2,604 

2,109 

495 

18 to 19.99 cents . , . . 

1,682 

1,142 

540 

16 to 17.99 cents .... 

2,635 

2,036 

599 

14 to 15.99 cents . . . . 

4,926 

3,729 

1,197 

12 to 13.99 cents .... 

6,007 

3,186 

2,821 

10 to 11.99 cents . . . . 

6,153 . 

1,453 

4,700 

8 to 9.99 cents .... 

2,722 

757 

1,965 

6 to 7.99 cents .... 

661 

133 

528 

Less than 6 cents .... 

99 

13 

86 
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In writing the limits of groups it is generally well to use 
no smaller fraction of the whole unit than was employed 
in the actual process of measurement. For instance^ wages 
expressed in cents would not ordinarily call for a fractional 
part of a cent being employed to designate the widths of 
the groups. Likewise, if measurements are made to the 
nearest half inch the limits of the groups would not normally 
be indicated by quarter inches. It is generally desirable, in 
order to guard against confusing the upper limits of a lower 
group with the lower limits of an upper group, to avoid writing 
the two in the same form. For instance, the group 30 to 40 
may, for convenience, be written 30 to 39.9. In this form it 
is clear that a frequency of 40 belongs in the group 40 to 49.9. 
It may not always be so clear in case the limits are expressed 
in duplicate form. 

TABLE S 

Table Showing the Percentage Relation op the Assessment 
OP Personal Property to Total Assessment 


(Report of the J oint Legislative Committee of the State of New York, 
Albany, 1916, p. 260) 


Relation of Personal Property Assessment 
TO Total Assessment 

Number 

Width op Groups 
IN Per Cents 

Total 

53 


Less than one per cent .... 

2 

Less than one 

From one to three per cent . . . 

5 

31 

From four to six per cent .... 

5 

22 

From six to eight per cent . . . 

10 

22 

From eight to eleven per cent . . 

7 

32 

From eleven to thirteen per cent 

12 

22 

From thirteen to eighteen per cent . 

5 

! 52 

From eighteen to twenty per cent . 

3 

2 ? 

From twenty to twenty-one per cent 

3 

21 

Greater than twenty-one per cent . 

1 

Indeterminate 


^ Upper limit included. * Upper limit not included. 
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The preceding example is illustrative of some of the occa- 
sions for confusion resulting from a violation of this principle. 
Ill this brief table the second and ninth groups are indefinite 
in their upper boundaries. According to the way in which 
they are stated, items of three and twenty-one per cent, 
respectively, are not to be included, yet it is certain from 
the succeeding groups that they are included. If they 
are, the order is an exception to that which characterizes 
the majority of the gi-oups. As a result, one is left in doubt 
as to what is intended. Moreover, the groups are so differ- 
ent in size that discredit is thrown upon the whole table. 

VIII. Conclusion 

A detailed summary of this ch.apter seems unnecessary. 
The aim has been to consider only the most important aspects 
of the subject. The more general phases of classification 
and their bearing upon scientific method have for the most 
part been taken for granted.^ They need no extended 
consideration in this connection. We have striven only to 
show the application of classification to statistical facts. 

The technique of tabulation has been approached with the 
problem of the statistician in view, the aim being to call 
attention to and to warn against certain indefensible prac- 
tices commonly followed, and, at the same time to formulate 
as nearly as can be done, rules of general application. Atten- 
tion is drawn to the characteristic differences in statistical 
data and to the proper means of bringing them out in tabular 
form. A logical background is always assumed for the 
existence of tables, and the reciprocal relation of a point of 
view and its tabular presentation taken for granted. Tabula- 

1 These are admirably treated in Venn, John, Empirical Logic, and in 
The Logic of Chance, as well as in Jevons, W. S., The Principles of Science, 


CLASSIFICATION — TABULAR PRESENTATION 157 


tion is always more than a mechanical drawing of lines and 
inserting numerical symbols. It is analysis by means of 
facts, numerically symbolized, set out in relation to each 
other. To its purpose and technique the statistician cannot 
give too much attention. 

Refekences 

Bowley, A. L. — Elements of Statistics, Ch. IV, pp. 73-107. 

An Elementary Manual of Statistics, Ch. VI, pp. 50-56. 

Durand, E. D, — "Tabulation by Mechanical Means,” etc. in The 
Transactions of the International Congress on Hygiene and De- 
mography, 1912, Section Nine, pp. 83-91. 

Bang, W. I. — Elements of Statistical Method, Ch. IX, pp. 83-90. 
Zizek, Franz. — Statistical Averages, Ch. V, pp. 80-91. (This 
relates to frequency grouping.) 

Watkins, G. P. — "Theory of Statistical Tabulation,” in Quarterly 
Publications American Statistical Association, December, 
1915, pp. 742-757. 


CHAPTER VI 


DIAGRAMMATIC PRESENTATION 
I. Introduction 

In the chapter on Tabulation our purpose was to empha- 
size the function of logical classification and arrangement 
of statistical data. It was learned that primary data must 
be classified and reduced to order from the heterogeneous 
form in which they are reported, while secondary data must 
be rearranged, separated, combined, and worked over to 
suit the purposes for which they are intended. Respecting 
both, the essential element in tabulation is classification. 
The classes into which data fall are arranged logically in 
the order of importance and placed in lines and columns. 
Such an arrangement facilitates study, throws related things 
into juxtaposition, and suggests analysis of facts in their 
individual and related capacities. Our purpose in this 
chapter is to contrast tabulation with diagrammatic presen- 
tation — the step which logically follows it in statistical 
studies — and to discuss the value of the various forms of 
illustration currently used in such studies. 

The expression “ diagrammatic presentation ” is used in a 
narrow'-er and less inclusive sense than the expression “graphic 
methods,^' primarily for the reason that graphs of various 
types may be used advantageously in connection with 
averages and other summary expressions. Their functions 
are so varied and they are susceptible to so many different 
158 
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kinds of treatment that it seems necessary to distinguish 
them from mere pictorial illustrations. Generally both are 
discussed together. We, however, shall distinguish between 
them and for reasons which will be clearer after we have 
discussed Graphic Presentation. 

The purpose of .tabulation is to reduce masses of facts to 
logical order according to the units of measurements in which 
they are expressed and for the purposes desired. The 
functions of diagrams are to illustrate these facts according 
to the order worked out by tabulation. Tabulation is a 
condition of analysis; diagrams are generally illustrations 
of conclusions from analysis. The former is necessary in 
interpretation; the latter are useful in explanation and 
exposition. Tabulation or classification precedes; the use 
of diagrams follows. The former generally serves to clarify 
the meaning of data; the latter frequently to obscure it. 
Diagrams may never displace tabulation; they may con- 
veniently accompany it if used with discretion. Tabulation 
alone suggests study and analysis ; diagrams alone are more 
likely to serve as bases for conclusions arrived at without 
study and to foster a disregard for the details from which 
diagrams are drawn. Careful analysis of tabulated data 
is frequently necessary before their full meaning is divulged ; 
a superficial view of diagrams is often gathered upon mere 
inspection. 

Diagrams rarely add new meaning to facts which they 
illustrate. What they do do is to add to the meaning by 
throwing it into relief and by clarifying it. To those who 
are incapable of interpreting or are unwilling to interpret 
data in tabulated form they are necessary and at the same 
time dangerous devices. It is against their superficial and 
indiscriminate use which we desire to warn the reader. 

It is dangerous, as a general rule, to employ analogies in 
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scientific work, but one may be hazarded in order to show the 
dependence and secondary character of diagrams in statistical 
methods. Botanists when classifying plants use established 
points of distinction to separate them into groups. The 
common characteristics are noted in detail and become the 
bases for further study, each sample or group of samples 
being differentiated from the others by the presence or the 
absence of chosen criteria. Groups and sub-groups are dis- 
tinguished and these again are studied in the light of the 
distinguishing marks chosen. This process is continued 
until the points of differences are exhausted or until some 
scheme of organization extending throughout the whole 
group or groups is discovered. The activities of botanists 
in classifying plants are analogous to those of statisticians 
in tabulating data. The common characteristics become 
the criteria of distinction. The labeling, naming, and mount- 
ing of botanical specimens are analogous to illustrating and 
“mounting,” by statistical diagrams, the relations estab- 
lished through tabulation. The former may exist and be 
independent of the latter in both instances ; the latter grows 
out of and are conditioned by the former in all instances. 

What has been said is not meant to detract from the value 
of diagrams as aids in statistical studies. Its purpose has 
been solely to establish their position and to warn the 
reader against assigning too great a degree of finality to 
them or depending upon them to the exclusion of tabula- 
tion. Mere illustration is not an end in this case any more 
than it is in advertising, for instance. Skillfully designed 
and cleverly drawn pictures may be as necessary to sell an 
inferior product as highly colored and fanciful diagrams are 
to attract the interest of the mentally lazy or ignorant, or 
to drive home a fact to the indifferent reader. If they do 
this, however, and truthfully present data which they are 
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intended to illustrate, they serve a real and sometimes a 
vital purpose. But designs alone are not enough. Dia- 
grammatic illustrations can never replace data themselves, 
no matter how accurately they tell the truth or how illu- 
minating they are. They are at best statistical aids and 
should be so viewed by those who use and study them. A 
well-drawn and cleverly executed diagram is never a guar- 
anty of the value of the statistical facts which it illustrates. 
The contention which is here made is given substantial sup- 
port in a recent review of the Statistical Atlas of the United 
States. The reviewer, in questioning the need of such a 
volume, raised the point of the wisdom of segregating illus- 
trations from tables and from textual analysis. He says : 

“Is the policy of segregation a wise one? Presumably these 
maps and diagrams have had and will continue to have their most 
effective use in connection with the tables and text with which they 
were originally published. To place them in a separate volume with 
the barest textual comment seems unduly to burden the graphic 
method of presenting facts. Frequently charts and maps greatly 
strengthen the textual exposition of a subject ; they seldom serve 
as a complete substitute for editorial analysis.” ^ 

There is a psychology in the use of statistical diagrams 
which is worthy of brief consideration. The mind is so con- 
stituted that it cannot hold at one time a great mass of 
numerical facts in all their varied relationships. Relations 
are likely to be obscured in the effort to remember bare figures. 
Tabulation partly compensates for this limitation. But even 
when facts are arranged in tabular form, size or magnitude 
is the only condition which is appreciated. Even this is 
generally understood in its absolute and not in its relative 
aspects. The degrees of more or less, with the changes from 

* Day, Edmund E., Review of “Statistical Atlas of the United States,” 
in The American Economic Review, September, 1915, pp. 648-650, at p. 650. 
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one to the other, expressed for a single time, for a period of 
time, for a single place, or for an area cannot readily be 
comprehended when data are in tabular form. The order 
in which they are arranged may in part compensate for the 
limitations of tabulation, but cannot entirely overcome them. 
If, for instance, the order of arrangement is according to 
magnitude or frequency, as when districts are arranged in 
the order of the total amount of sales; or where the order 
is consecutive, as when amounts of loans are listed according 
to interest rates, an idea of extreme change is readily grasped. 
The distribution, amount, and frequency of change, however, 
are appreciated only after they are thrown into relief by some 
form of diagrammatic illustration. On the other hand, 
where tliere is no controlling condition in tabulation, where 
the order of arrangement is illogical, — or if logical, is not 
consistently followed, — spatial, time, and frequency con- 
siderations, if felt at all, are bound only imperfectly to be 
comprehended.^ It is to overcome these imperfections and 
limitations of tabular arrangement, to introduce devices for 
showing the proportional relations between facts, and to 
emphasize the concepts of space and movement, that diagrams 
of various types are employed. 

In tabulation, the power of visualization is only partly 
realized. True, if tabular forms are properly drawn, data 
are arranged in lines and columns according to a logical 
plan. But relations do not stand out. They may be 
worked out by means of percentages, but at best, in this 
form, they are abstract. It is not easy to appreciate the 
degrees of more and less. Comparisons must be made in 
terms of standards which are themselves abstract. If other 

1 The desirability of having every tabular form determined according to 
a definite plan and follow a logical order is developed in the preceding chap- 
ter, pp. 119-123. 
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concepts than magnitude are introduced, as, for instance, 
spatial distribution, the difficulties of making a double 
comparison out of abstract units are much hicreased. It is 
easy to compare absolute differences in interest.rates on real 
estate mortgage loans realized in Illinois with the frequency 
at which various rates occur, but it is not easy to relate these 
rates geographically to the several counties of the state 
without resorting to some form of statistical map. A tabu- 
lar form in which the counties are arranged alphabetically 
may be without logical significance. To group the counties 
by rates may not necessarily be to include contiguous ter- 
ritory. To compare interest rates, amounts of loans, and 
districts, illustrative diagrams are of great assistance. Even 
where geographical distribution is not a factor to be displayed, 
diagrams are helpful in showing relations and sequences. 

Probably sufficient has been said to indicate in a general 
way that diagranmiatic illustration adds something to tabu- 
lation. Just how this is done and what it is in particular 
types of illustrations will be made clearer as we discuss the 
different forms used, the technique of their construction, 
and the psychological basis upon which each rests. 

II. Diagbams foe Illustrating Frequency or Magni- 
tude Alone 

The diagrams most commonly used to illustrate frequency 
and magnitude alone are lines or bars, surfaces and volumes, 
and as a group are known as pictograms. Lines or bars are 
superior to surfaces and volumes, inasmuch as the latter 
involve relations which are not readily grasped by inspection. 
For surfaces, the dimensions vary as the square roots of the 
surfaces ; while for volumes, the dimensions vary as the cube 
roots of the contents. These facts make it difficult correctly 
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to interpret magnitude, and frequently lead the unexperienced 
to use illustrations incorrectly proportioned. Instances 
where this is done are common. In the case of lines or bars 
the linear dimensions alone are significant, so that relative 
magnitudes are reflected by proportional lengths. 

The following illustrations are introduced merely to make 
the discussion clear. They are not intended to be exhaustive 
nor to indicate all of the merits or demerits of the respective 
methods chosen. The reader, no doubt, has come in contact 
with other forms and may have devised some which have 
special merit for the problems with which he is dealing. 
While there is no one set of standards which can universally 
be applied, nor one type of illustration that is best under all 
circumstances, there is much to be said in favor of standard- 
izing more than we have done diagrammatic methods, and 
certainly of calling attention to devices that may easily be 
used to deceive. This matter is considered of so much im- 
portance that there is now a committee, representing various 
statistical organizations and engineering societies, studying 
the problem in all its phases.^ 

Plate 1 is drawn for the purpose of comparing lines, sur- 
faces, and contents when dealing with frequency or magnitude 
alone. It is clear that absolute differences are much more 
evident in the lines than in either of the other methods. 
Only by study is it possible to check up the differences for 
the surfaces and the solids. Moreover, by casual inspection, 
relative differences are not exhibited at all by the latter figures. 

1 This committee is known as Joird Committee on Standards for Graphic 
Presentation, and was formed on the request of the American Society of 
Mechanical Engineers. Willard C. Brinton is Chairman. A preliminary 
report has been published under the title “Preliminary Report Published 
for the Purpose of Inviting Suggestions for the Benefit of the Committee,’’ 
in The Publications of the American Statistical Association, December, 1915, 
pp. 790-797, 
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It is only after the square and the cube roots, respectively, 
have been determined and placed side by side that we get 
an idea of relation. 

Plates 2 and 3 show solids drawn out of proportion, thus 
giving erroneous impressions. Such figures are meant to 
be helpful, but they confuse the reader. In Plate 2, abso- 
lute amounts for 1904 and 1914, respectively, stand in the 
relation of 51.8 to 100. The illustrations show the relation 
to be 12.5 to 100. In Plate 3, the numerical relation between 
the amounts is 44.3 to 100 ; the diagrams show the same to 
be 6.42 to 100. In both cases, fortunately, the absolute 
amounts are given, and the errors in the illustrations can be 
corrected. The latter, considered alone, instead of aiding 
comparison becloud it. 

When it is desired to divide a whole into its component 
parts, the so-called ^'pie diagram” is frequently used. It is 
most popular in showing, for instance, disposition of the 
parts of a dollar for taxes, wages, interest, profits, etc., and 
undoubtedly has real merit. (See Plate 4.) Just how 
superior it is to lines, however, is not clear. Frequently 
it is necessary to turn the page almost upside down in order 
to read the legend, and sometimes to insert reference numbers 
in the sectors because of lack of room for anything more 
comprehensive. Moreover, for most uses it is more difficult 
to compare relative sizes in this manner than it is when lines 
are spread out horizontally before the eye. In addition, 
the order of presentation is clearer when lines are used. 
This is evident from the illustration in Plate 5. If diagrams 
are to be serviceable, they must be easily interpreted. Com- 
pare, for instance, the two methods below (Plate 5) of il- 
lustrating the petroleum production by states in the United 
States. 

The need for a logical and consistent order of arrangement 
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PLATE 2 

Public School Property in 1904 and 1914. 
(Solids drawn out of Scale) 
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PLATE 4 

Our Municipal Expenses, 191' 
(A Pie Diagram) 



170 


STATISTICAL METHODS 



^ Production of Petroleum, by Fields, 1909. 
(Sectors of Circles and Lines) 
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in illustration is equally as important as in tabulation. For 
instance, when dealing with geographical distribution, where 
contiguity of district is important, this order should be fol- 
lowed. Where tune is a factor it should control. The 
same is true of frequency. As a rule less attention is paid 
to a logical order of presentation in illustrations than in 
tabulations for the reason that violations are not generally 
apparent. False impressions are easily conveyed by the 
use of an order unnatural to that which the facts normally 
assume and by omitting all concrete data. Deception, if 
willed, is not difficult to effect. The apparent is easily con- 
fused with the real. It must be remembered that it is the 
eye and not necessarily the intellect to which appeal is 
made. And in this very fact lies the chief source of danger 
in the tendency to think exclusively in terms of illustrations. 

Illustrations, whether by bars or lines, surfaces or volumes, 
ought not to be divorced from the concrete data which they 
express. The insertion of ordinate and abscissa scales is 
not enough. Exact magnitudes should be given in illustra- 
tions or accompany them in tabular form. When this is 
done the two supplement and correct each other. The 
suggestive power of diagrams is not interfered with, and 
at the same time precaution is taken against the tendency 
to place reliance in them alone. The failure to include con- 
crete data may not then be used as a partial justification 
for the drawing of false conclusions. Their presence is a 
strong deterrent against hasty and unwarranted general- 
izations and against illustrations being manipulated for 
illegitimate purposes. The data not only serve as a record 
of the thing illustrated but also as a test of the accuracy 
of the illustration. 

When lines alone are used their widths are generally with- 
out significance. Sufficient space should be allowed so as 
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to throw into bold relief the devices for distinguishing one 
set of facts from another. It is, however, necessary when 
data are classified into unequal- sized groups to use lines of 
different widths. In such cases it is the surfaces and not 
the linear dimensions which are important. The widths of 
lines will vary with the widths of groups but this need cause 
no confusion if the ordinate scales are properly written, and 
the surfaces are interpreted in terms of both scales. To 
depend on abscissa scales alone is inadequate. It is this 
error which often explains the misinterpretation of data 
so grouped. An illustration of the erroneous conclusions 
into which people are led in the use of both diagrams and 
tabulations by the failure to take into account the changing 
sizes of groups is given in a recent study of the national in- 
come tax.^ This failure is common and the reader should 
be constantly on the lookout for it when he is interpreting 
statistical diagrams.^ 

Frequently, confusion results from including too much in 
a single diagram, the complexity of detail in whole or in 
part defeating the functions which it otherwise would have. 
It is well to keep in mind the general rule that ease of com- 
prehension is a vital consideration and that complex rela- 
tions can generally more adequately be shown by tabulation. 
Frequently, however, even for relatively complex relation- 
ships, diagrams are of distinct service for the very reason 
that a number of comparisons can be made simultaneously. 
For those who are not accustomed to making and interpreting 
diagrams it is wise to be conservative on the amount of de- 
tail crowded into a single figure. There is no general and 

1 See Falkiier, Roland P., “Income Tax Statistics,” Piihlications of the 
American Economic Association, June, 1915, pp. .523, .537. 

^ See illustration in Report No. J, Industrial Commission of Ohio on "In- 
dustrial Accidents in Ohio, January 1 to June 30, 1914," Columbus, Ohio, 
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infallible rule respecting this matter, however, since much 
depends upon the size of illustrations, the skill with which 
they are drawn, etc. 

Plate 6 shows how successfully several facts may be shown 
on a well-drawn figure. The interesting thing about this 
figure is that absolute amounts are shown by widths of bars, 
lengths in all instances being identical and constituting 100 
per cent. By cross-hatched surfaces not only are geographi- 
cal divisions, but color, race, nativity, and parentage shown 
for the whole population of the United States. The figure 
admits of being read in two dimensions the same as a table, 
yet no. confusion results. Instead, complex relations are 
admirably brought out. 

When it is necessary to use surfaces and volumes it is best 
to avoid the placing of areas within areas or contents within 
contents. If there is a real difficulty in using more than one 
dimension, it is increased by resorting to this device. It is 
not clear that such figures should be used except in cases 
where it is desired to show more than one relation. Even 
then, by using several illustrations employing lines or bars, 
the same results may generally be accomplished and with 
very much less likelihood of misinterpretation and confusion 
on the part of the reader. In the best statistical piibhcations 
such figures are seldom used. 

Plate 7, showing the adult population in the United 
States and the number of insane in hospitals, is drawn first 
in the form of surfaces and second in the form of bars. The 
first defies comparison. Of course, it is evident that the 
adult population was greater in 1910 than in 1904, but how 
much greater is by no means revealed. According to the 
first method the absolute difference in the number of insane 
in hospitals at the two periods is barely capable of detection. 
The illustrations add nothing to the bare facts. So far as 
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relations are concerned they are obscured by the manner 
in which they are shown. Graphically, little aid is given in 
establishing in either period the relation of the number of 
insane in hospitals to the total population. An alternative 
and not very satisfactory method in this case is to use bars. 

In summarizing the case for the use of lines and bars in 
illustrating statistical facts, atteption should be called to 
the appeal which such figures make to the eye and to the 
ability which they have to make concrete relations and se- 
quences which in tabular form remain abstract. For in- 
stance, a hundred per cent becomes significant in a line of 
a definite length. Likewise, any proportion of this amount 
is concretely represented by a line somewhat shorter than 
the one which represents the whole. Undoubtedly, when 
both the abstract quantity and the pictorial illustrations 
are employed there results something additional to that 
which comes from using either alone. It is this something 
which has its basis in the psychological truth that the 
intensity with which a thing is perceived varies directly with 
the number of channels through which it makes its appeal 
to the intellect. 

III. Diagrams for Illustrating Frequency or Mag- 
nitude IN Relation to Spatial Distribution 

1. The Psychological Bases for the Use of Statistical Maps 

In order to show the relations between magnitude or 
frequency and geographical distribution various types of 
statistical maps are employed. They are known as carlo- 
grams and are in current use in private and public statistical 
studies. It is our purpose briefly to. discuss their psycho- 
logical bases and to relate them to the principles of statistical 
methods. 
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The chief function of statistical maps is to show graphically 
position in relation to magnitude. For this purpose they 
are far superior to the tabular form. Data may be spread 
out geographically and magnitude studied in its relative and 
absolute aspects. They are likewise superior to simple picto- 
grams, the functions of which are restricted to representing 
numerical facts according to time and frequency but not 
according to space. From maps comparisons and contrasts 
may be made respecting both magnitude and position. The 
places of absolute and relative concentration and dispersion 
with the amount and rapidity of change from district to 
district, near and remote, are thrown into bold relief. Sim- 
ilar comparisons and contrasts are difficult, if not impossi- 
ble, from tabulations alone. The order of arrangement in 
tabulation, even if logical and consistent, is fixed and in- 
elastic. Inspection and study may suggest a different order 
from that chosen but rearrangement is possible only by 
retabulation. 

The order in which data are illustrated on maps, while 
determined by magnitude or frequency — varying shades 
of color or density of cross-hatching, etc., indicating varying 
frequencies — is actually that of contiguity. It is, however, 
not fixed and inelastic. Comparisons may be made be- 
tween remote as well as between contiguous districts. Mag- 
nitude stands out, being depicted not only alone and in 
relation to other magnitudes but in relation to position as 
well. It is the introduction of the spatial concept which is 
the net advantage of maps over tabular forms and simple 
pictograms. A new fact is represented — the fact of po- 
sition — and represented in a different way than it is by 
tabular arrangement. The order of contiguity may be fol- 
lowed in tabulation, but it lacks the concreteness which the 
projection upon a map gives it. A new avenue of approach 
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to the understanding is opened up by statistical maps. It 
is the approach of visualized position. 

Different tj^pes of maps reveal the double fact of magni- 
tude and position in different ways depending upon the 
manner in which they are drawn, and the character of the 
data which they represent. These are discussed below with 
their respective merits and demerits. 

While maps are superior to tabulations in many ways 
they are, after all, secondary in character and simply illus- 
trative. Classification and orderly arrangement precede 
map making. The construction of maps is dependent upon 
the order, range, and magnitude of data revealed through 
tabulation and upon the classes into which they fall. In 
this respect they are not different from pictograms. They 
do not stand alone. They support and illustrate concrete 
facts but do not displace them. Hence, they should be 
accompanied by concrete data, and be interpreted in terms 
of the units of measurements in which they are expressed. 
Not infrequently the best that can be done is to show groups 
into which magnitudes characteristic of districts fall. If 
groups are wide and magnitudes widely dissimilar, it is im- 
possible even to approximate exact frequency. To guard 
against misunderstanding, and to validate the form of il- 
lustration, maps should be accompanied by concrete facts 
either directly or in separate tables. Their presence often 
serves as a positive deterrent to hasty generalizations from 
appearances, the chief interest being centered on the density 
of color or cross-hatching and not on the absolute size of 
the data. In the absence of concrete facts different schemes 
of illustration may suggest radically different superficial 
interpretations, since not all types of maps are equally well 
suited for all purposes. Choice is not a matter to be treated 
lightly; it is to be determined by the nature and distribu- 
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tion of the data, the size and character of the groups into 
which they fall, etc. Maps like simple pictogranis arc 
valuable accessories to statistical presentation, but they are 
not indispensable to statistical analysis. 

2. Types of Statistical Maps 

Classified according to devices for indicating magnitude 
or frequency, statistical maps are of three general types: 
those in which frequency is illustrated by different colors 
or by different shades of the same color; those in which 
different shades of cross-hatching are used, the frequency 
or magnitude being indicated by relative densities; and 
those in which various types of dots indicate frequency. 

(1) Colored Maps 

The cost of making colored maps is a serious handicap to 
their general use. Moreover, the superiority of a color 
scheme over cross-hatching is not always clear. It is 
sometimes easier to show gradual and minor changes, when 
groups into which data fall are numerous, bj'- varying the 
shades of black and white than it is by employing separate 
colors or different shades of the same color. Changes in 
color are liable to suggest violent and complete changes in 
the thing represented, and to accentuate abruptness of 
change from one condition or district to another. Where 
different and numerous shades of the same color are used, 
it is frequently difficult to distinguish between them unless 
numbers or letters or some other identification marks are 
used. Color combinations should always be complementary, 
and shades change in harmony with the facts represented. 
Lighter colors and shades should represent one extreme; 
darker colors and shades, the other extreme. On the use of 
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colored maps, a short extract from “Notes on Map Making 
and Graphic Representation, ” by Professor W. Z. Ripley,^ 
is of interest. 

“Tt is a cardinal principle in graphic representation that the 
visual impression should correspond directly to the facts as related 
to one another. An.y scheme of color, therefore, which is not 
entirely logical, in a ’visual sense, is worse than misleading when ap- 
plied to phenomena which are to be represented in a graduated series. 
A map in which the green, red, yello^v, and blue are indiscriminately 
used to represent different grades of intensity of suicide, for example, 
is fully as difficult to interpret as the statistical tables which it is 
intended to elucidate. The only opportunity for representation 
by means of unrelated colors is offered in the case of such phe- 
nomena, for example, as the distribution of different nationalities 
or religions within a countiy where no relationship in point of fact 
between the several elements exists. ... 

“If colors are to be used at all, they should either be confined to 
different intensities of the same color, or else, if the number of 
shades be too great, two colors, red and blue for e.xample, may be 
employed, the deepest tints of each standing at the extremes of the 
series, and each shading dowm to an ahnost white color where the 
two join at the median line.” 

Numerous and excellent examples of colored maps may be 
found in the Statistical Atlas of the United States^ published 
by the United States Census Bureau, and elsewhere. Those 
who have occasion to use or interpret such maps should 
study them in relation to the choice of shades and colors, 
the varieties of uses to which they are put, the readiness and 
facility with which they may be intei'preted, etc. 

(2) Cross-hatched Maps 

The second type of maps is that in which some form of 
cross-hatching is used to indicate magnitude. (See Plate 8.) 

1 Publicatio-ns of the American Statistical Assodedion, Vol. 6, 1898-1899, 
pp. 313-327, at pp. 314-315. 




PLATE 8 

Proportion of Males 10 to 13 Years of Age Engaged in Gainful Occupations, by States, 1910. (Cross-hatched Map) 
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Biiades may range from white to black, extremes in the range 
of the thing represented being illustrated by extreme shades, 
and the condition which is more common, typical, or char- 
acteristic by medium shades. The number of shades to be 
used depends upon the number of groups into which data 
are divided. As in tabulation, groups should be of uniform 
size, shades representing equal ranges of units of measure- 
ments, rather than equal frequencies with which units oc- 
cur. The number of times each shade is used in map mak- 
ing, as the frequency with which groups are encountered in 
tabulation, depends upon the total frequencies represented 
and the number of shades and size of the groups chosen. 
As widths of groups in frequency tabulation, so units of 
shades in cartographic illustration should be uniform. When 
this rule is followed, choice of shades is of minor consideration. 
In all cases extreme conditions are shown by extreme shades, 
that which is typical being represented by medium shades 
and assuming prominence merely by its preponderance. 
No confusion need result under these circumstances by 
arbitrarily changing the shades. 

The foregoing discussion applies primarily to the rep- 
resentation of a statistical series. Where unrelated and 
disassociated facts are illustrated, as, for instance the num- 
ber of consumers of a given commodity by districts, unre- 
lated shades may be used. In such cases choice is deter- 
mined largely by the desire clearly to contrast contiguous 
territories, and at the same time to bring out the detail 
necessary to the purpose in mind. 

Both color and cross-hatching schemes are restricted to 
data of a “discrete’' character. The term “discrete” is 
used in a somewhat different connection from that in sta- 
tistical series, yet it is intended to convey similar impres- 
sions. In both cases the conditions which fix the limits of 
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the groups are in a sense predetermined. Where district 
boundaries are significant either as marking complete changes, 
the presence or the absence, or the arbitrary limits to the 
operation of. a thing illustrated, as do county or state lines 
for rates of increase of population, banking facilities, for 
instance, changes from district to district must appear abrupt 
and violent. Such maps give the impression that absolute 
uniformity prevails within ' districts and that changes occur 
only between them. For instance, maps illustrating, by 
districts, per capita sales of merchandise, public revenues 
and expenses per capita, rates of changes in farm values, 
rates of increase of crop acreage, the presence or the ab- 
sence of such a fact as amenability of states to national 
birth and death registration requirements, the average num- 
ber of revenue passengers on street and electric railways per 
inhabitant, etc., must of necessity show conditions as uni- 
form. In such cases relations are dependent upon areas as 
bases, or upon the presence or absence of a condition which 
becomes the criterion requiring uniformity of treatment. 

If we generalize upon the type of facts which may be 
shown geographically by systems of cross-hatching and 
coloring, it is clear that the condition must pertain to the 
divisions as units and be dependent upon forces which 
operate within districts. Such maps suggest equal dis- 
tribution of the phenomenon taking the same color or shade. 
Breaks appear only at boundaries. There is no attempt to 
exhibit distribution as a continuous uninterrupted fact. 
Division lines are predetermined as they tend to be in 
discrete statistical series. When this condition maintains, 
this form of illustration is true to the facts. On the other 
hand, when the fact is subject to gradual change, when it 
is as necessary to reflect distribution by position within 
districts as ’it is between districts, when the forces producing 
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it are independent of geographical lines, and series are con- 
tinuous, cartographic representation by abrupt steps at 
district lines is unreal and gives erroneous impressions. In 
many respects a more truthful method of illustration of 
both magnitude and frequency is found in the so-called “ dot” 
maps. This type comprises the tliird group spoken of above. 

(3) Dot Maps 

Dot maps may be divided into three classes upon the basis 
of the kind of dots used. The first class is that in which the 
dots vary in size, each size having a different numerical 
significance. (See Plate 9.) The scale according to which 
an illustration is to be drawn having been determined, 
exact or approximate frequency is indicated in each di- 
vision of such a map by the number and size of dots. The 
principle is different from that followed in cross-hatching 
and coloring. In the case of dots, actual or approximate 
frequency is indicated within districts ; in the cases of both 
cross-hatching and coloring, only group frequency is illus- 
trated. In the former case, each unit of scale may be rep- 
resented in each district ; in the latter case, only one unit is 
so represented, the complete scale being shown by the entire 
map. The determining factor in choice of scale, in the first 
case, is absolute frequency; in the second case, for matter 
arranged in series, it is the range of the limits of the meas- 
ures to which the frequencies apply. Grouping is not pro- 
vided for in the case of dots and little or no knowledge of 
geographical distribution is conveyed by exact magnitudes, 
but only by densities of shades which these magnitudes 
form. Grouping of frequencies is the cardinal feature of 
cross-hatched and colored schemes. 

As a means of graphically illustrating absolute frequency 
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such maps are failures. It is not evident on inspection, 
and to determine it involves the double pi'ocess of counting 
the dots and relating them to the different values used in 
the scale. In this respect the method defeats its own end. 
Tlie process is too tedious and cumbersome. Appeal will 
be made to tabulation. As a means of roughly indicating 
geographical distribution they are suggestive, but only in so 
far as it is done by density of shade. In this particular they 
add nothing to the ordinary cross-hatched surface. More- 
over, they are confusing and may easily be manipulated to 
give false impressions, inasmuch as surfaces rather than 
single dimensions are used as bases of comparisons.^ A cir- 
cle representing a sliipment of cheese of 5,000,000 pounds 
from Wisconsin to Illinois is not easily compared with one 
representing a vshipmeiit of 1,000,000 pounds into Missouri. 
Again, they are open to the same . criticism as cross-hatching 
in that they illustrate uniform conditions within and change 
only between districts. The discussion of this feature re- 
specting cross-hatching applies with equal force to this type 
of dot maps. 

The second type of dot maps is similar to the first. In- 
stead of using different sized dots to indicate different steps 
in the frequency scale, uniform sizes are used, but dots 
are shaded to indicate different values. (See Plate 10.) 
Normally, maximum frequency is represented by the solid 
dot, three quarters, one half, one quarter and other values 
being shown by variations in the shaded surface. The 
criticism of the first type respecting varying sizes does not 
apply in this case, otherwise what is said above in the nature 
of criticism is of equal significance here. Notwithstanding 
the fact that they are much in vogue, particularly with 
the publications of the United States Census Bureau, their 

^ The meritis of surfaces and bars are treated above. 



PLATE 10 

Pig-Iron Production, by States, 1909. (United States Census, Statistical Atlas) 


188 


STATISTICAL METHODS 


superiority over the old fom of cross-hatching for the uses 
which are common is not proved. In many respects they 
areata disadvantage in any such comparison. For other 
purposes, such as giving a notion of absolute frequency, 
they add little to the tabular form. 

The third type of dot maps has decided merits and at the 
same time certain limitations. The size of the dot is im- 
material; the relative frequency with which it occurs is 
everything, (See Plate 11.) Absolute frequency is second- 
ary, though in theory it maj'' be approximated, as in the other 
types of dot maps, by considering the number of dots in 
connection with the value assigned them. Such approxi- 
mations are generally as unnecessary as they are impossible. 
Where frequency is great, the number cannot be determined, 
the individual dots losing their identity in the group. -The 
value assigned to the dot is largely arbitrary, since the pur- 
pose of the map is not to record absolute magnitude but to 
reveal relative abundance and scarcity in relation to 
position. The densities of the shaded areas are the important 
facts. Areas of uniform density are not political jurisdic- 
tions, as in colored and cross-hatched maps, but actual po- 
sitions, so far as the sizes of maps will allow these to be shown. 
This form of illustration gives the impression of gradual 
changes from scarceness to abundance, from “highs” to 
“lows,” and it seems to smooth out the breaks which would 
prevail were cross-hatching used. Geographical barriers are 
ignored in the drawing, but may be inserted for pmposes of 
study and interpretation. It is easy to visualize places and 
degrees of concentration and “scatteration ” ; to get a con- 
tinuous view of distribution. Dot maps of the third type 
suggest “continuous” rather than “discrete” series. 

The technique of diagram and map construction is not 
here discussed nor even an attempt made to enumerate the 



Number of Swine on Farms and Ranges, April 15, 1910, 1 Dot = 2500 
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multitude of functions which diagrams serve in the hands of 
statisticians, publicists, advertisers, manufacturers, financial 
houses, etc. Numerous examples of well- and ill-drawn il- 
lustrations taken from these fields together with a discussion 
of free-hand and mechanical cross-hatching, the uses of pins 
in map making, preparation of copy for duplicating whether 
by photographing or otherwise, etc., are given in Brinton: 
Graphic Methods for Presenting Facts} Our interest is more 
in describing the functions, discovering and defining the 
limitations of diagrammatic presentation in statistical stud- 
ies than in describing the processes of drawing and reproduc- 
ing diagrams, and in indicating for various businesses the 
precise functions which they might have in exhibit or other 
work. Such matters are important but they are treated 
elsewhere very much more fully than we could hope to do 
at this time and with all the fullness that they merit. 

If the reader understands the psychological bases upon 
which diagrammatic illustration rests, — if he appreciates 
the position wdiich it occupies with respect to tabulation 
and other steps in statistical analysis, and feels the -warning, 
which it has been the purpose of much of the above to sound, 
against too free a use of or too complete a reliance in pic- 
torial figures, he is in the proper attitude to use the process. 
Execution may be left to those who have acquired the 
requisite skill; the determination to use should be in the 
hands of those who have a correct attitude toward the 
problem. It is necessary that diagrams should be well 
drawn and that those who prepare them should have knowl- 
edge of the mechanical aids for drawing, duplicating, etc. 
Such a knowledge constitutes the art; knowledge of the 
principles underlying the use of diagrams constitutes the 

’ Brinton, Willard C.i Graphic Methods for Presenting Facts, The Engineer- 
ing Magazine, New York, 1914. 
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science, and it is the latter in which we are more vitally 
interested. 

It may be helpful in closing the discussion of the principles 
and forms of Diagrammatic Presentation to outline a few 
suggestions to be followed in its use. 

IV. Suggestions to be Followed in the Use op 
Statistical Diagrams 

1. Choose illustrations which are least liable to be mis- 
understood, and which most faithfully and correctly interpret 
the facts. 

2. See that fact and representation agree and that all 
diagrams are provided with concise, clearly stated, and ap- 
propriate titles. 

3. Avoid figures which must be read according to more 
than one dimension. 

4. Indicate on diagrams the scales of values used, and 
where necessary to avoid confusion, the dimension or dimen- 
sions which are significant in interpretation. 

5. Include as a component or as an accompanying part 
of diagrams the concrete data which they illustrate. 

6. In expressing the different parts of a total, use lines or 
bars or sectors of circles. 

7. In statistical maps representing a series, divide the 
range of frequencies and not the number of districts or divi- 
sions into equal parts. 

8. In statistical maps representing a series, incorporate as 
a part of the legend the frequency with which the units of 
measurements occur, thus indicating the distribution by map 
and by legend. 
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CHAPTER VII 


GRAPHIC PRESENTATION 
I. Introduction 

Many of the advantages of diagrammatic apply equally to 
graphic presentation. The latter deals with graphs or curves 
of various types which show the distribution of data at a 
given time or the sequence of data over a period of time. 
Continuity and relation are emphasized through appeal to 
the eye, as in the case of diagrams, but more strikingly in 
that they are uninterrupted.^ Graphic presentation is 
beset with many of the limitations which characterize 
diagrams. The relation to tabulation is secondary; it 
occupies a subsidiary but frequently a vital position in 
classification and analysis. Without attempting in any way 
to repeat the cautions of the last chapter, many of which are 
applicable’ to the subject of graphics, we shall assume them 
and consider the types of graphs, their construction, the 
conditions under which they may be employed, and the cau- 
tions necessary to their use. 

There are two types of data which may conveniently be 
expressed by graphs. First, those which at a single instant 
of time tend to be distributed around a central tendency, 
and to express the characteristics of a variable fact, and 
second, those which express the occurrence of a homogeneous 

1 Sometliing akin is shown by the frequency type of dot maps. See Plate 
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fact or condition over a period of time. In the first instance, 
the picture is of a fact viewed in cross-section, the measure- 
inonts being variable ; in the second instance, of a fact viewed 
longitudinally. In the first instance time is of no consequence, 
degree of change or frequenej’’ of occurrence being everything ; 
ill the second, time is important, degree of change being ex- 
pressed in relation to time. A table describing a variable 
fact and the frequency with which it occurs is called a fre- 
quency table, and the curve which describes it a frequency 
graph. A table which describes the occurrence of a fact over 
a period of time is known as an historical table and the corre- 
sponding curve an historical graph. The graphic presentation 
of each type of data must be given detailed consideration. 

In Chapter V, attention was called to the fact that if a 
single phenomenon or trait is measured a number of times not 
one but a number of results is secured. The number of figures 
a clerk can add in an hour, the length of time it takes to sew 
a seam of ten inches, the cubic yards of earth which can be 
removed by a steam shovel in one hour, etc., are variable 
facts and cannot accurately be measured by a single ex- 
pression. Completely to describe them the variations must ■ 
be noted and the number of times which they occur given 
consideration.^ On the other hand, phenomena’ measured 
not many times, but once, exhibit themselves in a variety of 
ways and degrees. Some men are tall, others short, cities 
vary in size, days’ work varies in length, wage-rates are 
frequently widely different, even for the same occupation, 
salaries are proverbially unequal, freight car-miles per freight 
train-mile (cars per train), and ton-miles per loaded freight 
car-mile (tons per loaded car), etc., differ radically for rail- 
roads, etc. Such variable phenomena are classified by means 

1 The possibility of reducing a variable fact to a single expression is dis- 
cussed in Chapter VIII, infra. 
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of frequency tables, i.e. tables in which the units of measure- 
ments are listed singly or in groups and opposite which are 
arranged corresponding frequencies.^ When such a table 
is graphically illustrated by placing on the horizontal axis — 
the abscissa — the units or quantities, and along the vertical 
axis — the ordinate — the corresponding frequencies, we get 
a surface of frequencies, and when the tops of the ordinates or 
their middle points are joined together, a distribution curve 
or graph. 

The form and treatment of a frequency graph depend upon 
the character of the distribution of the variable fact.^ If 
measurements are accurately made, if the personal and 
mechanical elements in their determination are largely 
removed, and errors tend to be distributed according to 
chance, large errors will be less common than small ones and 
the actual measurements tend to arrange themselves around a 
central or characteristic tendency. This is the case with 
those distributions which approach the “normal law of 
error.” According to this “law” phenomena are distributed 
about their averages when the numbers observed are large, 
and when each phenomenon results from a large number of 
independent causes none of which is of preponderating im- 
portance. Many biological and some economic phenomena, 
s\ich as the distribution of wages, tend to obey this law. 
Graphically such series tend to arrange themselves in a 
bell-shaped figure, the precise shape being dependent upon 
the degree and place of concentration or scatteration of the 
frequencies. By no means do all measurements of a variable 

1 See swpra, Chapter V, pp. 144-156. 

* On the forms which frequency distributions take see — 

Yule, G. U., An Introduction to the Theory of Statistics, Chapter VI, 
pp. 75-105, “The Frequency-Distribution”; Thorndike, E. L., An Intro- 
duction to the Theory of Mental and Social Measurements (second edition). 
Chapter III, pp. 28-41, “The Measurement of a Variable Fact." 
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fact, resulting either from measuring one thing many times 
or many things once, fall into this regular and normal 
group-distribution. Frequently, there is more than one 
place of concentration, while at other times no marked 
central tendency at all appears, both the measurements 
and tlK'ir frequencies being widely different.^ Frequencies 
may pile up not half-way between the extreme measure- 
ments but near one or even both the extremes, the resulting 
distribution being asjminietrical.^ If the major concentra- 
tion is toward the lesser or lower side, the distribution 
is said to be skewed positively; if toward the larger or 

* Sgp Plate 23, Chapter XI, infra. 

" The following examples show distributions which are clearly asymmet- 
rit?al : 

Illustration 2 

Illustration 1 

Table Showing Number of Indi- 
Number of Divorces in the U. S., viduals and Corporations Assessed 

ISS7 to 1903, Classified by Number for Income Tax for 12 Wisconsin 
of Years of Married Life. Counties, classified by amount 

(U. S. Statistical Abstract, 1913, groups of Assessed Incomes, 
p. 85.) (Rept. Wis. Tax. Commission, 1912, 

P. 37.) 


No. OP Ye.-s.r.s M-vkiued j divokcbs 


Under 5 years 
5 to 9 years 
10 to 14 yeans 
15 to 19 years 
20 to 24 years 
25 to 29 years 
30 to 34 years 
35 to 39 years 
40 to 44 years 
45 to 49 years 
50 and over 


Incomes under $1000 
Incomes $1000 to $1999 
Incomes 2000 to 2999 
Incomes 3000 to 3999 
Incomes 4000 to 4999 
Incomes 5000 to 9999 
Incomes of 10,000 and over 


1 Notice the widths of the groups. 
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upper side, it is said to be skewed negatively. The measure- 
ment of skewness is discussed later.^ We are now interested 
in the effect which the form of distribution of the measure- 
ments of a variable fact has on its graphic representation. 

The distributions of measurements are of two types : 
First, those which form continuous, and second, those which 
form discrete series. A continuous series is one in which 


measurements are only approximations, within the limits set 
up, to an absolute value, and which differ among themselves 
by infinitesimally small gradations. The measurements of 


Illustration 3. 


Table showing Distribution of Per- 
centages of Cost of Collection to 
Total Collections, Internal Rev- 
enue of the U. S., 67 Districts, 
1913. (Compiled from the Re- 
port of the Commissioner of Internal 
Revenue, 1913, p. 211.) 


Illustration 4- 

Number of Weavers weaving Worsted 
Goods in the XJ. S. and Reeemng 
Specified Wage-rates Based upon 
Actual Weaving Time on Yardage 
at Regular Piece-rates per Yard, 
Including Ordinary Stoppage of 
Loom. (Report of Tariff Board on 
Schedule K — Vol. IV, p. 1007.) 


Pbbcbntaqe Gsotrps 

No. OP 
Disteicts 
(Frequency) 

Total 

67 

0 

to 2 

29 

2 

to 4 

24 

4 

to 6 

4 

6 

to 8 

4 

8 

to 10 

4 

10 

to 12 

0 

12 

to 14 

1 

14 

to 16 

1 


Earnings per Hour 

Number 

Total 

3182 

10(5 to 12^ 

165 

12 to 14 

275 . 

14 to 16 

375 

16 to 18 

490 

18 to 20 

490 

20 to 22 

438 

22 to 24 

414 

24 to 26 

235 

26 to 28 

150 

28 to 30 

108 

30 to 32 

34 

32 to 34 

4 

34 or over 

■ 4 ■ 


See Chapter XI, infra. 
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natural objects belong in tliis category, since neither size 
nor weight, for instance, is susceptible to mathematically 
accurate statement. Age distribution, while generally re- 
corded as a discrete scries, is realh'- of the continuous type. 

On the other hand, frequencies in discrete series are deter- 
mined by the character of the units in which the measure- 
ments are made. There is nothing in the nature of the case 
to make them occur at all possible points. Indeed, the nature 
of the unit determines the points at which the frequencies 
occur, as for instance, retail prices being expressed in no 
smallei- units than cents; daily wages, in multiples of 25 
(icnts ; weight, in no smaller units than pounds ; ages, only 
to the nearest year ; express rates in no smaller differences 
tlian five tjents per pound ; passenger fares, in cents per mile, 
etc. In economic fields the latter series predominates. It is 
necessary to take cognizance of the types to which series 
belong when graphically presenting them. Precisely the 
reason for this being true will be developed in the description 
of curve plotting. The separate steps to be followed in plot- 
ting frequency series of the continuous and of the discrete 
types will be discussed after the conditions respecting -plot- 
tings which are common to both, have been described. 

II. Graphic Presentation of Frequency Series 
1 . Plotting Simple Frequency Series 

Graphically to present a statistical fact two dimensions 
are used. On the abscissa or horizontal scale are plotted 
the individual measurements or the groups into which they 
are put, and on the ordinate scale the frequencies with which 
each measurement or the combined group of measurements 
appears. The steps or divisions on both the ordinate and the 
abscissa axes are represented by equal distances. In order not 
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unduly to accentuate extrenae frequencies, and at the same 
time to be sure to throw the lesser ones into proper per- 
spective, it is necessary to study the range represented by 
both measurements , and frequencies before deciding upon the 
scales to employ. Ordinate scales should be made sufficiently 
small so as to give character to distributions and to allow the 
frequencies to be determined by reading the curves in terms 
of the chosen scales. No absolute rule relative to the scales 
to employ can be formulated. 

“It is only the ratio between the horizontal and the vertical 
scales that needs to be considered. The figure must be sufficiently 
small for the whole of it to be visible at once ; if the figure is com- 
plicated, relating to a long series of years and varying numbers, 
minute accuracy must be sacrificed to this consideration. Suppos- 
ing the horizontal scale decided, the vertical scale must be chosen 
so that the part of the line which shows the greatest rate of increase 
is well inclined to the vertical, which can be managed by maldng 
the scale sufficiently small ; and, on the other hand, all important 
fluctuations must be clearly visible, for which the scale may need to 
be increased. Any scale which satisfies both of these conditions will 
fulfill its purpose.” ^ 

Experience in scale adjustment is the best teacher and a 
keen sense of form and appearance of the greatest advantage 
to the student while gaining his experience. 

Equal distances on either scale should represent equal 
facts The scales should be divided into units which are 
easily comprehended in terms of the rulings of the paper 
used. For instance, if paper is ruled in fifths or tenths, the 
unit of space on the ordinate should be capable of being 
readily reduced to this basis. Never assign to a space 

^ Bo-wley, A. h., Elements of Statistics, -p. 149. 

2 On the necessity of having a horizontal as well as a vertical zero' base 
line, see Clark, Earle, “The Horizontal Zero in Frequency Diagrams,” in 
Quarterly Publications of the American Statistical Associaiion, June, 1917, 
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composed of ten small squares such a unit as 3333. Make 
the space equal to some multiple of ten, as 4000, 5000, 6000, 
etc. The ordinate scale should be labeled in terms of the 
arl)itrary unit of space adopted and not in terms of the suc- 
cessive fr(*quen(*ies which ai'e to be plotted. Exact fre- 
quencies mtiy be inserted opposite the measurements to 
which they apply if they do not encumber the graph. It is 
often an excellent plan to insert them horizontally at the top 
of the .she<4 on which the curve is drawn. 

The; abscissa scale should likewise be divided into equal 
parts. If for any reason successive units are omitted, given 
in greater detail, or are grouped together into different sized 
groups, these facts should be made plain by subdividing or 
widening the unit-area chosen. Under no circumstances 
should one be left to conjecture as to the precise unit to 
which frequencies apply. The contention that uniformity 
in the wsize of frequency groups is necessary in tabulation has 
even greater weight when applied to graphic presentation. 
Assumptions respecting an unbroken continuity are much more 
likely to be made of graphed than of tabulated distributions. 

(1) — Plotting Simple Frequency Distributions Describing 
Discrete Series 

Measurements in discrete series, by custom or otherwise, 
are expressed in the units in which the thing measured exhibits 
itself. Illustrations of such series are given above. When 
they are graphically presented, the units on the abscissa do 
not represent a tendency the exact measurement of which is 
impossible to determine because of the limitations of science, 
or because all possible measurements are likely to occur within 
the limits set up, but an established fact, subscribing to 
conditions which can be measured, and according to the 
customary form in which they are exhibited. The unit on 
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the abscissa assigned to such a fact, therefore, can almost 
never be accurately represented by a space. It is almost 
always a point, and usually the lines connecting the ordinates 
have no other function than to aid the eye in comparing their 
respective heights. The lines between the points are signifi- 
cant as to direction but not as to height from the base, since 
frequencies do not usually occur at these points. If the 
frequencies with which the express rates, per hundred pounds 
between various cities, shown in the following table, end 
in the different integers, were graphically expressed, lines 
connecting them for each of the numbers, 1, 2, 3, etc., would 
have no other significance than to give a more definite direc- 
tion of trend than could be gained from the bare figures. 

TABLE A 

Table Showing the Frequencies with which Present and 
Proposed Express Rates Between St. Paul and Cities 
Named, for Shipments prom less than 1 to 50 Lbs. End 
IN THE Integers 

(I. C. C. No. 4198 “In the matter of Express Ratos, Practices, 
Accounts, and Revenues.” Opinion 1967) 



202 


STATISTICAL METHODS 


The same is true of such distributions as the following : 
TABLE B 

Tablk SjKiwrN-G THE Number op New Hampshire WoRIvI^'G^tEN 
Idle by Weeks 

(Second Annual Report New Hampshire Bureau of Labor, 1894, 
pp. 384-385) 


Wkkks 

N't'MIiKU 

Rra’OKTi’.i) 

Wf;eks 

Ini.ic 

Numbeu 

Repouteu 

Weeks 

Idee 

Number 

Reported 

Weeks 

Idee 

Number 

Reported 

1 

Hi 

11 

5 

21 

1 

31 

0 

2 

60 

12 

23 

22 

2 

32 

0 

3 

28 

13 

8 

23 

0 

33 

4 

4 

13 

14 

6 

24 

0 

34 

0 

5 

*37 

15 

*21 

25 

*33 

35 

*2 

6 

15 

16 

6 

26 

0 

36 

1 

7 

21 

17 

43 

27 : 

4 

37 

0 

8 

28 

18 


•28 

0 

38 

1 

9 

^ 10 

19 

0 

29 

2 

39 

0 

10 

*36 

20 

*15 

30 

3 

40 

0 


* The starred numbers show the unmistakable tendency to express facts 
in “round numbers." 
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TABLE C 

Table Showing the Number op Females and Minors Employed 
IN 24 Mercantile Establishments in September, 1913, 
Receiving Classified Wages ’ 


(“Minimum Wage Legislation in the United States and Foreign 
Countries ” — Bulletin of the United States Bureau of Labor 
Statistics — Whole Number 167, April, 1915, p. 96) 


Weekly Wage 

Ntimbek op 
Females and 
Minors Re- 
ceiving Specified 
Wages 

Weekly Wage 

NcWber of 
Females and 
Minors Re- 
ceiving Specified 
Wages 

Total 

3,189 



$3.00 

20 

$14.00 

60 

3.50 

— 

14.50 

2 

4.00 

50 

15.00 

1641 

4.50 

18 

15.50 

2 

5.00 

72 

16.00 

271 

5.50 

2 

16.50 

15 

6.00 

2541 

17.00 

14 

6.50 

4 

17.50 

26 

7.00 1 

31U 

18.00 

651 

7.50 

48 

18.50 

4 

8.00 

4901 

19.00 

5 

8.50 i 

44 

19.50 

4 

9.00 

4411 

20.00 

571 

9.50 

4 

_ 

— 

10.00 

3701 

21.00 

3 

10.50 

13 

22.00 

23 

11.00 

721 

— 

— , 

11.50 

8 

25.00 1 

371 

12.00 

3551 

27.50 1 

7 . 

12.50 

16 

30.00 i 

9 

13.00 

22 

— 

■ — : 

13.50 

37 

35.00 ! 

,9 



Over 35.00 i 

5 


1 Notice the concentration on even dollar amounts. 
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In the illustration showing the number of idle men, the 
unit is arl'jitrarilj^ taken as the week, and, of course, the 
corresponding frequencies are at best approximations. The 
amount of time lost may conceivably be expressed in this 
manner because of the tendency among employers to lay 
oh men at the close of the week (the pay period) and to take 
t-hem on at the beginning, yet this practice would hardly 
account for the wide variation from week to week, and the 
marked concentration on the fifth week and its multiples. 
How many ptiople were idle fractional parts of a week, or 
exactly how much more than a week, is not known, and it is 
meaninglc'ss to attribute significance to the lines which con- 
nect, th(^ successive ordinates erected at the arbitrary units 
of measurements.’ 

In Tal;)le C, while weekly wages other than those actually 
named might have existed, it would be an error to suppose 
that the difference in frequencies between 254 and 4, for $6.00 
and $ 6.50, respectively, were evenly distributed between these 
two amounts or that there were any persons who received 
$6.39, for instance. To connect the ordinates representing 
such amounts is of value only to emphasize the difference 
and not to establish the distribution between them. 

In series in which units of measurements are grouped, 
while it is eustomaiy to represent widths by spaces on the 
abscissa and to erect ordinates at their middle points, to 
assume an equal distribution of the instances throughout the 

' In an analogous case, The Bureau of Railway Economics, in plotting the 
“Montlily Revenues and Expenses per Mile of Line” for the railroads in 
the United States having operating revenues above .$1,000,000, says, ‘‘The 
points on the vertical lines are of significance only in showing the condition 
for the particular month. The lines connecting the points assist in tracing 
the change from month to month but do not indicate the trend during the 
month, nor do they represent cumulative figures for the period.” “ Revenues 
and Expenses of Rteani Roads in the United States, December, 1915,” 
Bureau of Railway Economics, WasMngton, B.C. 
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groups unless this is actually the case may lead to serious 
consequences. A graphic figure should never be accepted 
as the final criterion of distribution, nor imply a condition 
which is not realized. For instance, it is known that wage- 
rates are generally fixed in round numbers, concentration 
appearing on 5, and its multiples.^ 

To assume even distribution of frequencies within groups 
of appreciable size for most discrete series is to assume what 
is either impossible or highty improbable. In many in- 
stances, however, such assumptions, though technically 
incorrect, involve such small margins of error that they are 
allowable and substantially correct. The validity depends 
in a large part upon the widths of the groups, on the accuracy 
of the measurements, and on the regularity and symmetrical 
character of the distribution. 

The following frequency tables emphasize the danger of 
assuming for discrete series a uniform distribution within 
groups, such being the result if significance is assigned to 
straight lines connecting the middle points of ordinates. 


1 Table Showhstg the Number of Union Bricklayers Receiving 
Specified Hourly Wage-rates in New York State, (Com- 
piled FROM THE New York Department of Labor Bulletin, 
Whole No. 65, 1913, pp. 4--6.) 
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BLB Showing the Distbibcxion op Weekly Eabninos op Sevent 
PlErE-WORKBHS ’WOBKJNG 50 HoL'BS ON IDENTICAL WORK AT IDENTIC 
Classified by GBOupa for One Establishment 

(llata are taken from payrolls and valid in all respects) 


(Exact W!ip;eH 
only roughly 
placed) . . 


Second third space as- 

of the Group signed to 

each third 3.47 
i n the 

(Exact wages other 4, 

only roughly groups 4, 

placed) , , 4. 


(Exact wages 
only roughly 
placed) . , 
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TABLE E 


Table Showing the Distbibution op Weekly Earnings op 
Seventy Female Piecb-wobkebs by Wage Gkoups 



An examination of the weekly earnings in Tables D and E 
shows how false is the assumption of an equal distribution 
of frequencies within groups of various sizes. If one-dollar 
groups above 13.00 are used and these roughly divided into 
thirds (Table D), not only do the frequencies vary in the 
same thirds for the several groups, but also in different thirds 
for the same group. Altering the sizes and limits of groups 

1 s' H 3 ^ 
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(kjcs not change matters. As they are widened (Table E), 
the error in assigning to each possible unit, in which wages 
might have bt;en (sxpressed, the frequencies indicated by 
straight lines {ronnecting the ordinates on successive bases 
becomes all the moi’e apparent. In column {d), for instance, 
which shows the distribution by groups of $1.50, eight persons 
are shown to riiceive w^ages between $5.50 and $7.00, but all 
of them tiro in the groups $5.50 to $6.50 and seven eighths in 
the group $5.50 to $6.00. That is, although the complete 
group ropro.sents three half-dollar groups, one of them is not 
rc'pnsont od at all in the total frequencies, one by only a single 
case, tind the other by 87 per cent of the total. Widening 
the groups giaiertilly tends to bring regularity out of the com- 
plete range of all groups, in case the frequencies follow 
the ’‘normaP’ distribution but frequently to sacrifice the 
a<‘cui'acy of the details which make it up.^ If it is dangerous 
to connect by straight lines ordinates representing frequencies 
in discrete series, because of implications as to distribution, 
it is far more dangerous to connect them by smoothed lines 
on the theory that the distributions follow the ideal or normal 
type, and that if sufficient samples are taken the irregularities 
will be smoothed out. If series are discrete, it is this very 
characteristic which should be retained, and false accuracy 
is implied in the smoothing process. Only when a smoothed 
curve gives a more accurate notion of direction and change 
at succe.ssive measures should it be used. It should not be 
employed as a means of generalizing on the distribution at 
measures not represented. It is doubtful if the distribution 

1 For examples where successive ordinates in the treatment of wage data 
are joined together and where the assumption of equal distribution would 
be dangerous, see “Wages and Regularity of Employment and Standardi- 
zation of Piece Rates in the Dress and Waist Industry, New York City,” 
Bulletin of the U, S, Bureau of Labor Statistics, Whole No. 146, April 28, 
1914, passim. 
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of interest rates for real estate mortgages shown in Chapter 
V ^ would have been materially altered by extending the study 
over a longer period of time, or by including more instances. 
Smoothing such curves results in deception. Smoothing may 
be employed to remove errors in observation but not to 
disguise the truth. The extent to which it does the latter 
varies directly for discrete series, with the degree of irreg- 
ularity characteristic of the thing measured and with the 
widths of the groups into which the frequencies are forced. 
(See Plate 12.) 

(2) Plotting Simple Frequency Distributions Describing 
Continuous Series 

In plotting continuous series, the contention against join- 
ing the ordinates, either by straight or curved lines, loses 
much if not all of its significance. The fact of measurements 
being continuous and the units in which they are expressed 
arbitrary, suggests the propriety of allowing a degree of 
flexibility for such curves, which for discrete series could not 
be tolerated. To regard the measurements as accurately 
and fully descriptive of a continuous series is often as in- 
correct as to assume all possible measurements for discrete 
series. 

In continuous series, since variations from one extreme 
measurement to another are regular and gradual, not only 
should the ordinates be connected, but the direction of the 
line joining them should be determined by the frequencies 
at successive and at all measures. Such a curve should be 
free from sharp angles, the contour being influenced at each 
point by the relative sizes of adjoining frequencies and by 
the character of the complete distribution. Let us assume 


1 p. 149 . 
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that we were interested in testing the comparative results 
of planting seed corn from various sized ears and that 327 
random sample ears, from seed taken from ears 10 inches long, 
measured as follows : ’• 

TABLE F 

Table Showing the Number of Ears op Corn Classified by 
Lengths 


Length of Ears of Corn in Inches 

Number op Ears at Each Length 

Total 

327 

3.0 

1 

4.5 

0 

4.0 

1 

4.5 

0 

5.0 

2 

5.5 

3 

6.0 

9 

6.5 

8 

7.0 

12 

7.5 

19 

8.0 

32 

8.5 

40 

9.0 

67 

9.5 

63 

10.0 1 

38 

10.5 

21 

11.0 

1 8 

11.5 

2 

12.0 

1 ■ 


The units of measurements employed have determined 
the distribution of the frequencies. If they had been more 

1 Davenport, Eugene, and Rietz, Henry L., “Type and Variability in 
Corn,” Bulletin University of Illinois Agricultural Experiment Station, 
October, 1907, p, 3, 



212 STATISTICAL METHODS 

exact, as for instance, to one tenth of an inch, while the 
general distribution would have been much the same, the- 
detail would have been distinctly different^ To assume that 
since 40 ears measure 8.5 inches in length and that 67 ears 
measure 9.0 inches in length, there were no ears with lengths 
between them — as would correctly be assumed if discrete 

1 “In ft)rniinp: the frequency distribution the measurements are grouped 
into classes. . . . There is no object in taking measurements with extreme 
accuracy and then grouping them into broad classes. In fact, the nature 
of the fre(iuency distrilmtion with a given grouping must help to settle the 
question <jf grttuping, and this in turn the closeness of the measurements. 
In short, rnejisuremcnts sliould be so grouped as to show the variability and 
at the same time to leave the frequency distribution fairly smooth. In the 
matter of grouping, there are two opposing tendencies — grouping into too 
few classes to show variability, and grouping into too many classes to give 
a srnootii distrilmtion. In short, the law of distribution is hidden because 
of too much detail. 

“ U'c may lay it down as a general rule that the classes should be only 
just broad enough to make the distribution fairly smooth, that is, there 
should be no vacant classes except very near the extremes of the range, 
and a gradual increase from one extreme up to a maximum and then a 
gradual decrease to the other extreme, if there is only one maximum in the 
distribution as is, in general, the case with these populations. 

“In respect to grouping into classes the characters treated in this bulle- 
tin, we have settled upon one-half inch classes for length of ears, three- 
tenths inch for circumference, one ounce for weight, and even numbers for 
rows. This classification or grouping was decided upon after experimenting 
with classes taken at more frequent intervals. 

“There is a further danger of error in grouping besides the narrowness 
and broadness of classes. For example, at first we measured ears to the 
nearest tenth inch in length, then suppose we had made quarter inch group- 
ings a.s follows : 

"4, 4.2r>, 4.50, 4.75, 5.00, 5.26, O.50, 5.75. 6.00, etc. 

“At 5,75 w'ould be grouped all ears which measured 5.7 and 6.8, while at 
6.00 would be grouped those which measured 4.9, 5.0, and 5.1. In the long 
run, tliis would clearly result in placing more ears at 5.0 than at 5.25, other 
things being equal. If we should group measurements taken to the nearest 
tenth inch in 0.5 inch or 0.3 inch classes, no such difficulty arises. Such a 
grouping as that into quarter-inch groups would not greatly disturb the 
moan and variability, but would destroy the smoothness of the distribution. 
Again, if we measure to quarter inches, but group to half inches, some meas- 
urements fall on the division lines between classes. Then one half a variate 
may be recorded in each of the classes between which the variate falls, or 
if we are dealing with large numbers one can alternately put such a variate 
into a class above, and below, such a measurement.” Op. cfi!., pp. 27-28. 
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series were dealt with is, of course, incorrect. The lines 
connecting successive ordinates must show no sharp angles, 
since in the nature of the case, had sufficient samples been 
taken, ears measuring all lengths between these extremes 
would have been represented. The same is true of the com- 
plete series. While undoubtedly ears essentially 3 and 12 
inches in length represent the minimum and maximum, 
respectively, which would be encountered, the distribution of 
lengths between these extremes is approximately regular, 
the degree of irregularity being largely due to the arbitrary 
units in which the measurements are expressed. 

In smoothing graphs of such distributions, effect should be 
given to the tendency for frequencies, as they approach the 
maximum, to pile up at the upper side, and as they recede 
from the maximum to pile up at the lower side, of the groups 
or measurements in which they are expressed. For instance, 
in the example used above, between the measurements 7| 
inches and 10| inches, 240 instances are included. The 
maximum occurs at 9 inches and comprehends 67 instances. 
At the half-inch measurement below only 40 cases occur, and 
at the half-inch measurement above 63 instances occur. In 
the one inch difference between and 9| inches, 107 instances 
are included, 67 of them being in the upper one half. If the 
measurements were more exact, the unit of difference being 
smaller, or if the number of samples were increased so as to 
include all measurements, this piling up would undoubtedly 
be accentuated. Graphically, this tendency is given ex- 
pression by rounding the curve to the horizontal as the larger 
frequencies are approached and rapidly deflecting it to the 
vertical as the frequencies fall off. Plate 13 shows this 
fact graphically. 

It should be noticed that as the class intervals into which 
measurements are grouped become smaller, or as the unit- 
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Smoothed Frequency Distribution of Lengths of Ears of Corn. 
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accuracy with which the measurements are made becomes 
greater, and at the same time as the number of observations 
increases, the lines joining successive ordinates approach 
smoothed curves. Under different conditions they assume a 
steplike, halting appearance, unnatural to continuous dis- 
tributions. In the former case, curves may be smoothed much 
more readily than in the latter because the exactness and the 
number of measurements remove the uncertainties under 
which one works in describing an ideal distribution. A 
pronounced tendency of distribution, in a continuous series, 
shown by a fair and adequate number of samples, will tend 
to be exaggerated if more are taken. On the other hand, 
if only a few are studied and the resulting curve tends to 
be very irregular, it is likely that further sampling would 
result in giving a more characteristic tone to the distribu- 
tion, making less pronounced both the exceptionally numer- 
ous and scarce frequencies. Whether the smoothed curve 
should exaggerate or give less prominence to extremes 
depends upon the adequacy of the samples to characterize 
the distribution of a complete series. No absolute rule 
can be laid down ; the test is the representative character of 
the samples.^ Exaggeration or diminution of a tendency 
should be conditioned by this fact. 

2. Plotting Cumulative Frequency Series 

Up to the present time only simple frequency series have 
been considered. These are made cumulative when succes- 
sive frequencies are added together, the result being that 
the limits of the groups are successively widened. Each 

1 To the rule “that the top of the curve u-sually overtops the highest 
point of the frequenoj'- polygon, especially when the classes are rather large" 
(King, T., Elements of Statistical Method, p- 113), the criticism is per- 
tinent that the determining factor is not so much the size of the groups as 
it is the representative character of the samples. 
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fn'qucncy class includes all the lower or all the upper ones, 
depending upon how the cumulating is done. It is im- 
material from which extreme measurement the process is 
begun. If it proceeds from the lesser to the greater, the 
corresponding fmiuencies are read “less than,” and if from 
the greater to the lesser, “more than.” The following table 
of prices of oil shows frequencies in both the simple and the 
cumulated forms, the latter to be read in the “less than” 
and “more than” manner.^ It should be noticed that the 
cumulations are read “less than” when they refer to the 
iipjx)r margins, and “ more than ” when they refer to the lower 
margins of groups. For instance, in Table G the number of 
towns where prices were 10 cents or less was 914; and more 
than 10 cents, 91G. 1830 towns paid 6 cents or more, and 

1830, 23.5 cents or less. 

TABLE G 

Table Showing the Distribution op Towns According to 
Prices Paid for Oil, Freight Deducted (1830 Quotations), 
December, 1904, for the United States 
(Report of the Commissioner of Corporations on the Petroleum In- 
dustry, Part II, Aug. 5, 1907, p. 951) 


Price, Less Fbeioht 
(Cents per gallon) 

j Number op Towns in the United States 

Simple 

Frequency 

i Cumulative 

Frequency 

‘‘Less than” 

“More than” 

Total ....... 

i,830 

- 

- 

6.0 to and including 6.5 . 

11 

11 

1,830 

6.6 to and including 7.0 . 

17 

28 

1,819 

7. 1 to and including 7.5 . 

27 

55 

1,802 

7.6 to and including 8.0 . 

36 

91 

1,775 


1 The example given is exceptional in that the measurement at the 
upper margin of each group is included in the frequencies. Normally, it is 
not so included. 
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TABLE G Continved 


Pkicb, Less Freight 
(C ents per gallon) 

1 Number op Towns in the United States 

Simple 

Frequency 

1 Cumulative 

1 Frequency 

“Less than” 

“ More than ” 

8.1 to and including 8.5 . 

123 

214 

1,739 

8.6 to and including 9.0 . 

181 

*395 

1,616 

9.1 to and including 9.5 . 

281 

676 

1,435 

9.6 to and including 10.0 . 

238 

914 

1,154 

10.1 to and including 10.5 . 

201 

1,115 

916 

10.6 to and including 11.0 . 

162 

1,277 

715 

11.1 to and including 11.5 . 

130 

1,407 

553 

11.6 to and including 12.0 . 

85 

1,492 

423 

12.1 to and including 12.5 . 

65 

1,557 

338 

12.6 to and including 13.0 . 

49 

1,606 

275 

13.1 to and including 13.5 . 

26 

1,632 

224 

13.6 to and including 14.0 . 

19 

1,651 

198 

14.1 to and including 14.5 . 

43 

1,694 

179 

14.6 to and including 15.0 . 

38 

1,732 

136 

15.1 to and including 15.5 . 

23 

1,755 

98 

15.6 to and including 16.0 . 

12 

1,767 

75 

16.1 to and including 16.5 . 

13 

1,780 

63 

16.6 to and including 17,0 . 

20 

1,800 

50 

17.1 to and including 17.5 , 

8 

1,808 

30 

17.6 to and including 18.0 . 

7 

1,815 

22 

18.1 to and including 18.5 . 

6 

1,821 

15 

18.6 to and including 19.0 . 

4 

1,825 

9 

19.1 to and including 19,5 . 

1 

1,826 

5 

19.6 to and including 20.0 . 




20.1 to and including 20.5 . 




20.6 to and including 21.0 , 




21.1 to and including 21.5 . 




21.6 to and including 22.0 . 




22.1 to and including 22.5 . 




22.6 to and including 23.0 , 

1 

1,827 

4 

23.1 to and including 23.5 , 

3 

1,830 

3 
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Ciiniiilative frequencies are helpful in that they furnish 
continuous summaries of distributions and when reduced to a 
percent basis make it easy to determine currently, if the 
extreme range of distHbution is scanned, how one fourth, one 
half, three fourths, etc., of the frequencies are affected.^ This 
is not readily done when one has only the simple frequencies. 
From the latter, separate pictures of distribution are gleaned, 
but not a continuous and cumulating photograph. It is as 
legitimate to cumulate discrete as it is continuous series, so 
long as the basic distinctions betw^een the two, pointed out 
above, are kept in mind. The advantages are the same for 
one as for tlie other. 

When a cumulative frequency series is plotted, ^ the curve 
may extend from the lower left-hand corner to the upper 
right, or from the upper left-hand corner to the lower right, 
depending upon the way in which the cumulating is done. 
If it is the “less than” form, it follows the first, and if 
the “more than” form, the second direction. If the former 
condition maintains, the curve must either be directed upward 
or to the horizontal ; and if the second condition maintains, 
downward or to the horizontal. In either case, approach to 
the vertical represents relatively large frequencies and rapid 
cumulation, and if persistent, a grouping or congregating at 
thi.s place. That is, the characteristic or modal distribution 
is revealed by the direction and position of a curve. 

In plotting cumulative curves or ogives, as they are 
often called, the abscissa units, if they represent groups, are 
indicated as spaces; but if they represent single measure- 
ments they are represented as points, the distance between 
them for discrete series being without significance. For 

iThe use of cumulated frequencies in graphically determining modes, 
medians, and qiiartiles is discussed later. 

2 See Chapter VIII, Plates 17 and 18. 
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simple frequencies in both discrete and continuous series, it 
is allowable, as has been seen, to plot to the middle points of 
groups, but the resulting curves must be differently inter- 
preted. Cumulated series are plotted to the upper or the 
lower side of groups, depending, as has been shown, upon the 
manner of cumulation. If cumulated frequencies apply to 
single measures, data for discrete series must be plotted at 
these points, the lines connecting them giving only the direc- 
tion or trend. For continuous series, where measurements 
are so expressed, a straight or smoothed line should be 
drawn from the middle points of successive cumulations, this 
being done by assigning on the ordinates vertical spaces 
proportionate to successive frequencies, and by connecting 
their middle points. The points to which the lines are 
drawn are, therefore, typical of the distribution around, and 
the lines between them typical of the distribution between the 
measures. Bowley has described such a process, as worked 
out by Sir Francis Galton, respecting the heights of boys, 
and it may be helpful briefly to quote him. 

“ On a horizontal line mark off equal intervals representing units 
of measurement, say inches,^ On a vertical scale, mark off equal 
intervals representing the number of instances, e.g., persons whose 
heights are measured. Beginning at the lowest, say 51i inches, on 
an imaginary vertical line mark as many dots at equal intervals 
on the vertical scale as there are persons at that height, so that 
each dot represents one person. From the highest dot thus marked, 
suppose a horizontal line drawn till it is over the next height division, 
51^ inches, and with this new base proceed as before, marking each 
instance at 51 J inches by a dot vertically above the 51 inch mark. 
Next draw a connected line through the middle points of the consec- 
utive vertical rows of dots ; if there is an odd number of dots, the 
middle one is taken as the middle point ; if an even number, the 
middle point is half-way between the middle ones.” * 

^ The measurements wore made to the nearest quarter of ah inch. 

2 Bowley, A. L., jEZemenis o/ iSia<fsfo‘cs. pp. 127-128. 
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The considerations noted above concerning smoothing 
simple frequencies of the discrete and continuous types are 
equally applicable to cumulated series, and do not need 
further discussion. 

Cumulative frequencies and curves are much employed 
in the business world.^ They furnish continuous pictures of 
what has been accomplished in the past and an indication of 
the direction or trend of future activity. They may be 
interpreted in terms of both position and slope. When it is 
desired to make comparisons between different series, it is 
best to reduce frequencies to a percentage basis, since pro- 
portional size of measurement, place of origin and termina- 
tion of frequencies, and regularity of distribution through the 
range of measures, can readily be determined by inspection. 
Whatever their value — and it is frankly admitted to be 
great — they, like all other graphic representations of 
statistical facts, rest back upon and are secondary to con- 
crete classified data. There is no desire to belittle their 
function. Our wish is only to emphasize once more the 
position which all diagrammatic and graphic representations 
must hold in the mind of him who uses them in a scientific 
manner. 

III. Graphic Presentation of Historical Series 

In graphically presenting historical or time series, the 
problems encountered are much the same as those found in 
presenting frequency series. The dimensions are used to 
represent facts in relation to a constant element — time. 
There are the problems of choosing appropriate scales, of 
using a base line, of placing the variable fact on the ordinate, 
of interpreting the straight or smoothed lines connecting 

^ See Brinton, W. C., Graphic Methods for Presenting Facts, especially, 
Chapters IX and X, pp. 149-163, 164'-199. 
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successive ordinates, of bringing out short- and long-time 
fluctuations or tendencies, of discovering regularity or irreg- 
ularity of change, etc. Moreover, there is an approacli in 
many historical, as there is in frequencies series, to what 
might be called a normal variation. Temperature changes, 
movements of crops, bank clearings, direction of flow of 
money, rise and fall of bank reserves, approach regularity with 
changing seasons or economic disturbances. Crop pro- 
duction and sales of merchandise vary with the amount of 
rainfall ; exports and imports, immigration and emigration, 
building construction and demand for products of mill and 
factory, increase and decrease with periods of boom and 
depression. 

It is the problems of expressing these phenomena graphi- 
cally, of bringing out the short- and long-time tendencies, 
both absolutely and relatively, with which we are now con- 
cerned. Tables describing the occurrence of a variable 
fact over a period of time are known as historical tables, 
and the corresponding curves, historical graphs or histori- 
grams. It is the latter with which we are now dealing. 

1. Plotting Simple Historical Series 
The chief problems in the technique of plotting historical 
graphs relate to the showing of absolute or ratio differences, 
the necessity of having a base line, the types of lines to use 
to connect successive ordinates, the purposes and methods 
of smoothing historigrams, simple as contrasted with cumula- 
tive graphs, etc. Each of these is discussed, some briefly 
and others more fully. 

(1) Choice and Adjustments of Scales 
In choosing scales for historigrams, in order to show abso- 
lute differences, it is necessary to study the extreme range 
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of variations and to adopt that unit of measurement which 
neither overaccentuates nor minimizes extreme fluctuations. 
What the scale will be in a given ease will depend, among 
other things, upon the size of the page, the ability of the 
eye to view tlm illustration as a whole, its subsequent treat- 
ment, etc. If a single curve is to be smoothed by having 
anoiher superimposed upon it, the scale should be sufficiently 
huge so as to admit the peculiarities of both to be seen. 
There is no rule here, as there was none respecting frequen- 
cies, which will suffice for all occasions. The most ap- 
propriate scale may have to be determined by trial at first, 
but as experience is an excellent teacher, the trial and error 
method will not long have to be depended upon. 

It is always desirable to plot the variable factor on the 
ordinate axis and to begin the measurements from a zero 
base line. If this is not practicable, attention should be 
called to the fact by drawing a wavy line parallel 

to and slightly above the axis of abscissa. As in the case of 
frequency series, the ordinates, rather than the range of 
variates, should be divided into equal parts, and values, 
which are multiples of the number of spaces into which the 
paper is ruled, be assigned to each. Equal periods on the 
abscissa, likewise, should be indicated by equal spaces. 

In case two or more curves are to be shown on a single sheet, 
and they are to be compared in any way, it is frequently 
necessarj'' to adjust the scales for the different quantities or 
values indicated. When one curve is a component part of 
another, the ordinate unit may remain the same, the absolute 
or relative difference being evident from their positions on 
the ordinate. If they are widely different, the two may be 
thrown closely together by adhering to the same ordinate 
scales but by indicating a break by means of a wavy line 
drawn between them parallel to the base. If they are related 
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and expressed in the same unit, the absolute difference being 
large, the scale may be reduced to a comparable basis by scale 
conversion. 

One method of scale conversion may be illustrated as 
follows : It is desired to compare graphically the capital and 
clearings of the New York Clearing House banks. The 
capital is expressed in millions and the clearings in billions. 
The absolute difference makes it difficult, if not impossible, to 
use a common ordinate scale since the curves would be too 
far apart. They, however, may be brought closely together 
by equating the scales on the basis of their respective averages. 
The average capital, for the period 1902-1915, is 140 millions, 
and the average clearings for the same period 89 billions. 
These stand in the ratio of 1 to 640. If scales are adjusted, 
as in Plate 14, so that the ordinates for the two factors 
stand in this relation throughout the whole period, and 
amounts are plotted, the curves are thrown closely together 
and their general direction may be studied. Doing this 
amounts to plotting the differences of the items from their 
respective averages, and requires that each curve be inter- 
preted in terms of the unit of equivalence. Currently this 
is rather difficult to do. 

A less common method of bringing together related data, 
widely different in absolute amount, is by equating on a 
scale the averages of the deviations (differences) of items 
from their respective averages and by plotting these devia- 
tions and not the original data. This method is more 
frequently employed when it is desired to give a mathemati- 
cal expression to these differences than to compare the 
absolute quantities of the series in question. 

More common methods of scale adjustment are those of 
converting individual variables into percentages of a total, 
and of expressing them in the form of index or relative 
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numbers.’^ The first is very common, particularly when 
absolute differences are large and it is desired to bring 
curves closely together. It must be remembered, however, 
that relative and not absolute differences are shown, that 
they are to be interpreted with respect to each other in the 
same series, and not in the different series, and that the curves 
do not necessarily begin nor end at the same point on the 
ordinate. On the other hand, if the index number or rel- 
ative method is used (see Plate 15), while variables are 
expressed as percentages, the base upon which they are 
computed is not a total but the first, the last, or an aver- 
age of the different variables. Of these alternatives the 
last under certain conditions ^ is undoubtedly superior. 
Of the other two, the last variable (thought of chronologi- 
cally) is the better base since, other things being equal, 
one has greater interest in a near than in a remote period, 
and since the difference in per cent, for successive variables, 
is more readily calculated from a recent 100 per cent. When 
this is done, rates of increase and decrease are comparable, 
equal percentage increments and decrements being repre- 
sented by equal changes in the ordinate. This method 
has the disadvantage of beginning or ending the curves 
at the same points on the ordinate if the first or the last 
variable is taken as the base, which is sometimes con- 
fusing, but the advantage of placing the graphs in close 
proximity and of registering the general direction or trend 
from a common start or close. There is the further dis- 
advantage that the values are relative and not absolute, but 
this can partly be overcome by including the original as 
well as the percentage data on the graphic figure. Care 
should be used in reducing absolute amounts to such a basis, 


1 Index numbers are discussed in Chapters IX and X. 

® These are discussed for index numbers of prices in Chapter IX. 
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Capita! and Clearings of Now York Clearing House Banks, 1902-1915. 
(Method of Scale Conversion) 
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since for many uses the absolute and not the relative changes 
are significant. The opposite, of course, is likewise true,^ 
Percentage or relative figures are always dangerous when 
the bases upon which they are computed are widely dis- 
similar, as, for instance, when price increases are compared. 
A price increase of 50 per cent for a low-priced commodity 
infrequently used would have little in common, except the 
nominal increase, with a price increase of the same amount 
for a high-priced commodity entering into daily consumption 
on a large scale. One might look with perfect equanimity 
upon an increase of 100 per cent in the price of lawn seed, 
but seriously object to the same percentage increase in the 
price of beef steak. ^ 

(2) The Treatment of Lines Connecting Successive Ordinates 

The ordinate scale having been decided upon so as prop- 
erly to bring out the absolute or ratio differences in a series, 
the next problem is the determination of the abscissa units and 
the treatment of the ordinates raised upon them. In historical 
series the periods of time generally represent accumulated 
experiences, as when, for instance, exports, bank clearings, 
industrial failures, etc., are summated for periods of a day, 
a month, or a year. The ordinates represent facts realized 
only at the termination of, and not the characteristics of 
phenomena in, periods, deviations from which might be posi- 
tive or negative. Under such circumstances, lines connecting 
successive ordinates are as much without meaning as lines 
connecting successive ordinates in discrete frequency series. 

1 On the purposes and methods of showing graphically ratio rather tlian 
absolute differences, see Fisher, Irving — “ The ‘ Ratio ’ Method of Plotting 
Statistics,” in Quarterly Publications of the American Statistical Association, 
June, 1917, pp. 677-601. 

2 On the purposes and methods of measuring price changes, see Chapter 

IX, infra. ■ 
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They emphasize the direction or trend, but do not show the 
distrii)iition of a fact at all possible periods of time over the 
range', chosen. By no stretch of the imagination could it 
b(^ assumed from the graphic representation alone whether 
the rates at whicdi increments have been added to successive 
amounts within a given period were constant and uniform, 
or widely dissimilar. Measurements on successive ordinates 
must lie made from the base line and not from the tops of 
preceding ordinates. The difference shown by the latter 
method merely reflects an excess or deficiency over past or 
futuiH^ activity, as the case might be. Such series are dis- 
crete in a very definite sense, and the curves formed by join- 
ing successive ordinates have no other function than to aid 
the eye in judging direction or trend. 

If fluctuations are violent and it is difficult to estimate 
the general direction or trend either for shorter or for longer 
periods, smoothing may be resorted to, but always with the 
understanding that its sole function is to clarify the move- 
ment and not to describe an ideal distribution. When it is 
done, it must follow the principles discussed below. 

On the other hand, certain historical series represent, not 
accumulated facts at the close of arbitrary periods, but 
characteristic facts, deviations for the periods chosen being 
positive or negative, and coincident with the passage of 
time. Of such a nature are the curves describing, for arbi- 
trary periods, changes in temperature, barometric pressure, 
expansion and contraction of metals under conditions of 
heat and cold, etc. For such series, ordinates should be 
erected at the middle poi:ffts of the time-units and the tops 
connected either by straight, or preferably by smoothed, 
lines. In reality, such historical series are each composed 
of a succession of continuous frequency series, to which the 
rules and principles respecting smoothing are as applicable 
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as to continuous frequency series alone. Under such cir- 
cumstances smoothed curves do far more than give a direc- 
tion of trend. They more accurately describe the distribu- 
tion at the individual periods and over the whole range 
than do the arbitrary measurements. 

When related series are plotted on the same sheet, they 
should be designated by similar markings. Lines which lie 
closely together or frequently cross each other should be 
distinguished by dissimilar markings. Since color schemes 
are generally prohibitive, it is wise to make the choice of 
markings varied where many curves are drawn upon one 
sheet. Lines should always be broad enough to be readily 
followed, but not to sacrifice the accuracy of the ordinate 
unit. 

(3) Purposes and Methods of Smoothing Historigraras 

The methods of smoothing historigrams are subsidiary 
to the purposes to be accomplished by smoothing. If 
nothing better than a Icnowledge of general direction is 
desired, often one may rely wholly upon the free hand 
method. Smoothing in this rnanner is generally inaccurately 
done, however, and when averages or other summary ex- 
pressions are read from smoothed curves, appreciable error 
results. If more exact knowledge is desired than that 
attainable by the rough method, and the series is cyclic in 
character, the method of “moving averages” or “progressive 
means” may be used. This method consists in plotting 
the averages (arithmetic) of the frequencies for the periodic 
cycles opposite the middle points (years or other time units), 
if the period chosen is of an odd number, or halfway between 
the two middle points if the number is even. This process is 
repeated throughout the entire series, each average plotted 
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being the result of lopping off one period and adding on 
another. By this process, the beginning and end of the 
pc^riod covered are not smoothed, but if the direction of the 
smoothed curve is definite, these portions may be completed, 
if it is thought necessary, by projecting the curve on the basis 
of the direction taken, or by assuming that the data, for a 
period long enough to (;omplete the smoothed figure, have 
repeated themselves, or that the rate of increase or decrease 
has remained constant.^ 

This method, of course, is restricted to series in which cyclic 
or periodic changes are present. Care should always be 
taken to use periods which accurately coincide with a com- 
plete cycle. If p for instance, a period were used which corre- 
spondcfl to a half cycle, the resulting curve, while it would 
smooth out the minor fluctuations of the incomplete periods, 
would not materially affect the longer changes. If a period 
somewhat shorter or longer were taken, the smoothed curve 
would partake of the qualities of both the short- and long-time 
fluctuations. Its di]*ection and significance would largely 
be indeterminate. Often no single period can be found which 
will accurately fit the cycles. They maj'- not all be of the 
same length nor of the same magnitude. In cases where 
periods are so dissimilar that a distorted curve would result 
from using an average period, it is best not to employ the 
moving average method. Free-hand smoothing may then 
be used, but in any case the resulting curve must be inter- 
preted in terms of the data and of the purpose or purposes 
for which it is smoothed. 

If a series, although being historical, is of the discrete 
type, — the frequencies representing cumulations assignable 
to various periods, and the rate at which the increments are 
added being unknown, — a smoothed curve, made either 
^ See infra, Chapter XII, where this method is employed. 
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free hand, or according to the method of moving averages, 
represents nothing more than a series of approximations 
(averages) to the absolute quantities assigned to the periods 
treated. The smoothed curve can in no sense be looked 
upon as an accurate characterization of a series, the true or 
‘‘normal” order of which has been distorted because of the 
units in which expressed. Long- or short-time fluctuations 
may be removed, but the fact remains that the measurements 
are discrete, and it is necessary to keep this in mind when 
interpreting the smoothed curve. 

On the other hand, when an historical series of the second 
type — that in which frequencies although stated histori- 
cally are typical of the period, or which, as is the case of 
temperature curves, record the exact condition currently — - 
is smoothed, either by the rough and ready method or by 
moving averages, the resultant curve, while affected by 
extremes, probably more accurately characterizes the series, 
at least as theoretically distributed, than any unsmoothed 
curve could possibly do. 

When historical series are compared with the purpose of 
correlating increase or decrease in one with increase or 
decrease, or the reverse, in the other, it is often necessary 
to reduce the short- and long-time fluctuations to mathe- 
matical bases and to treat them differently as purposes differ. 
This phase of the problem is treated in Chapter XII. 

2. Plotting Cumulative Historical Series ^ 

Historical series of the discrete type may be cumulated by 
successively groiiping the frequencies at various unit- 
periods . In this respect they are not different from frequency 
series of the discrete type. The discussion of the interpreta- 

1 See Plate 18, Chapter VIII, and discussion. 
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tion given to the latter applies with equal force to the former. 
No significance, except that of judging the successive addi- 
tions or subtractions, as the case may be, — depending 
whether the curve is read “up to and including” or “after 
and including,” — can be attributed to the heights of the 
successive ordinates. No meaning can be attached to the 
lines (ionnecting them, whether straight or smoothed, except 
as indicating general direction of change as cumulation 
proceeds. As is the case with all discrete series, whether 
simi)lo or cumulative and whether frequency or historical, 
the lines connecting successive ordinates must be regarded 
only as aids to the eye and not as characterizations of ideal 
distributions. 

For historical series of this type and treated in this manner, 
smoothing is not generally necessary, and when employed 
often has a tendency to smother the truth and to suggest 
license in the use of graphic methods. Neither should be 
cultivated. 

IV. Conclusion 

Both diagrammatic and graphic presentation of statistical 
data rightly viewed constitutes the art of statistical expression. 
Neither is necessary, although both are significant as prelimi- 
nary to comparison, — the goal of statistical studies. The 
aim in this chapter has been to call attention to the most 
important considerations bearing upon the science connected 
with both, and not to the infinite uses which they may legiti- 
mately and illegitimately serve. It is their appeal, their 
smug finality, which suggest their virtues and at the same 
time conceal their weaknesses. Our purpose has not been 
to detract from their function, nor to agitate against their 
use, but solely to point out the cautions and conditions 
which make their employment scientific and their position 
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secure. This much, it is felt, it is necessary to do in view 

of the marked tendency to popularize them and to regard 

them as ends. 
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CHAPTER VIII 


AVERAGES AS TYPES 
I. iNTIiODUCTlON — GENERAL STATEMENT 

The i)ro|2;ress of the treatment has carried us toward a 
single; goal — that of comparison. Step by step the condi- 
tions and limitations which must be imposed in the collec- 
tion e)f primary and in the use of secondary data have been 
cotisitlortHl. In their various aspects, the collection and 
classifie'ation of data and the devices currently in use and 
advocated for use in diagrammatic and graphic presentation 
have beim discussed. The limits of the latter have been 
emphasized and the purposes and the consequences of the 
former eonsidere<l. Throughout all stages of the treatment 
the limitations of statistical method, when used alone, have 
been acknowledged and emphasis placed iDarticularly upon 
the difficulties of reducing to numerical bases the vital con- 
siderations connected with economic phenomena. The com- 
plexity of economic problems, and the many angles from 
which they musst be considered before weight can be attrib- 
utcul to conclusions based alone upon statistical data, ought 
to stand out distinctly as one of the net results of the dis- 
cussion. 

If the collection, classification, and arrangement of statis- 
tical data present problems, — i.e, if the processes involved 
offer difficulties, — how much more serious must be the prob- 
lems when, in order to explain, describe, or establish the 
causal relationships between phenomena, the results or con- 
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elusions arising out of the use of these processes become the 
tools with which we operate. It is then not only necessary 
that the conditions surrounding enumeration; observation, 
and summarization of statistical data be appropriate, but 
that the conclusions which are deduced from them be logically 
sound and properly employed ! And yet, statistically, com- 
parison is the end toward which all previous steps are but 
preparatory. 

The data of economics are highly complex. They relate 
to conditions, evidences of which are not reducible to abso- 
lute uniformity of expression. They exhibit themselves in 
varying and changing proportions. Economic phenomena 
exist as cause and effect of other phenomena, and not inde- 
pendently. They must be dealt with as related forces. If 
they are inherently complex, so likewise are the methods by 
which they are described or measured. Simple units will 
not often suffice. Definitions are difficult to formulate, and 
to adhere to them strictly in all stages of work is frequently 
impossible. Care, judgment, insight, and caution are eter- 
nally necessary to guard against mistaken views, the assign- 
ment of cause for effect, the omission of qualifying or sig- 
nificant facts, the formation of false judgments, etc. 

For the focusing of judgment which comparison requires, 
concentrated or summary expressions arc necessary. We 
seek for units of analysis here as we sought for units of col- 
lection earlier. Data in all their inclusivencss and in all 
their detail cannot readily be compared as between periods, 
times, or conditions. Some single expression which gathers 
into itself all the significant characteristics of complex data 
is required. We seek in actual life for an average perform- 
ance, an average load, an average student or clerk, an average 
day, an average market, average conditions, etc., in order to 
bring things into relation. In general discussions such con- 
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eepls arc used loosely, and frequently important matters are 
settled by employing no more definite or restricted terms. 
The willingncvss to be content with a single expression as a 
substitute for complex detail is often an evidence of igno- 
rance either of the difficulties in making comparison or of 
the limitations of summarizing expressions.^ Invariably to 
speak and write of (H*onomic problems in terms of averages 
connotes a willingness either to be content with general 
notiom — often so general as to be meaningless — or in- 
diffi'rently to employ tabloid expressions as accurate charac- 
t('rizalions of complex things. Short cuts to the goal of 
comparison are too often preferred to the circuitous but more 
certain paths. Attempts are too frequently made to com- 
pare or contrast economic phenomena by appeal to averages 
in the form of median, mode, or arithmetic mean, where in 
reality not only are comparisons invalid but the data them- 
selves do not admit of so being summarized. That funda- 
mental t;anon which cautions against relating things to con- 
ditions incapable of producing them is flagrantly violated, 
and assurance of correct thinking found in the belief that we 
are dealing with “average conditions.” This complacent 
belief may suffice to lull the ignorant into a state of blind 
indifference, but to those who are unwilling to allow them- 
selves thus to be beguiled it offers little guaranty of intel- 
lectual repose. 

Rarely, if ever, does a summary expression carry with it 
the same amount of truth as do detailed data.^ An average 
often suffices to give one a more convenient and more easily 

1 Watkins sjjeaks of averages as “representative numbers” and as con- 
taining “the gist, if not the substance, of statistics.” G. P. Watkins, 
"Theory of Statistical Tabulation," Publication of the American Statistical 
Association, December, 1915, -p. 752. 

Venn, Dr. John, “On the Nature and Use of Averages,” Journal of the 
Royal Statistical Society (London), Vol. LIV, 1891, pp. 429-44S, at page 433. 
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grasped view of a difficult aud complex situation than do 
detail, but its seeming oneness and finality are the precise 
sources of its limitations. The same numerical average may 
be computed from widely different detail. Yet it may be 
these in which interest lies. These, of course, are sacrificed 
in case reliance is placed alone in averages. An average in 
statistical methods has an analogous function to that of a 
generalization in inductive logic, viz., as a means of crystal- 
lizing into a single expression or of formulating into a single 
concept a general truth. As experimentation and observa- 
tion precede the formulation of a general truth in logic, so 
in statistics does analysis of numerical detail precede their 
summarization into a single expression. The use of an aver- 
age presupposes a laiowledge of the data out of which it 
grows, a clear conception of the peculiar features of the par- 
ticular average used, and a certain mastery of the whole 
subject treated so as to be sure of the validity of the com- 
parison which its use involves. 

The pertinency of the discussion will probably be more 
apparent as we treat descriptively and functionally the more 
general forms of averages in current use, their particular 
merits for different kinds of data, and the methods of com- 
puting them. 

IT. Avekages Descriptively Considered 

The types of averages here dealt with are those in com- 
mon use. At this stage of the discussion, a simple definition 
of each kind will suffice. The peculiar qualities will develop 
later. It may then be necessary to redefine them in terms 
of all their uses and implications. 

The arithmetic mean or average of a series is that amount 
which is derived by dividing the sum or aggregate of the 
parts by the number. It is .solely a numerical concept. 
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The median of a series is that item — actual or estimated 
— in a series, when arranged consecutively, which divides 
the distribution into equal parts. When the number of 
items is oven, it is halfway between the two middle terms ; 
when the niiml)or is odd, it is the middle term. Like an 
arithmetic average or mean, it is primarily a numerical 
expression. 

The mode of a series is that item or term which is most 
characteristic or common. It represents the typical fact 
and always relates to a condition which is actually repre- 
sented, — thus not being restricted simply to a numerical 
concept. 

On the basis of the methods by which these averages are 
computed the following classes may be distinguished : 

(1) averages requiring all of the data for their computation ; 

(2) averages requiring only a part of the data for their com- 
putation; (3) averages which of necessity are represented 
in a series ; (4) averages which by chance may be so repre- 
sented but are primarily numerical concepts ; (5) averages 
which are affected equally by both size and number of the 
items measured ; and (6) averages in which the frequency 
must be known but in which it is necessary to know only 
the approximate size of the units to which the frequencies 
apply. The arithmetic mean clearly falls in the first class 
since the entire aggregate is included. The median and the 
mode fall in the second class. In class three any one of the 
averages may fall but the mode is always included. In 
class four belong the median and the arithmetic mean. In 
class five falls the arithmetic mean, and in class six both the 
median and the mode. The precise reasons for, and sig- 
nificance of this classification will be seen in the discussion 
of these averages. 
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III. The Arithmetic Mean OR Average 
1. What the Arithmetic Mean or Average Is 

The arithmetic mean or average is undoubtedly the most 
familiar average in current use. Indeed, it is the only one 
customarily employed in elementary studies, and an ex- 
planation of it might seem unnecessary. It is the one 
commonlj’^ used in the ordinary transactions of business and 
commercial life, and for this i-eason possesses certain value. 
It represents the center of gravity or balancing point of a 
group or a number of items, the differences or deviations in 
excess being exactly counterbalanced by the difference or 
deviations in defect of it. In its computation all items are 
considered, each being given an importance equivalent to its 
size and its. distance above or below the average. It is 
primarily a mathematical concept, and is susceptible of 
duplication from great varieties of distributions. In this 
fact lies its weakness when it is used as a substitute for a 
complete description of a series. 

To be specific. The arithmetic average of the series 8, 9, 
10, 11, 12, 13, 14, is 11, Likewise the arithmetic average 
of the series 8, 8, 8, 9, 9, 9, 10, 10, 10, 11, 11, 11, 12, 12, 12, 
13, 13, 13, 14, 14, 14, is 11. The same is true of the follow- 
ing series 2 and 20 ; 9, 9, 4, 22 ; 3, 1, 1, 1, 99, 1, 1,1,1,1,11, 
and almost any number of other combinations which one 
might choose. When an average is thus so wholly inde- 
pendent of the order of the series, the number of items, and 
of their relative size, it has serious limitations for all uses in 
which the character of a distribution is of vital concern. 
Moreover, the arithmetic mean may really never be repre- 
sented in a series, as for instance, when 2 and 20, or 9, 9, 4 
and 22 are averaged. Nothing typical is thus revealed. 
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The only thing which we have is a mathematical expression 
of an aggregate divided by a number of items. It is clear 
that this form of average has serious limitations when applied 
to widely different conditions, or to data describing them, 
and must he used with extreme caution. Especially is this 
true wdicn it dries not represent an actual fact. An arith- 
metic mean wage-rate, computed for a group of employees, 
may fail to descrilie a single actual rate. It may also be so 
differeni. from those that are characteristic as to lead to 
ridi(‘ulous conclusions if reliance is placed in it. The in- 
clusion of a single exceptional rate might invalidate its use. 
Ins1an<'es will arise, of course, when the exceptional circum- 
stance or fact should be included. The thing which is now 
sought to he emphasized is that an arithmetic mean per se 
givi's no guaranty of the distribution or nature of the items 
which make it up. It is, therefore, a crystallizing or summat- 
ing expression to be used with extreme care in all series in 
which distributions are irregular and in which items are 
noticeably dissimilar. When used it should always be 
accompanied some other forms of summary expressions 
where tliere is an}^ question as to its legitimacy. 

In mathematical science the position of the arithmetic 
mean or average is clearly established. One authority, in 
speaking of its value in connection with Adjustment of 
Obsemiiions, says, ‘Mf we have ?i observed values of an un- 
known, all equally good so far as we know, the most plausible 
value of the unknown (best value on the whole) is the arith- 
metic mean of the observed values.” ^ Speaking further, 
the same authority says “when the number of observed 
values is very great, the arithmetic mean is the true value.” ® 
This fact is based upon the principle that in the absence of 

1 Wriglit, T. W., and Hayford, J, H., The Adjustment of Observations, p. 10. 

® Ibid., p. 11. 
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bias, large errors are less frequently encountered than small 
ones, and that they tend to be distributed about a true 
value according to the laws of chance. That is, positive 
and negative errors of the same size occur with the same 
frequency. The fact that measurements of great mathe- 
matical accuracy, or subject to pure chance selection, are 
rarely found in economics and in business affairs robs this 
average of much of its mathematical importance.^ Too fre- 
quently, observations are not all “equally good,” and do 
not fall into symmetrical and continuous series. Too often 
they are vitally affected by limitations of the units, by the 
bias of the collector or of those who supply them, and fre- 
quently do not admit of accurate measurement. 

The function and peculiarities of the arithmetic average 
may further be illustrated by a discussion of the means of 
its computation. At the same time the difference between 
simple and weighted averages will be developed. ^ 

2. How the Arithmetic Mean is Computed 

As noted above, the arithmetic mean is the center of 
gravity of a distribution. This fact may conveniently be 
illustrated by the use of an imaginary rod upon which cer- 
tain weights arc suspended at intervals. If it is desired to 
determine the arithmetic mean wage-rate of the following 
distribution, it may of course be done by summating or 
totaling the rates and dividing by the number of instances. 

>• 1 Certain mathematical properties of the arithmetic mean are discussed in 
Yule, G. U., An Introduction to the Theory of Statistics, pp. 114 ff. and in 
Wright and Hayford, op. cit., Chap. I. 

2 The methods and significance of weighting are further discussed in 
Chapter IX. 
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Table Showing Wage-rates as Bases for the Computation 
OP A Simple Arithmetic Mean Rate 


The U.NiT ou Amount Averaged 

The Nc-mbbr op Times Each Unit is 
Encountered 
(The Weight) 

S39.00 

9 

$2.00 

1 

4.00 

1 

3.00 

1 

6.(X) 

1 

3.00 

1 

8.00 

1 

5.00 

1 

3.50 

1 

4.50 

1 


S39.00 divided by 9 = $4.33 = the arithmetic mean or 
average. That is, if upon an extended rod properly scaled 
equal weights (in this case one) be suspended at the meas- 
urements here shown, the rod will balance at the point $4.33. 
This condition is diagrammatically illustrated by Figure A, 
Plate 16. On the other hand, if we use the same units and 
assign to them representation greater than unity, but at the 
same time retain the same proportion between the weights {i.e. 
the frequency with which they occur), the average will not be 
changed. The rod will balance at the same point. Diagram- 
raatically, this adjustment is illustrated in Figure B, Plate 16. 

If weights are greater than unity and their positions on the 
scale are altered, the resulting average will be different. If 
the adjustment has been according to chance the difference, 
however, will be small. From this would follow the conclu- 
sion that if data are accurately chosen and are represen ta- 
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tive, weights may largely be ignored. Of course, to say that 
data are thoroughly representative is only one way of sajdng 
that weights have been properly distributed. Taking the 
same units as above, and the following chance weights, the 
average is reduced by only $.10, notwithstanding the fact 
that the difference between the extreme weights is 7, and 
that a weight of one item is 4| times as large as that of 
another. 

TABLE B 

Table Showing Wage-rates with Number op Persons Receiv- 
ing Them as Bases for Computing a Weighted Arithmetic 
Mean Rate 


The Unit oh Amount 
Averaobd 

Tub Number of Times 
E.4CH Unit is 
Encountbhed 
(The Weight) 

Product of the 
Weight 

Times the Unit 

Total 

37 

$156.50 

$2.00 

4 

8.00 

4.00 

3 

12.00 

3.00 

9 

27.00 

6.00 

5 

30.00 

3.00 

2 

6.00 

8.00 

3 

24.00 

5.00 

6 

30.00 

3.50 

3 

10.50 

4.50 

2 

9.00 


The resulting average is $156.50 — the aggregate — divided 
by the number of items — the sum of the weights — - and 
equals $4.23 . Diagrammatically, this combination of weights 
and units is shown in Figure C, Plate 16. 

By arbitrarily adjusting the weights or frequencies with 
which each item is repeated, the average may be increased or 
decreased at will. In column 1 below, the weights have 
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been chosen in such a manner that the items larger than 
the average (when all items are taken once) are given heavy 
weights and those below the average light weights, the 
amount of importance varying directly with the size of the 
unit. In column 2 the reverse order of weights is chosen. 
Diagrammatically, the effect of both processes is shown in 
Figures D and E, respectively, Plate 16. 

TABLE C 


Table Showing Wage-ra.tes with Number op Persons Receiv- 
ing Them as Basis for Computing Weighted Arithmetic 
Mean Rates 


The Unit ok 
Amount Avekaged 

Col. 1 

The Number of 
Times Each Unit 
Is Encountered 
(The Weights) 

Products 
OF Units 

AND 

Weights 

Col. 2 

The Number of 
Times Each Unit 
Is Encountered 
(The Weights) 

Products 
OF Units 
AND 

Weights 

Total . . . 

39 

$195.50 

39.5 

$142.25 

$2.00 

2 

4.00 

8 

16.00 

4.00 

4 

16.00 

4 

16.00 

3.00 

3 

9.00 

6 

18.00 

6.00 

6 

36.00 

3 

18.00 

3.00 

3 

9.00 

6 

18.00 

8.00 

8 

64.00 

1 

8.00 

5.00 

5 

25.00 

3 

15.00 

3.50 

31 

12.25 

5 

17.50 

4.50 

4| 

20.25 

34 

15.75 

Average 


5.01 


3.60 


By thus arbitrarily adjusting the weights, the exact sizes 
being essentially within the limits of those assigned by chance, 
the resulting average has been increased in the first case 
(column 1) over that arrived at by assigning equal weights, 
by $.68, and over that gotten by assigning chance weights, 
by $.78. In the second case, the average as compared to 
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that obtained by using equal weights has been decreased 
$.78, and when compared to that received by using chance 
weights $.G3. The difference obtained by arbitrarily shift- 
ing the weights is $1.41 as compared to $.10 when equal 
and chance weights are used. The interesting fact is sug- 
gested that this average is a function of the weights that are 
used, tending to be larger than the simple average of an 
unweighted or equally weighted series when items larger 
than it are heavily weighted, and smaller than it when 
srnalk'r items are heavil}^ weighted. 

Weigiits should always be carefully chosen and the valid- 
ity of weighting clearly established. When weights are 
chosen at random, the resulting average is affected very 
little by their absolute size. The more nearly bias is elim- 
inated, the closer will the w^eighted approach the simple 
average. By taking the distribution of wage-rates above 
and assigning to them pure chance weights (done by drawing 
by cliance from a group of numbers marked with figures 
from 1 to 29, both inclusive) the following averages in four 
trials were determined: $4.43, $4.26, $4.29, and $4.04 — 
average $4.27, which agrees closely with the simple average.^ 


» The following are chance w^eights used in this experiment : 


Units 

1st Tbiai. 

2d Thiai. 

3d Trial 

4th Trial 

$2.00 

25 

22 

13 

23 

4.00 

22 

24 

21 

14 

3.00 

17 

11 

23 

6 

6.00 

23 

26 

24 

28 

3.00 

1 

27 

14 

15 

8.00 

15 

16 

10 

1 

5.00 

27 

16 

20 

10 

3.50 

12 

25 

10 

■V , 2 

4.50 

21 

23 

24 

3 


(The student is advised to try others.) 
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The computation of an arithmetic mean is generally 
readily done by the ordinary method. In some instances, 
however, particularly where frequency groups are dealt witli, 
it is easier to proceed in a different manner. On the prin- 
ciple that the sum of the deviations from the true average, 
signs considered, equals zero, an average may be assumed 
as a starting point, the deviations calculated and corrected 
for error, and the true average determined. The use of this 
method for various arrangements of data may be illustrated 
as follows. It is desired to calculate the simple average wage- 
rate of the following distribution. Assume as a trial average $5. 
The sum of the minus deviations =— $10; the sum of the 
plus deviations == S 4 ; the algebraic sum — — $6. This must 
be divided by the sum of the frequencies, 9, and added to S5. 

•=— = - $.67. $5.00 + ( - $.67) = $4.33, the true average. 


TABLE D 

Table Giving Data for Computing the Arithmetic Mean 
BY THE ‘‘Short-Cut” Method 


Units oe Amounts 


I Deviations 

Net 

Deviations 


- 

+ 

Total 

9 

$10.00 

$4.00 

-S6.00 

$2.00 

1 

$3.00 



4.00 

1 

1.00 



3.00 

1 

2.00 



6.00 

1 


1.00 


3.00 

1 

2.00 



8.00 

1 


3.00 


5.00 

1 




3.50 

1 

1.50 



4.50 

1 

.50 
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If frequencies are larger than unity, the method is not 
changed. The only necessary step is to multiply the devia- 
tions by their respective frequencies. Thus : 

TABLE E 


Table Giving Data fob Computing the z\eithmetic Mean by 
THE “Shobt-Cut” Method 


Units or 
Amounts 

Fre- 

quencies 

Deviations 

Deviations Times 
the Frequencies 

Total Net 
Deviations 

- 1 

+ 

- 

+ 

Total 

163 



. 1161.-50 

$ 68.00 

s 

1 

$ 2.00 

25 

.$ 3.00 



75.00 



4.00 

22 

1.00 


22.00 



3.00 

17 

2.00 


34.00 



6.00 

23 


$ 1.00 


23.00 


3.00 

1 

2.00 


2.00 



8.00 

15 


3.00 


45.00 


5.00 

27 






3.50 

12 

1.50 


18.00 



4.50 

21 

.50 


: 10.50 




- $93.50 -M63 = - $.57. 

$5.00-}- (— $-67) = $4.43 = the arithmetic mean' 

When dealing with frequency groups, the actual distribu- 
tion of the items within the groups is not known, and it is 
necessary to multiply them by some characteristic term. 
Except when groups are very wide or data are distinctly 
of the discrete type, it is admissible to consider the numbers 
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within the groups to be uniformly dispersed and to multiply 
the frequencies by the middle terms. Taking the following 
frequency distribution of wage-rates, the arithmetic mean 
may be calculated both by the regular and short-cut 
methods. 

TABLE F 


Table Giving Data for Computing an Arithmetic Mean prom 
Frequency Groups 


Units ob Amounts 

Fbequencies 

Pboducts of Fbequencies 
AND THE Units 
(Middle Terms) 

Total 

434 

$3,923.00 

$5.00 to $5.99 

15 

82.50 

6.00 to 6.99 

40 

260.00 

7.00 to 7.99 

66 

495.00 

8.00 to 8.99 

91 

773.50 

9.00 to 9.99 . 

113 

1,073.50 

10.00 to 10.99 

49 

514.50 

11.00 to 11.99 

30 

345.00 

12.00 to 12.99 

27 

337.50 

13.00 to 13.99 

2 

27.00 

14.00 to 14.99 

1 

14.50 


$3,923 4 - 434 = $9.04 = arithmetic mean or average. 

If we proceed by the method of computing the deviations 
from an assumed average, the steps are not different from those 
used above when the data were not arranged in groups, except 
that it is necessary, as in the case immediately above, to 
assume a uniform distribution throughout each group. 
The method is shown in the following example, using the 
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data immediately above. The assumed average is $9.50, 
i.c. the item halfway through the group, $9.00 to $9.99. 

TABLE G 


Table Ctivixg Data for Computing an Arithmetic Mean by 
THE “Short-Cut” Method for Frequency Groups from 
AN Assumed Average 


Ukit« ok Amounts 

I 

1 

Dbvi.^tions from 
THE Assumed 
Avekage, S9.50 

Products op 
Deviations and 
Fbequbncibs 

Net 

- 

+ 

- 

+ 


Total . . . 

434 



$403.00 

$203.00 

- $200.00 

$5.00 to 

$5.90 

15 

$4.00 


60.00 



6.(X) to 

6.99 

40 

3.00 


120.00 



7.00 to 

7.99 

66 

2.00 


132.00 



8.00 to 

S.99 

91 

1.00 


91.00 



9.(X) to 

9.99 

113 






10.00 to 

10.99 

49 

' 

Sl.OO 


49.00 


ll.Wto 

11.99 

30 


2.00 


60.00 


12.00 to 

12.99 

27 


3.00 


81.00 


13.00 to 

13.99 

2 


4.00 


8.00 


14.00 to 

14.99 

1 

1 ' 

5.00 


5.00 



— $200 -T- 434 = — $.46. That is, the net average devia- 
tion does not equal zero, but — $.46. Therefore, in order to 
determine the true average (from which the sum of the devia- 
tions equals zero) it is necessary to add — $.46 to the assumed 
average, $9.50, thus giving $9.04 as the true average. The 
plus and minus deviations, calculated in the same manner 
from the true average, $9.04, are given below. 


AVEEAGES AS TYPES 


251 


TABLE H 


Table Showing the Effect of Computing the Arithmetic 
Mean from the True Average for Data in Frequency 
Groups , 


Units or Amounts 

I 

i 

1 

Deviations phom 
THE True 
Average, $9.04 

Products op 
Devi..^tion.s and 
Frequencies 

1 Net 

Deviations 

- 

+ 

- 

■+ 

Total . , . 

434 



$305.48 

$305.12 

-$.36^ 

$5.00 to 

$5.99 

15 

S3.54 


53.10 



6.00 to 

6.99 

40 

2.54 


101.60 ! 



7.00 to 

7.99 

66 

1.54 


101.64 i 



8.00 to 

8.99 

91 

.54 


49.14 ! 



9.00 to 

9.99 

113 


1 .46 


51.98 


10.00 to 

10.99 

49 


1.46 


71.54 


11.00 to 

11.99 

30 


2.46 


73.80 


12.00 to 

12.99 

27 


3.46 


93.42 


13.00 to 

13.99 

2 


4.46 


8.92 


14.00 to 

14.99 

1 


5.46 


5.46 



When frequency groups are all of equal size it is often a 
saving of time to compute the deviations from an assumed 
average in terms of the “steps” which successive groups are 
above or below the group containing -the assumed average, 
and later to convert the net “step-deviations-” back into 
real deviations by multiplying by 1, in case the step is unity, 
or by 2 in case it is two or by | in case it is one half, etc. 
Using the above distribution, but assuming a different aver- 
age, we have computed the arithmetic mean by the “step” 
method. 

’•This negligible difference is due to the fact of taking the average at 
19.04, The exact average is $9.039 +. 
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TABLE I 


Table Gi’vaNG Data for Computing the Arithmetic Mean by 
THE “Step-Deviation” Method for Frequency Groups 
FROM AN Assumed Average 


.Units or -\mocnt.s 

1 

Stei^Dbviations 
FROM THE Assumed 
Aver.^oe, $12.50 

Products op 
“Steps” and 
Frequencies 

l^T “Step” 

- 

+ 

- 

+ 


Total . . . 

434 



1,506 

4 

-1,502 

$5.00 to S 5.99 

15 

7 


105 



6.00 to 

6.90 

40 

6 


240 



7.00 to 

7.99 

66 1 

5 


330 



8.00 to 

8.99 

91 

4 


364 



9.00 to 

9.99 

113 

3 


339 



10.00 to 

10.99 

49 

2 


98 



11.00 to 

11.99 

30 

1 


30 



12.00 to 

12.99 

27 






13.00 to 

13.99 

2 


1 


2 


14.00 to 

14.99 

1 


2 


2 



- 1502 -4- 434 = - 3.46. - 3.46 X $1.00 (the size of 

the group) = — $3.46. $12.50 (the assumed average) 

+ (— $3.46) = $9.04 = the true average. 

Where groups are not uniform in size, this method cannot 
be employed without considerable difficulty. When they 
are uniform, however, much trouble in multiplying is avoided 
by computing the deviations in round numbers and subse- 
quently by converting them back into terms of the size of the 
^‘step.” The following table illustrates the method -when 
groups are of unequal size.^ In such cases it is far simpler to 
proceed in the regular manner by multiplying through in 
the first instance. 

^ This method involves "averaging averages” and is of doubtful value. 
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TABLE J 


Table Giving Data foe Computing the Aeithmetic Mean by 
THE “Step-Deviation” Method fbom an Assumed Aveeagb 
When the Groups Are op Unequal Size ^ 






“ Step- 

Pkoducts op 


Gboups 


Fsb- 

Devia- 

“Steps” and 





1 QUJEN- 

TIONS” 

Frequencies 

“ Step-De- 

Size 

Width 

Center 


- 


~ 

+ 


Total 



30,454 






Total 



24,885 



13,976 

15,242 

+ 1266 3 

2 Less 
than 6^ 

2 

5 

99 

4 


396 




2 

7 

661 

3 


1,983 




2 

9 

2,722 

2 


5,444 




2 

11 

6,153 

1 


6,153 



(1) 

2 

13 

6,007 







2 

15 

4,926 


1 


4,926 



2 

17 

2,635 


2 


5,270 


18^-20^ 

2 

19 

1,682 


3 


5,046 


Total 



5,076 



2,604 

468 

- 2136 ^ 

20f!i-25^ 

5 

22.5 

2,604 

1 


2,604 



(2) 25^5-30^ 

5 

27.5 

2,004 






30^-35^ 

5 

32.5 

468 


1 


468 


Total 



291 






(3) 35ji-45p 

10 

40 

291 





6 

Total 



202 



109 

33| 

-76 ® 

45^-60«i 

15 

52.5 

109 

T~ 


109 



(4) G0^-7oi 

15 

67.5 

60 






275 ^ and 









over 

15 

82.5 

33 

1 



33 



1 Data taken from Report of the Tariff Board on Schedule “K," Vol. IV., 
Part 6. House Doc. 342, 62d Congress, 2d Ses,sion, p. 997. 

Notes, ®, and ® on following page. 
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In summarizing the discussion of the arithmetic mean, at- 
tention should be called to the fact that it is easily understood, 
is readily calculated, is in everyday use, and is affected by 
all the items in a series. Indeed, when nothing more is 
wanted, as a summarizing expression, than the total divided 
by the sum of the parts, it thoroughly meets the need. But 
in statistical analysis of economic problems the needs 
generally run far beyond this. It is frequently the detail 
which is of most importance and which is so often concealed 
by the arithmetic mean. It is too susceptible to the extraor- 
dinary, too much affected by the exceptional, to serve all 
purposes equality well. Various checks may be imposed in 
order to test its validity for a definite purpose. The details 
tliemselves may be submitted. But this is often impossible, 
since the employment of an average is an indication of a 
desire or of a necessity to be free from detail. Other averages 
maybe eomputed for purposes of comparison, and it is to a 
discussion of these to which we now turn. 

« Width oi group assumed to be the same as that of the class to which 
it bolong.s. 

® + 1206 -4- 24,88.5 - .0509. .0.509 X 2 ^5 (the width of the group) = 

.‘S. 001018. $.13 + $.001018 = S.1310 (average of the first group). 

^ - 2136 -e 5076 = - .421. - .421 X 5^1 (the width of the group) => 

— $.02105. $.275 -t- (-$.02105) == .$.254 (average of the second group). 

® $.40 is the average of the third group. 

6 ~ 76 4- 202 = - .376. -.376 X 15^ (the width of the fourth 

group) = — $ .05640. $.675 + (— $.05640) =$.6186 (a%’-erage of the 

fourth group). 


Gkocps 

Avebaoes 

Weights 

PnoDUCTS OF Weights 

ANO AVBHAGES 

Total 

$.1573 

30,454 

$4790.5962 

(1) 

$.1310 

24,885 

3259.9350 

(2) 

.2.540 

6,076 ! 

1289.3040 

(3) 

■ .4000 

291 i 

116.4000 

(4) 

.6186 

202 1 

124.9572 
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IV. The Median 


1. What the Median Is 

The median has been defined as the item in a series, when 
arranged consecutively, which divides the distribution into 
equal parts. While it is generally called an average it is 
more accurately a measure of partition or distribution. It 
can be said to be characteristic of the other members of a 
series only in case they are uniformly dispersed around it. 
It divides frequencies into equal parts and not the units to 
which they apply. Indeed, the exact size of an item meas- 
ured need not be known. The only thing necessary is to be 
able to place it in a distribution so that the order of arrange- 
ment is consecutive. Unlike the arithmetic mean, it is not 
primarily a mathematical concept, since it may be used 
where numerical significance is not attributed to the factors 
averaged, as, for instance, in the grading of pupils, salesmen, 
etc., simply by placing them in their order of excellence. 
This, of course, means nothing more than that relative rank 
is established. The middle position is then determinable. 
Yet it is like the arithmetic mean in the fact that the middle 
or median quantity itself need not be represented in a series. 
How accurately a distribution is characterized by the median * 
alone depends almost entirely upon its nature. Perhaps we 
can get a clearer view of its meaning if we compute it for a 
variety of distributions. Remembering that it is that item 
which divides a series, consecutively arranged, into equal 
parts, and substituting n for the number of items in the series, 

the expression may be used as a basis for its com- 

putation. 
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2. How the Median is Computed 
Using the data in Table A, p. 242, but rearranging the units 
in an ascending order (a thing unnecessary in the computa- 
tion of the arithmetic mean), we get the following series : 

TABLE K 


Table Giving Data fob Computing the Median 


Unit 

Fbeotencies 

Total 

9 

12.00 

1 

3.00 

1 

3.00 

1 

3.50 

1 

4.00 

1 

4.50 

1 

5.00 

1 

6.00 

1 

8.00 

1 


Applying the formula, - , when n = 9, we get 

i.e. the fifth item in the series divides it into 

equal parts. Counting down from the smallest item, or up 
from the largest one — a matter of indifference — $4.00 is 
found to be the median. It should be noticed, however, 
that the thing which is really divided into two equal parts 
is the total frequency, and not the items to which the fre- 
quencies apply. That is, $4.00 is only $2.00 away from the 
first item, but $4.00 away from the last. Moreover, the $2.00 in 
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the series is of as much importance in determining the median 
as is $8.00. It is quite different, of course, respecting the arith- 
metic mean. Moreover, retaining the frequencies as above, 
every item in the series except the middle one may be 
changed — the only limitation being that the order must 
remain ascending — and the median remain the same. Let 
us arrange some changes in the form of a table, still leaving 
the median $4.00, and compute the corresponding arithmetic 
mean in each case. 

TABLE L 


Table Giving Data Showing the Effect op Changes of Dis- 
tribution ON THE Median and the Arithmetic Mean 


Fbequbnoiiss 


Units and 

ILLUSTRATIONS 


Total 9 

1st 

2d 

3d 

4tb 

5th 

6th 

1 

$2.00 

$1.00 

$3.99 

$4.00 

$ .25 

$2.00 

1 

3.00 

1.00 

3.99 

4.00 

.50 ' 

3.00 

1 

3.00 

1.00 

3.99 

4.00 I 

.75 

3.00 

1 

3.50 

1.00 

3.99 

4.00 * 

1.00 

3.50 

1 

4.00 

4.00 

4.00 

4.00 

4.00 

4.00 

1 

4.50 

4.00 

4.01 

4.00 

4.00 

4.50 

1 

6.00 

4.00 

4.01 

4.00 

4.00 

5.00 

1 

6.00 

4.00 

4.01 

4.00 

4.00 

6.00 

1 

8.00 

4.00 

4.01 

4.00 

4.00 

10,000.00 

Median 

4.00 

4.00 

4.00 

4.00 

4.00 

4.00 

Arith. Mean 

4.33 

2.67 

4.00 

4.00 

2.50 

1,114.45 


The median is invariably the 5th item, all others being 
important exactly in proportion to their frequency but not 
according to their amount. The median retains its stability 
so long as the central item does not change. Hence it is a 
8 
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desirable "partition expression,” — average, — to use only 
when the central groups are of interest, or where a distribu- 
tion is regular and uniform. The exact size of the extremes 
or of any single item, except the middle one, may be ignored, 
the only thing necessary being a knowledge of their fre- 
quency and position above or below the median. All 
frequencies might be identical and the median alone never 
reveal the fact. This is true also of the arithmetic mean of 
a series of uniform frequencies. The deviations in this case 
(Hpial zero, but this is true of any combination of frequen- 
cies howsoever arranged or of whatever size. 

When the number of items is even and the units to which 
the frequencies apply are not expressed in groups, — that is, 
when the exact and not the approximate sizes are stated, — 
the median is arbitrarily taken as half-way between the two 
middle items. Of course, this assignment is purely arbitrary, 
and for all series other than those that are continuous, i.e. 
those in which the measures given are in reality only approxi- 
mations of the ti’ue measures, and in which the differences 
would shade into each other by imperceptible gradations, if 
the number of separate measures were vastly increased — it 
should be considered as approximate. The exact median in 
this ease is hardly more independent than when the number 
of items is odd. It is now determined not by one term, but 
by two, and the.se may be much alike or widely different. 
This is evident by an examination of the table immediately 
above. If to Illustration 1 the item $2.00 is added, the 
median is $3.75, i,e. it lies half-way between 13.50 and $4.00. 
If to Illustration 2 the item $8.00 is added, the median is 
still $4.00, and will continue to be $4.00 until more than 8 
additional items are added, the only limitation being that 
they must be more than $4.00, but they may be any amount 
more. If to the series m Illustration 2, — $1.00, $1.00, $1.00, 
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11.00, $4.00, $4.00, $4.00, $4.00, $4.00, — one item of each 
of the following is added : $600.00, $10,000.00, $12,999.99, 
$13,000.00, and $14,621.47, the median is stiU $4.00 as in 
the case without these exceptional numbers. The arith- 
metic average, however, is changed from $2.67 to $3,660.39. 

In dealing with discrete series, one should rarely attempt 
to compute exact medians. Too great accuracy may result 
in making this average nothing more than a mathematical 
concept, ill suited to the units in which the data are expressed, 
and one wholly determined by the relation of the two middle 
terms. In continuous series the problem is different, inas- 
much as the data used are generally samples and serve only 
more or less imperfectly to describe an ideal distribution. 
The median, of course, may be used in discrete series, but 
care should be taken not to assign too definite a position to 
it by refined methods of interpolation. 

When data are arranged in frequency groups, the problem 
of determining the median is the same as it is when they 
are not grouped, except that it is necessary arbitrarily to 
distribute the frequencies within the groups in order to inter- 
polate for the exact median. What is wanted is to locate 
not only the median group, but the median item in the group, 
in order to divide the series in half. To write the units in 
groups, assigning a frequency to them thus approxhnately 
measured, rather than to write them individually with the 
corresponding frequencies, makes it necessary to approxi- 
mate the items within groups. When groups are small, in 
the case of discrete series, or when distributions are of the 
continuous type, the assumption of a uniform distribution is 
sufficiently accurate for most purposes. The error is not a 
seriously disturbing factor. The method by which the median 
of a series arranged in frequency groups is determined is illus- 
trated in the following example, using the data from Table F. 


260 


STATISTICAL METHODS 


TABLE M 


Table Giving Frequency Data for the Computation of the 
MeDL4i.N 


Units or Amounts 

Frequencies 

Total 

434 

$ ,5.00 to $ 5.99 

15 

6.00 to 6.99 

40 

7.00 to 7.99 

66 

S.(K) to 8.99 

91 

9.00 to 9.99 

113 

10.00 to 10.99 

49 

11.00 to 11.99 

30 

12.00 to 12.99 

27 

13.00 to 13.99 

2 

14.00 to 14.99 

1 


In this instance the n in the formula is 434. By writing 
frequencies in this form, the necessity is obviated of listing 
each separate item, falling within the groups the number of 
times it appears. In determining the arithmetic mean in 
Table F, the frequencies were multiplied by the respective 
middle terms, on the assumption that the items through the 
groups were uniformly dispersed. Making the same assump- 
tion here, the median group is calculated by the formula 

n = 434. — - — 217|, that is, the group con- 
taining the 21 7| item — wage-rate in this case — is the median 
group. Counting down from the smallest item, the group 
S9.00 to $9.99 is found to contain all the items between 212 
and 325. The 217| man’s wage-rate is, therefore, located 
within this group. On the assumption that the 113 men 
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whose wage-rates fall within the group 19.00 to S9.99 (in- 
clusive) are uniformly distributed in the order of the size of 
their rates, the wage-rate which is half-way between that re- 
ceived by the 217 and the 218 man — that is, the 5| man in the 
5- 

group — is Y^X $1!00 greater than $9.00, i.e. the position of 

the first man in this group.^ This gives him a wage-rate of 
$9,049, which corresponds very closely to the arithmetic 
average, $9,04. 

In this example we are dealing with wage-rates — a dis- 
crete series — and the median is stated with sufficient 
accuracy when assigned to the lowest quarter of the group 
$9.00 to $9.99 — say, ±$9.15. Weekly rates are not 
normally quoted in smaller units than quarter dollars, and 
it is inadvisable to strive for too great accuracy of expres- 
sion. The degree of precision with which the median is 
determined largely depends upon the character of the dis- 

1 In order to have the 11.3 men distributed throughout this group uni- 
formly and to have the same apply to the groups immediately following 
and preceding, it would be impossible to assign a man to the last unit of a 
preceding group and to the first unit of the succeeding group. To do this 
would result in a concentration at this point. Zizek, in discussing an analo- 
gous point, says : “We can distribute 10 values in a class of 200 cents breadth 
so that the first and the last values coincide with the limiting values of the 
class; so that the first item coincides with the inferior limit while the last 
value is as far distant from the superior limit as are the items from each 
other; or, so that the last item coincides with the .superior limit while the 
first item is as far distant from the inferior limit as are the items from each 
other. None of these three distributions seems to be free from objection. 
The first kind of distribution, if carried out in the adjoining classes, would 
give two items at each class limit. The second and third kinds of distribu- 
tion do not correspond at all to the postulate of a uniform distribution 
within the classes. The most correct way of distributing the items uni- 
formly is to assume that they occur at equal intervals even when this 
distribution is extended to the adjoining classes. To fulfill this condition 
the first and la.st of the items belonging to the class must be removed 
from the class limits to a distance which corresponds to half the magnitude 
of the interval existing between the items belonging to the class.” Statis- 
tical Averages, pp. 208-209. 
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tribution. The regularity of this series justifies greater 
nicety in its computation than is typical of most discrete 
scries. Arbitrarily to give it an exact value, however, 
where the evidence is clear that the differences between the 
units arrayed (placed side b 3 ^ side in an ascending or descend- 
ing order) are clearly unequal, is to allow the ideal position 
of the terms in the group to strip the median of much of its 
significance. This is true only if this particular form of 
average is considered to be more than a mathematical con- 
cept. To require that it be restricted to an actual item in an 
array, wliere the frequencies are grouped, and where exact 
positions are not known, is to give it a distorted but prob- 
ably much more real function.^ As a statistical instrument 
it .seems best to consider it in the light of the material with 
which it is used. If, in the nature of the case, it can be 
located with accuracy, then .so locate it ; but if it can be deter- 
mined only b 3 " neglecting the peculiar character of a distribu- 
tion, then it is advisable to locate it only approximately. 

If it is possible, by use of the median, to divide series into 
two equal parts, it is of course possible, by an extension of 
the same principle, to divide them into four or other number 
of equal parts. The medians dividing the halves of series 
into equal parts are called quartiles. The formula for the 
lower quartile — Q1 — Ae. the one below the median, is 

■, and for the upper quartile — 03 — a 

4 4 

series of such measures gives a more complete picture of a 
distribution than can possibly be gotten from a single 
expression.® 

* In the Dewey Report on Employees and Wages, the median is expressed 
only by group location, and this notwithstanding that the groups are small 
and the series exceptionally regular. 

2 More is said concerning quartiles in the chapter on Dispersion and 
Skewness. • 
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The median is readily located graphically. In cumula- 
tive graphs or ogives it is located by bisecting the ordinate 
range ^ and extending a line parallel to the base until it 
meets the ogive and then by dropping a perpendicular at 
this point to the abscissa scale. Whether the median is 
read more accurately than by groups depends upon the con- 
siderations noted above respecting discrete and continuous 
series. Whether the absolute or relative frequencies are 
given is of no consequence. The process is the same. More- 
over, the order in which the cumulating is done is immaterial. 
It may be on a “less than” or “more than” basis, and the 
data may represent a frequency or a time series.^ In either 
ease, it is the aggregate of the frequencies the n — which 
is divided into halves. The manner in which this is done 
for data arranged in frequency groups is illustrated by Plate 
17, by using the frequency data on pages 216-217, Chapter 
VII. The manner in which a time series may be divided into 
halves is illustrated on Plate 18, and from the following 
data : 

1 The variable should always be plotted on the ordinate axis, 

2 Data which admit of being cumulated from period to period, as amount 
of importation into a country by months or years to get a cumulated total, 
are illustrative. 
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TABLE N 

Table Showing by Years Singly and Cumulatively the 
Quantity op Raw Cotton Imported into the United 
States, 1895 to 1913, iNCLUsmB. 

Absti’act of the United States, 1913, p. 669) 


Yuab 

Amount of Raw Cotton Imported, in Pounds 
( 000 ’ s omitted) 

.. 

Non-Cdmulativk 

I Cumulative 

“Up to and 
Including" 

“ After and 
Including ” 

Total. . . 

1,421,152 

1,421,152 

1,421,152 

1895 

49,332 

49,332 

1,421,152 

1896 

55,350 

104,682 

1,371,820 

1897 

51,899 

156,581 

1,316,470 

1898 

52,660 

209,241 

1,264,571 

1899 

50,158 

259,399 

1,211,911 

1900 

67,398 

326,797 

1,161,753 

1901 

46,631 

373,428 

1,094,355 

1902 

98,716 

472,144 

1,047,724 

1903 

74,874 

547,018 

949,008 

1904 

48,841 

595,859 

874,134 

1905 

60,509 

656,368 

825,293 

1906 

70,964 

727,332 

764,784 

1907 

104,792 

832,124 

693,820 

1908 

71,073 

903,197 

589,028 

1909 

86,518 

989,715 

517,955 

1910 

86,037 

1,075,752 

431,437 

1911 

113,768 

1,189,520 

345,400 

1912 

109,780 

1,299,300 

231,632 

1913 

121,852 

1,421,152 

121,852 


The first half of the raw cotton imported in the period 
1895 to 1913 inclusive, came in between 1895 and approxi- 
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mately September of 1906,^ that is, during eleven years and 
eight months. The second half was imported between Sep- 
tember, 1906, and the close of 1913, or seven years and four 
months. The median period — that is, the half-way period 
in terms of amounts imported — was September, 1906. In 
terms of time alone, June, 1904, is the median period. At 
that time, however, only 40.1 per cent of the total had been 
imported. These facts are shown graphically on Plate 18. 
In order to locate the median period in terms of importa- 
tions, the ordinate axis is bisected at 710,000,000 lbs. and 
a line extended until it meets the historigram vertically over 
the period September, 1906. Obviously, in order to locate 
the median period in terms of time alone, the abscissa axis 
is bisected at June, 1904, and a perpendicular raised until 
it meets the historigram horizontally opposite the position 
570,000,000 on the ordinate. This graphic portrayal should 
not be confused with that on Plate 17. In the latter case, 
the median (miount is determined. In this case it is the 
median period or performance which is indicated. If it is 
desired graphically to locate the median amount in an his- 
torical series, amounts and not periods must be arrayed 
consecutively and each reported performance counted as a 
frequency of o?ie. When this is done, the process is the 
same as in cumulati\’’e frequency series ; that is, the amounts 
cumulated are plotted on the ordinate and the corresponding 
periods on the abscissa axis. 

Objection may be raised as to the propriety of using the 
median for this purpose, yet there seem to be no reasons 
why it is not as useful and significant to divide in this man- 
ner a time as an amount or frequency concept. Indeed, in 
the business world, the occasion for doing the former will 
probably occur more frequently than the latter. Where it 

1 On the assumption of uniform importation during the year. 


PLATE 18 


Cumulative Graphs — Historigrams — Constructed on “ IJp to and Includ- 
ing ” and “ After and Including ” Bases, Showing by Years, Importations 
of Raw Cotton into the United States. 




268 


STATISTICAL METHODS 


is desiredj for instance, to relate expenses to a definite period, 
tilt', proportion attributable to one quarter or one half of the 
time may be of real significance. Of course, amounts, like- 
wise, may be partitioned into equal parts and compared to 
the time in which incurred. In either case, b^^ plotting the 
amounts cumulatively and the periods consecutively, the 
median positiorts may be located and related to each other. 

The necessary steps in tlctermining arithmetically the 
median amount imported arc given below and the data ar- 
ranged as in Table O. Place the amounts in numerical 

order and apply the formula as above. Thus, n = 19. 

~ item, which equals 70,964,000 lbs. 

That is, over a period of 19 years the amount imported 
which stood half-way between the extreme was 70,964,000 
and this occurred in the year 1906. The arithmetic mean is 
e(iual to 75,800,000‘*’ lbs. (The extreme items are potent 
hi're.) In this arrangement consecutiveness of amount 
rather than of time is followed. In the former arrangement 
the order is consecutive for time but not for amount. 

The median as an average or summarizing expression 
should be used with great care. While in its computation 
all tilt! frequencies are required, it is not affected by the size 
of th{‘ items except at or near the middle of a series. This 
may be a significant weakness when not only the number of 
times an item appears but also its positive size is important. 
Theoretically, it is best suited to continuous series or to dis- 
crete series in which the measurements are numerous and 
accurate, and when the scale is small and the groups into 
which they are merged narrow. It should be considered only 
as one measure of a complex distribution, and be compared 
with the arithmetic mean, and the mode whenever possible. 


AVERAGES AS TYPES 


269 


TABLE O 


Table Showing Data of Importations op Raw Cotton Ar- 

R.VNGED SO AS TO DETERMINE THE MeI)L\N AmOUNT IMPORTED 


Periods 

Frequencies 

Importations in Pounds 

Total 

19 

1,421,152,000 

1901 

1 

46,631,000 

1904 

1 

48,841,000 

1895 

1 

49,332,000 

1899 

1 

50,158,000 

1897 i 

1 

51,899,000 

1898 

1 

52,660,000 

1896 

1 

55,350,000 

1905 

1 

60,509,000 

1900 

1 

67,398,000 

1906 1 

1 

70,964,000 

1908 i 

1 

71,073,000 

1903 

1 

74,874,000 

1910 

1 

86,037,000 

1909 

i 1 

86,518,000 

1902 

1 

98,716,000 

1907 

1 

104,792,000 

1912 

1 

109,780,000 

1911 

1 

113,768,000 

1913 

i 1 

121,852,000 


V. The Mode 
1. What the Mode Is 

The mode was defined as that item in a series which is 
most characteristic or common. It is the typical fact, and is 
always represented. In the nature of the case it cannot be 
fictitious if its function is accurately interpreted. • In series 
in which there is no distinct mode and where data do not 
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congregatej by manipulation a clearly defined one may be 
made to appear when in reality none exists. This is partic- 
ularly true for discrete series where frequencies are widely 
disiiorsed, and where it is necessary successively to widen 
the groups in order to concentrate them at a particular place. 
The wider groups are made, however, to give a distribution 
regularity, the more the individuality of the data is sub- 
merged and tiiti more unreal in discrete series does the mode 
b(H*ome. When they are wide, it is often felt that the mode 
must be more aeourately located than simply by group. 
To do this its position must be approximated by interpola- 
tion. No objection can be offered to this practice in con- 
tinuous series, where measurements are merely samples and 
where an ideal distribution would result in case sufficient 
measurements were taken ; but it is rarely if ever appropriate 
for disci’ote s<?ries unless measurements are numerous and 
tend definitelj” to cluster. Even when they do so, to assign 
the mode a definite position it is necessary to proceed arbi- 
trarilj'. It should never be made to appear that there is an 
exact mode when there is none. The mode should be thought 
of as that expression which not only is a reality in itself but 
which reall}' characterizes a distribution as a whole, the 
deviations from which shade off in a definite and regular 
order. 

Shewed in this light, the mode has very definite limitations 
as an average or summarizing expression. Extreme items 
arc entirely ignored. In this respect, it goes further than the 
median which assigns equal weight to all frequencies, and, of 
course, differs radically from the arithmetic mean. While it 
represents a reality, it does so only by expressing the dominant 
or more frequent one and ignoring the others. Moreover, 
there may be no mode, or there may be several modes not 
all of the same importance, but ail sufficiently marked as to 
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merit attention. To ignore the lesser simply because it is 
lesser is never admissible. Moreover, by interpolation to 
make it appear that the true mode is located elsewhere than 
at the position shown is, for discrete series, inadmissible, in 
case the measurements are typical and sufficiently numerous. 
For continuous series it may be conducive to greater accuracy 
to widen the groups and, therefore, to remove data from 
the peculiarities and limitations of the units in which ex- 
pressed. A distribution may be distorted by the unrepre- 
sentative character of the sampling or by the crudity of 
measurements.^ The appearance of two or more modes 
may be due to the peculiarities of a particular set of measure- 
ments which serves only as an approximation to the real 
distribution for a completed series. 

It must clearly be kept in mind that there are two types 
of distributions, the continuous and the discrete, and that 
the function of the mode and the ease and accuracy with 
which it can be located are vitally affected by this fact. 
Liberties which might well be taken with data of the con- 
tinuous type may under no circumstances be tolerated with 
those which are discrete. In the former it may be legiti- 
mate to locate the mode within narrow limits, even assigning 
it a definite position ; in the latter, except in rare cases, — * 
and what these are is to be determined by a study of the data 
concerned, — the mode cannot generally be more definitely 
located in frequency series than by groups. In some cases, 
of course, discrete data tend to concentrate on definite 
units. When this is the case, the position of the mode is 
definite. If interest rates tend to concentrate on even and 
not on fractional per cents, ^ the modal per cents can be 

See data on measurements of the lengths of lobsters, Chapter V, 
p. 152. • 

® See Chapter V, p. 149. 
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located only at these places. The mode if it is anything is a 
reality. It is not necessarily less real, although it may ap- 
pcair to be, if it is sometimes assigned as a group and not as 
a position within a group. Indeed, the nicety with which 
it is located mtiy result in making it unreal. When this is 
true cannot be determined by any general rule. All that can 
be said is that discrete and continuous series respecting the 
location of tlie mode must be viewed differently. In what 
way differently is tletermined in each case by the character 
of the data themselves. 

2. How the Mode is Located 
(1) The Location of the Mode in Historical Series 

The thing which is modal or typical shows itself in its 
frequency. The exceptional is not modal. The mode is 
the characteristic which most frequently appears. In 
Table N, showing importations of raw cotton from 1895- 
1913, the modal year was not 1913, at which time there was 
imported almo.st three times as much cotton as there was in 
1901. This is the exceptional year. Y ears which may be sug- 
gested as modal are 1895, 1897, 1898, 1899, 1901, and 1904, 
in each of which there were imported between 45 and 55 
million pounds. If the conditions set up to determine the 
mode be altered so as to include all years in which between 
45 and 60 million poimds were imported, 1896 also must be 
called a modal year, and 55’‘’ millions a modal amount. In 
this case, as in so maiiy, there is no one mode. The manner 
in which the mode may be approximated, or, more properly, 
perhaps, the conditions which should be imposed in its deter- 
mination, may be illustrated as follows : 
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TABLE P 

Data Showing Importation op Raw Cotton into the United 
States, Arranged so as to Determine the AIodal Amount 


Year 


Approximate, by Ghodps 


OOO’s 


Identical I 
Col. 1 


5 Mil. be- 
ginning at 
45 Mil. 
Col. 2 


10 Mil. bc-;iO Mil. be-, 15 .Mil. In 
' ginning at | ginning at , ginning a( 
40 Mil. j ' 45 Mil. I 4.5 .Mij. 


Mil.be- 
Iginningat 
' 40 Mil. 
Col. 6 


1901 

1904 

1895 


46,631 

48,841 

49,332 


1899 

1897 

1898 
1896 

1905 

1900 

1906 
1908 
1903 


50,158 

51,899 

52,660 

55,350 

60,509 

67,398 

70,964 

71,073 

74,874 


1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 



1910 86,037 1 \ ■ 

1909 86,518 1 / ^ 


} 2 } 2 } 2 } 2 


1902 

1907 

1912 

1911 


98,716 

104,792 

109,780 

113,768 


1 

1 

1 

1 


} 



1 



1 


1913 


121,852 1 


1 



111 this table the consecutive order for amounts is followed. 
The grouping is: column 2, 5 million pounds; column 3, 
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10 million pounds; column 4, 10 million pounds, but start- 
ing; at 45 million and extending to but not including 55 
million; column 5, 15 million pounds; and column 6, 
8 million poumls. The amounts are equally common in 
column 1, no account being taken of the degrees of difference 
in the absolute amounts. In column 2 (the grouping being 
45 to 50, 50 to 55, etc.) groups 45 to 50, 50 to 55, and 70 to 
75 are equally common. widening them to 10 million 
pounds, as in column 8, more instances now appear at group 
50-60 million than at any other place. By retaining the 
10 million pound group but beginning it at 45 million, a 
decided concentration appears in the first group. By extend- 
ing the width to 15 million, the group 45 to 60 shows the 
gixuitest concentration, but a second concentration appears 
in the group 60 to 75 million. Where is the mode? Un- 
doubtedly the most characteristic amount imported when 
the whole period is considered is less than 60 million pounds. 
But how much less ? The arithmetic mean of the amounts 
less than 60 million pounds is 50,695,000 and the median 
50,158,000. The most characteristic amount with a 10 
million group is 46 to 56 million, of which there are 7 in- 
stances ; more narrowly, there are 5 years in which the 
amounts imported are between 49 and 56 million. It is 
probably not wise to locate the mode more accurately than 
in the group 46 to 54 million (column 6). To do so for this 
type of distribution would be to strive for too great accuracy. 

For historical series, — simple historigrams, — the modal 
characteristic is shown graphically by the tendency for the 
curve to remain horizontal. Extremes in the position on 
the ordinate rcwcal exceptional conditions. By placing a 
ruler horizontally to the axis of abscissa and by moving it 
up and down, and at the same time, observing with each 
movement the distances covered by the graph on 'both the 
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axes, the most common characteristic of the curve and 
period of time over which it extends may be approximate^l. 
This is only a rough measure, but probably sufficiently 
accurate for historical series. 

When historical data are plotted cumulatively, as in 
Plate 18, the modal position or positions are shown by tlie 
tendency of the graph to retain a given direction. Inas- 
much as the chronological order is followed in cumulating, 
modal amounts may not be placed in juxtaposition and the 
dominant characteristic is difficult to appraise and locate. 
The use of the graphic method for determining the mode, so 
far as cumulative figures are concerned, is not advocated. 


(2) The Location of the Mode in Frequency Series 


When data are arranged in frequency groups, the modal 
position or the characteristic feature shows itself in the domi- 
nant frequency. If it is pronounced, as in Table M, the 
modal group may readily be distinguished. The position 
in the group for discrete and continuous series must be 
assigned in accordance with the principles discussed above. 
If interpolation is appropriate the position within a group is 
determined by giving proper weight to the frequencies on 
either side of it. For instance, in Table M — assuming 
this to be of the continuous type — 91 instancies are found 
in the next lower group, and 49 in the next higher. Com- 


bined, they make 140 instances, of which are exerting 
an influence to place the mode below the group S9.00 to 


S9.99, and — ^ are exerting an influence to place it above. 

140 .Q 

The actual mode is in the group $9.00 to $9.99. of $1.00 
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— the width of the group equals $.35, and of SI. 00 

equals $.65. That is, the theoretical mode is $9.00 -{- $.35 
= $9.35. From the other side, the mode equals $9,999 — $.65 
= $9,349. If all of the frequencies on either side of the 
modal group are given weight, the actual mode is $9.34 or 

^ + $9.00, or $9,999 - • 

32 1 32 1 

When freqiiencj^ data are plotted in a simple graph, the 
modal position is shown hy the maximum ordinate. Ap- 
proach to the vertical indicates dominant frequency. The 
case is the reverse of that in historical graphs. Position, in 
respect to scale, and degree, in relation to amount, are re- 
vealed in the graphic figure. The assignment of the exact 
position, of course, is to be determined by tlie peculiarities of 
the data and not by the graphic portrayal of it. The latter 
is simply pictorial, depends upon the data, and should faith- 
fully depict them.i 

On ogives, or cumulative graphs, the mode or place of 
greatest frequency density shows where the curve passes 
through the greatest distance vertically and the shortest 
distance horizontally, i.e. where it is most nearly vertical. 
Bf)wley has suggested the empiiical rule of rotating a ruler 
on the curve at this point in order to determine its exact 
location within the group. For most purposes the modal 
group is sufficiently definite for all practical purposes with- 
out this / refinement. However, when a distribution ap- 
proaches and recedes from the maximum very gradually, 
even the group position is not evident on a graph by inspec- 
tion. In such cases Bowley's method may successfully be 
used. The positions of the modes on the distributions on 
Plate 17 are located in this way. 

1 Chapter VII, passm. 
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When data are arranged in frequency groups and dis- 
tributions are irregular, showing no tendency to be dispersed 
in a definite order around a central norm, it is frequently 
desirable successively to widen the groups, at the same 
time altering the frequencies to correspond, until regulai'ity 
appears. However, there is always the danger of so con- 
cealing the individual petailiarities of the data, when dealing 
with discrete series particularly, as to negative any real 
value which they may possess. Freciiicntly, the desire for 
regularity of distribution is so strong that its securing is 
made an end. Group adjustment should properly be looked 
upon as a means of correcting a false impression, as for in- 
stance, when data clearly of the continuous type have been 
distorted, by the limitations of the units in which they ai'c 
expressed or by inadequacy of sampling, from the order which 
they should properly assume.^ It is always a problem to 
know how far to carry this synthesizing process. There is 
no rule-of-thumb principle which will answer the question. 
In effect, it is a process of smoothing and therefore, in dis- 
crete series, sacrifices individual .characteristics in order to 
secure general impressions. The peculiarities of the whole 
seiies dominate the peculiarities of the parts. It should be 
remembered that for most data, particularly discrete, group 
widening results in a real sacrifice unless through it error is 
eliminated. This topic was discussed for both types of 
series in Chapter V, and can, therefore, be disposed of 
with this word of caution, and with brief reference to the 
following table and the corresponding graphs. 

1 See the Table showing the measurements of lengths of lobsters, Chap- 
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TABLE Q 


i.E Showing the Frequency ok Ratios of 
Land Values i^or Buildincjs Ten Stories 
New York City, 1914 


Building Values to 
OR More in Height, 



I 
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By successively widening the groups in which the rtitios 
of building to land values are expressed in Table Q, it is 
possible to reduce the frequencies to a gradually ascending 
and descending order but not without destroying somewhat 
the peculiarities of the distribution as revealed in the column 
marked 1. Graphically, the result of widening the groups 
is shown on Plate 19. 

VI. The Properties of Averages or the Average to 
Use 1 

Probably the properties of the different averages discussed 
above can more clearly be seen if the conditions are formu- 
lated which help to determine which average to use for a 
number of widely different cases. 

Suppose we were interested in the experience of a sales- 
man as a basis for promotion to a new territory or to an 
advanced wage or salary scale. The sales record of this 
man is given over a sufficient period, the sales being listed 
by territory, by grade of commodity, by prices of the article 
sold, by profits realized by the firm, by the length of time 
utilized in making them, by cost to the firm in present salary 
and expenses, etc., — the supposition being that the sales 
are in the detail that is current with the best appointed sales 
records. Without making an elaborate judgment on the 
basis of all the data listed above and such other as may be 
available, could one employ an average of the sales for the 
purpose in mind, and if so in which one could he place most 
reliance ? Is the arithmetic mean, — an average of good 
and bad days, of sales among all classes of buyers, of those 
requiring one call and those requiring close following up, 
of small and large sales, of those upon which little as well as 

* This topic is .further considered in Chapter IX. 



PLATE 19 

grains Showing the Distributions of Ratios of Assessed Values of Buildings to the Assessed Values of 
Lands upon which they Stand, Nevr York City, 1914. 
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large profits are realized, etc., to be taken as a measure of a 
salesman’s activity, test of fitness, or worth to a compan3^? 
Or are we interested in that average which takes account of 
the bad daj'-s and the small sales, of the good days and the 
large sales, but which gives no more importance to one of 
them than to another, realizing that the best of salesmen 
occasionally have off days and poor territory and that these 
will have to be reckoned with ? Such a line of thought sug- 
gests the advisability of using the median. But, comes the 
retort from one who approaches the problem from another 
angle; “This man has had a consistent record of a high 
order and it is neither fair to the man nor to the company 
to give weight to his misfortunes. The facts show that we 
can expect him to make such and such a record — the over- 
whelming percentage of his sales are of this character ; or, 
in other words, the percentage of the time in which he fell 
below a high standard is negligible and should be given no 
weight. If his mistakes and failures are counted, we shall 
be putting a premium upon mediocrity and not be giving 
sufficient recognition to real merit.” Such an argument 
suggests the wisdom of using the mode as a test of fitness. 

It may be argued that it is unwise to let any one set of 
circumstances govern, no matter from what angle the prob- 
lem is approached, and, undoubtedly, this is true. How- 
ever, no matter how carefully the promotion is considered, 
if the facts above indicated are held to be germane, it is 
necessary to decide upon the weight to be assigned to the 
apiJL’oaches indicated in the various averages. It is, of 
course, conceivable that the various averages would not be 
materially different. If this is true, the case for using one 
at all is strengthened. As to whether averages can be used 
is one question : which one to use, in case they are allowable, 
is quite another. It is the latter question which is now 
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being discussed. But in this, as in many cases, a change is 
made, a policy is adopted irrespective of what averages 
show. Other aspects than the numerical are so overwhelm- 
ing in importance that the case in all its bearings does not 
admit of statistical statement. One gets little aid from this 
approach. 

Again, suppose that one were interested in the time neces- 
sary to reach his work, as a fact governing his location for 
residential purposes, and that there existed but one avail- 
able means of transportation. Is it the arithmetic mean 
time, the median time, or the modal time in which the dis- 
tance is traveled which is of mterest ? Delays happen even 
in connection with the best transportation service.^ Should 
the possibility of these be considered in the allowance of 
time to reach one's place of employment, or should they be 
regarded as negligible on the ground that they are irregular 
and uncertain ? If one sets great weight upon punctuality, 
he undoubtedly will allow for this factor in spite of its con- 
tingency. On the other hand, if the transportation company 
in question were advertising its service, it would feature the 
typical or modal if not the shortest performance. If the 
period considered were of appreciable length, it is doubtful if 
the differences between the various averages would be of 
great significance even for widely different uses. The dis- 
tribution of frequencies would tend to conform to the normal 
law of error and the averages closely to agree. On the other 
hand, if the time were short and the delays at all frequent, 
the characteristic might be widely different from the mean 
time. There would be no tendency for delays to be com- 

’ See “Report” of tlie Chicago Traction Subtoay Commission, “ On a 
United System of Surface, Elevated and Subway Lines,” pp. 272-274, 
Chicago, 1916, for an analysis of the classified causes of one year’s reported 
delays of more than five minutes’ duration on the surface lines. 
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pensated for by exceptionally quick service, since most of 
the runs would be made according to scheduled tune. The 
arithmetic mean would undoubtedly tend to be too large. 
It is precisely this fact which needs to be considered by the 
person who desires to reach his office each morning at or 
before a stated time, and which the advertising manager of 
the company desires not to bring to the attention of the 
public. It is evident that the averages accurately reflect 
the characteristics of the data, but they call attention to 
different things. It is this fact which is too often ignored, 
or at least too frequently not given sufficient attention in 
current discussions, in semi-scientific studies and government 
reports, and unfortunately in some critical studies. 

One might be interested in the ‘'average” suit of ready- 
made clothes turned out by a clothing concern, but the kind 
of an average best suited to his purposes will depend upon 
what those purposes are. If he is in the production side of 
the business his interest is in typical or standard sizes deter- 
mined for him by the physical facts of size and proportion 
among men. The great majority of sales will be to indi- 
viduals who conform within narrow limits to standard meas- 
urements. The manufacture of these garments constitutes 
his problem. His interest lies in the modal suit ; not in the 
median nor in the arithmetic mean, as such. If he con- 
sidered the arithmetic mean and manufactured his garments 
according to the sizes determined by such a calculation, it is 
doubtful if his customers could be fitted, since such meas- 
urements imply that the exceptionally large and the excep- 
tionally small will affect the measurements of suits designed 
for the great homogeneous and standard majority. If large 
quantities of suits were manufactured, it is true that the 
mode, the median, and the arithmetic mean sizes would 
closely agree ; but by the prudent producer this agreement 
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would be taken for granted only where production was on 
the largest scale. 

Likewise, if the value instead of the size of the “average” 
suit were uppermost in one’s mind, it is doubtful if the arith- 
metic mean would be particularly enlightening. Such a 
figunr is too general, too indefinite, for any but the most 
superficial purposes. Some sizes tend to be normal ; this 
grows out of a physical fact. Values tend to be normal or 
characteristic too, but this normality is not reflected in an 
arithmetic mean, as it is in the case of sizes, since all values 
may or may not be represented in the various sizes manu- 
factured. Suits which can be manufactured according to 
set measures and in large quantities, other things being 
equal, tend to be cheap. Suits which are manufactured only 
to siiecial order and in relatively small quantities, other 
things being equal, tend to be dear. The exceptional in 
either case would be weighted heavily and the characteristic 
be far different from the mean price. As a basis for roughly 
estimating profit an arithmetic mean price may be all that 
is required, but for shaping a selling policy an intimate study 
of the characteristic prices for the various types of demand 
is necessary. This is merely another way of saying that 
only homogeneous data can properly be averaged, and that 
the merits of each average must be settled in the light of its 
use. 

The errors into which one may be led by indiscrim- 
inately using an average of non-homogeneous data are 
admirably shown in the following table giving deaths and 
death rates of married and unmarried men in Scotland. 


AVERAGES AS TYPES 


285 


TABLE R 

Table Showing Deaths and Death Rates of Married and 
Unmarried Men in Scotland, 1863, Classified by Age 
Groups 

(From the 9th Detailed Report of Dr. James Stark 1x) the Registrar- 
General of Births, Deaths, and Marriages in Scotland) 


Ages 

M.A.HBIED 

Unmarhied 

Number 

Living 

Deaths 

Death Rate 

Number 

Living 

Deaths 

De.-ith Rate 

All ages 

503,376 

11,765 

23.4 

243,2591 

4,189 

17.2 

20-25 

22,946 

137 

6.0 

106,587 

1,251 

11.7 

25-30 

54,221 

469 

8.7 

48,618 

666 

13.7 

30-35 

66,153 

600 

9.1 

25,962 

383 

14.8 

35-40 

63,858 

690 

10.8 

15,857 

253 

16.0 

40-45 

62,645 

782 

12.5 

12,311 

208 

16.9 

45-50 

54,505 

869 

15.9 

8,824 

179 

20.3 

50-55 

49,591 

880 

17.7 

7,636 

205 

26.8 

55-60 

38,006 

929 

24.4 

5,550 

142 

25.6 

60-65 

35,920 

1,216 

33.9 

5,242 

227 

43.3 

65-70 

22,021 

1,134 

51.5 

2,848 

156 

54.8 

70-75 

16,029 

1,291 

80.6 

2,021 

205 

101.4 

75-80 

9,716 

1,135 

116.8 

1,081 

157 

145.4 

80-85 

5,477 

953 

174.0 

513 

101 

196.9 

85-90 

1,708 

488 

285.7 

151 

32 

211.9 

90-95 

449 

137 

305.1 

50 

21 

420.0 

9i5-100 

103 

40 

388.4 

6 

3 

500.0 

100 and 







above 

28 

16 

535.7 

3 




1 As reported. The correct total from the addition is 243,260. The table 
is quoted from Bliss, George I. — “ The Influence of Marriage on the Death- 
rate of Men and Women,” in Quarterly Publications of the American Statis- 
tical Association, March, 1Q14:, -p. 55, 
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‘‘The first strildng fact which this table reveals is that the 
death-rate of the bachelors was double that of the married men 
between the ages of 20 and 25. As its persons became older, this 
excessive dilference in the death-rates of the married and the un- 
married decreased slowly and regularly, shoving the difference in 
favor of the married men at every period of life. It is thus proved 
that the state of bachelorhood is more destructive to life than the 
most unwholesome trades. When we come to the total death- 
rate at all ages, however, the very reverse is the case. The general 
death-rate ainong married men is very much higher than that 
among single men ; so that, while only 1,723 bachelors died during 
tile year out of every 100,000 bachelors, 2,338 married men died 
out of a like number of married men. 

“This apparent contradiction may be explained as due to the 
fact that the. number of bachelors being far greatest at that period 
of life when the mortality is very low, namely, from 20 to 24, 
whereas the number of married men is greatest at those periods of 
life when mortality is high, seeing that mortality increases with 
age. Furthermore, ahnost half of all the deaths of the bachelors 
occur before the tliirtieth anniversary^, at whicli period the mortality 
is much lower than at the more advanced periods of life. When 
the whole deaths at all ages are thrown together and compared 
with the total bachelors living, the general mortality seems to be 
little higher than that due to the earlier period of life. Among the 
married men, on the other hand, the greatest number of deaths 
occur between the sixtieth and seventy-fifth year of life, at which 
period the mortality is liigh as compared with the number living. 
Consequently, when the total deaths of husbands of all ages are 
compared with the total living, a high mortality seems to have 
prevailed, because the persons were all so much older when they died 
than were the bachelors. Therefore, comparing the total deaths 
of the married at all ages with the total deaths of the bachelors, 
necessarily leads to a false conclusion. In comparing mortality 
rales of two or more classes, to be correct, it must be limited to 
comparing at each age group, and the smaller we take the age 
group the more nearly correct are the rates.” ^ 

^Quarterly Publications of ihe American Statistical Associatmi, March, 
1914, p. 66. 
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While this illustration is drawn from mortality statistics, 
and seems to have little or no bearing on the problems of 
the business man, except in so far as it illustrates the error 
into which one may be led by making his basis of generali- 
zation too broad, and therefore his conclusion too indefinite, 
it suggests a problem of practical import to the business 
world. In most states, laws now require that employers of 
labor provide in some manner for the compensation of acci- 
dents which occur to their employees while engaged in the 
regular course of business. Through the failure to define 
what accidents are, and to relate those occurring to too 
broad a base, not differentiating between hazardous and non- 
hazardous occupations and between slight and severe acci- 
dents, and moreover, through the failure to keep accurate 
statistics of accidents, employers in this country have not 
had until recently, if they now have, an adequate basis for 
the computation of accident risk.^ Not only have the bases 
been indefinite, but they have been too broad, with the result 
that the best that could be given was the roughest sort of a 
risk coefficient — a crude average without practical merit. 
Discrimination as between severe and minor accidents, and 
hazardous and non-hazardous conditions of employment, is 
the first essential to clear thinking about accidents, and the 
first guaranty of the reasonableness of insurance premiums.^ 
A rough arithmetic mean, a median, or a mode, per se, is not 
enough. What is necessary is the determination of the 
characteristic accident rate, not for industries as a group, 
but for conditions of employment, definitely standardized, 
within each industry. 

Statistics should always relate to definite conditions and 

1 llubinow, I. M., “The Standard Accident Table as a Basis for Compen- 
sation Rates,” Quarterly Publications of the American Statistical Association, 


288 


STATISTICAL METHODS 


circumstances. Duplicate these and the statistical facts 
are likely to be repeated. Alter them and the consequences 
are different. Before a policy can be mapped out on the 
basis of statistical facts alone, or given consequences said to 
follow from given conditions, the latter must definitely and 
clearly be defined and their boundaries indicated. So-called 
statistical laws operate with implacable regularity only 
when conditions producing them occur with unchanging 
persistence. To establish beyond cavil cause and effect 
requires not only that statistical data be referred solely to 
the conditions that produce them, but also that the statis- 
tical means employed to interpret them be appropriate to 
the purposes in mind. To assign meaning to averages alone 
without taking the trouble to determine the conditions which 
produce them or their suitability to the cases in point is as 
wrong statistically as to draw a false analogy logically. To 
do the first is to ignore the existence of determining circum- 
stances ; to do the latter to ignore their application. 

“An average is not to be regarded as a secret something which 
detennines events. This blunder is often made in social statistics. 
After finding a certain average in human affairs, we conclude that 
some secret fate is at work. By the aid of a little rhetoric we easily 
persuade ourselves that an event is fully accounted for when ‘the 
law of averages’ demands it. ‘There may be an average in birth 
and death and crime, but, after all, the average is not responsible 
for any of them. It takes something more potent than an average 
to produce typhoid fever or to crack a safe.’ ’’ ^ 

To employ an average suggests the formation of a judg- 
ment or a conclusion following from a full consideration of 
detail which it replaces. An average represents the culmina- 
tion of a process of thought which when removed from the 
steps required for its determination is likely to be assigned 
^ Coffey, P., TAe (Science o/I,o£(ic, Vol. II, p. 291. 
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new meanings and used for purposes foreign to those for 
which it was designed. Given statistical application, this 
means that chronologically averages come late in the process 
of analysis. They should be used with discrimination as to 
function and in close contact with supporting detail, with 
the realization that they emphasize the generalizations and 
comparisons which seem to be warranted after a careful and 
painstaking scrutiny of the problem from the angle from 
which it is approached.^ 

The functions of averages are unmistakable; the justifi- 
cation of employing them must be determined by an appeal 
to all the facts and in the light of the peculiarities characteris- 
tic of the different types. As a statistical caution let it be 
said : Do not rush headlong into the uses of averages. They 
are commonly but vaguely understood, and it is the partictilar 
function of the statistician to adopt that caution and circum- 
spection in the use of numerical facts which the seeming exact- 
ness of his tools appear not only to suggest hut to make im- 
perative. 

i“But however otten an average may have been confirmed, we can 
never attribute to it the importance of being by itaelf the expression of any 
necessity. Every result is necessary when it.s conditions are given ; every 
particular in.stance was nece.ssary in so far as from the given conditions it 
could only be such and no other ; all individual determinations and differ- 
ences in the particular cases, which were neglected by the average, were 
necessary ; the most extreme deviations were necessary, and it will also be 
necessary, if all the particular conditions recur in exactly the same way, 
that they should again have the same results, and that therefore the sum 
of the results will be the same. . . . 

“Such uniformities of numbers and averages are primarily mere descrip- 
tions of facts which need explanation as much as the uniformity of the altera- 
tion between day and night ; and the explanation can be found only where 
the actual conditions . . . are forthcoming. But these are the concrete con- 
ditions of the particular instances counted, they are not directly causes of the 
numbers ; it is only the nature of the concrete causes which can show it 
to be necessary for the effects to appear in certain numbers and numerical 
relations.” Sigwart, C., Logic, Vol. II, p, 490. 
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VII. Summary AND Conclusion 

An avcra2;e should be considered as derivative and as 
summarizing and characterizing data in a single expression^ 
The average best suited for a particular use depends upon 
the purpose one has in mind. Frequenth', it is desirable and 
necessary to compute not only the arithmetic mean but the 
median and moile in order to safeguard oneself against 
criticism anti to reflect types of distributions more in detail. 
The relative stability which these averages assume is en- 
lightening in itself. If it is remembered that the compu- 
tation of the [irithmetic mean and the median requires all 
the frequencies : that the former is affected by both the size 
of items and frequencies, while the latter is affected by fre- 
quencies and not by the size of items except those at or near 
the middle ; and further, that in the computation of the 
mode both the size and frequencies of exceptional items are 
ignored, it is evident that in changing the order or number 
of frequencies the mode is scarcely affected at all ; that the 
median is only slightly affected, and the arithmetic mean 
violently affected. 

No single average will suffice for all purposes. Each is 
affected differently by arrangement, frequency, and size of 
items, and should be used with a full knowledge of the pecu- 
liarities of distributions. One is never justified in employ- 
ing a short-cut expression in order to describe a complex 

**An average “is an abbreviation, and it has so much in common with 
the ordinary logical abstract concept that it neglects all differences, and 
we cannot tell from it how far the numbers from which it is obtained, dr 
which it has to represent, may differ from each other. It is, however, in- 
ferior to the general concept in so far as the latter is a statement of what 
is the same in all the particular instances, while the average is merely a 
fictitious value which may never actually occur in any particular ease, and 
which by itself does not even jinstify us in expecting that the majority of the 
particular instances in a region will approximate to it.” Sigwart, C., 
Logic, Vol. n, p. 487. 
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whole unless he realizes the Umitations of the instrument 
which he uses. Too frequently averages are used or com- 
puted without realizing their limitations and appreciating 
the fact that there is a best average to employ. Derivative 
expressions of this character are often imperfect suljstitutos 
for detail. Frequently, an exceptional instance which would 
be ignored in the use of the mode is that particular instance 
in which one has greatest interest. On the other hand, the 
inclusion of an exceptional item in determining the arith- 
metic mean may serve to so prejudice it as to give a wholly 
erroneous picture of the characteristics which are dominant. 
The average to be used is invariably a function of the pur- 
pose which one has in mind. If that purpose is to complete 
a vivid and well-i’ounded picture of a complex thing, a 
single stroke, as it were, in the form of the average, notwitli- 
standing the fact that it is included within the picture, will 
not suffice when a vivid and concise description is necessary. 
As classified data are more readily understood and compared 
than those in heterogeneous form, and tabular arrangement 
superior to unscientific classification, so summary expre.s- 
sions of complex situations in the form of averages are fre- 
quently more significant than the detail. The passage, how- 
ever, from the particular to the general — that is, from 
details to averages — offers precisely the opportunity for 
eliminating the peculiar and significant features of discrete 
series. In the case of continuous series the conditions are 
somewhat different. As the widening of groups may result 
in a more accurate expression of a general tendency or an 
ideal distribution, so a more accurate expression of a complex 
whole may result from the use of a single unit, as mean, 
median, or mode. 

Caution, foresight, and analysis are necessary at every 
step in the use of averages — caution as to the averages to 
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be employed, foresight as to the meaning which may be 
attac'lied to them, and analysis as to the possibilities of data 
to be characterized in such a manner. The following tests 
should always be applied. Is it possible to emplo}'- a single 
expression to depict the details which are essential in order 
to view the data in all their bearings? Is the greatest in- 
terest in the characteristic feature, in the median position, 
or in that mathematical position at which the arithmetic 
mean falls? Is it necessary to employ all these descriptive 
units ? No single answer to these various inquiries can be 
given. The use of an average may be legitimate and still 
the question as to the most appropriate average be left in 
doubt. One cannot answer the first question, as it were, 
}>y intuition. Data must be analyzed and the functions 
of averages in general and in particular clearly be perceived 
before answer can be given. As caution and analysis are 
necessar}’’ in the employment of averages, so discrimination 
and judgment are necessary in assigning importance to them 
when used by others. 

A fitting close to the discussion of averages is found in 
the words of Dr. John Venn. “Every sort of average — 
and there are many such sorts — is a single fictitious sub- 
stitute of our own for the plurality of actual values 
existent in the results which are naturally or artificially set 
before us. It is impossible, therefore, for the former, in 
any case, effectually to take the place of the latter. But 
the extent to which it may succeed or fail in doing so will 
depend upon the nature of the facts presented to us, and still 
more upon the precise object we have in view.” ^ 

' Venn, Dr. John, "On the Nature and Use of Averages,” Journal of the 
Royal Statistical Society, Vol. IV, 1891, p. 447. 
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CHAPTER IX 


THE PRINCIPLES GP INDEX NUMBER MAKING AND 
USING 

I. Introduction 

Both Ijiisiiiess men and students of economics have come 
to look upon index numbers as ever ready tools for measuring, 
among other things, price and wage changes. In their search 
for summary figures for comparing distant times and far- 
removed places in the interest of employers, employees, or 
the public as consumer, producer, or investor, recourse is had 
to regularly prepared index numbers. They seem to possess 
that generality of application and representativeness of 
conditions that are demanded by those who are ever ready 
to make bold comparisons and to draw sweeping conclusions. 
Only rarely is time given to a consideration of the source of 
data, to the methods by which an index number is computed, 
and to the problem of how fully in a narrow sense it really 
serves the purpose that it is made to fit. Its composite 
character ought generally to be sufficient to suggest caution 
and consideration. The fact that it is concerned with such 
elusive and indeterminate things as prices of commodities 
and services ought to be sufficient warning against hasty use. 
However, in the hands of the business man, this fact often 
serves only to give him more confidence inasmuch as the con- 
ditions governing the prices of things in which he deals, he 
seems to know so well. This, however, is far from an ade- 
quate guaranty against improper use of, or positive proof that 
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his knowledge applies' to the prices used in this case. The 
specially prepared index number too frequently becomes in 
his hands a “general purpose” index number — or probably 
the reverse is as often true — and, of course, as such, is 
open to all the limitations characteristic of general and in- 
definite summarizing expressions or of loose and ill-defined 
terms. It is to warn against such practice as well as to 
develop the principles of index number making that two 
chapters are devoted to index numbers. This chapter is con- 
cerned with a discussion of the principles involved in their 
construction and use ; the following one to a description and 
comparison of the more common American index numbers. 

II. What Index Numbers Are 

Index numbers may for the present be defined as relative 
•numbers in which data for one year or other period, or an 
average for a year or other period, are taken as a base, 
generally indicated as 100, and upon which data for subse- 
quent years or other periods are computed as percentages. 
Untn recently such numbers have been almost exclusively 
averages of relatives. That is, in the case of a price index, 
prices for subsequent periods have been expressed as rela- 
tives of prices in a base period, and averages of these taken 
as index numbers for the various periods. Now, however, 
several reputable index numbers are being computed as the 
sum of actual prices. In many respects this change seems 
desirable. These topics are discussed below in detail. 

The method of computing a simple average of relative 
prices index number is illustrated in the following table. 
The first part gives the average wholesale prices of certain 
commodities as reported by the United States Bureau of 
Labor Statistics for the years 1912, 1913, and 1914. The 
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second part contains the same prices reduced to a relative 
basis, using 1912 prices as a base, as well as the averages 
which are the index numbers for the various years. 

TABLE A 

Table Giving Data for the Computation of a Simple Average 
OF Relative Prices Index Number 


Absolute 


Commodities 

Atohage Phices in 

1912 

1913 

1914 

Corn, cash, contract grades, 




per bii 

$ .6855 

$ .6251 

$ .6953 

Cotton, Upland Middling, 




New York, per lb. . . 

.1150 

.1279 

.1210 

Oats, cash, per bu. . . . 

.4380 

.3758 

.4191 

Hay, Timothy No. 1, per ton 

20.4104 

16.0288 

15.6863 

Hides, green salted, packere’ ; 




heavv native steers, per lb. 

.1760 

.1839 

.1963 

Cattle, steers, choice to 




prime, per 100 lbs. . . . 

9.3585 

8.9288 

9.6520 

Hogs, heavy, per 100 lbs. . 

7.5964 

8.3654 

8.3608 

Relative 

Total of relatives . . 

700 

676.7 

704.0 

hidcx Numbers or Averages 




of Relatives ..... 

100 

96.7 

100.6 

Corn (as above) .... 

100 

91.2 

101.5 

Cotton (as above) . . . 

100 

111.2 

105.2 

Oats (as above) .... 

100 

85.8 

95.7 

Hav (as above) .... 

100 

78.5 

76.8 

Hides (as above) .... 

100 

104.5 

111.5 

Cattle (as above) .... 

100 

95.4 

103.2 

Hogs (as above) .... 

100 

110.1 

110.1 
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' While index numbers have been largely restricted to price 
phenomena, this is by no means necessaiy . Any phenomenon 
extending over a period of time and expressed numerically 
may be put in this form, the only peculiarity being that its 
relative rather than its absolute aspect is exhibited. Index 
numbers of wages, of rents, of imports or exports, sales, or of 
any other phenomena may be constructed. Historically, price 
indexes were the first to be computed and to these our major 
attention is given, inasmuch as they are currently compiled 
and are those in which the business man and student of 
economics probably have most interest. 

The purpose of an index number is to reduce to a common 
denominator the qualities of different factors or phenomena 
so as to allow comparison generally historically. It is to 
translate absolute into relative qualities in order that 
comparisons may be made. Moreover, index numbers are 
summaries direct or indirect of things having a common 
quality, as for instance, in the case of price indexes, a selling 
value. They represent this quality as an aggregate or 
average at different times for purpose of comparison. If 
they are aggregates of prices rather than averages of relative 
prices, they are no less averages. They represent divergent 
things, responding differently to conditions of price deter- 
mination and occupying different positions in the economy 
of business. Being aggregates or averages, they do not in 
themselves reveal all the peculiarities of the things which go 
to make them up.^ If averages may be fictitious and unreal, 

1 “ ... it must be borne in mind that no index number corresponds to 
a real thing. It is not like the mean of certain observations in natural 
science — such, for example, as those for measuring the distance between 
the earth and the sun — of which any one may err, but whose average will 
point to a single specific fact. An index number points to no single fact. 
It gives, to repeat, only an indication of a general trend of prices. People 
often think and speak loosely on this topic, as if an index number told the 
whole story once for all. There is no one change in prices. There is a 
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giving no evidence of the characteristic features of their 
several parts, and it becomes necessary to study the parts 
in order to understand the aggregate; or, on the other hand, 
if they ma\^ be real in every sense of the word, inasmuch as 
they represent the mode or characteristic thing, without at the 
same time revealing it, — so may index numbers be fictitious 
and unrepresentative for one use but well suited for another. 
Everything depends upon the purpose for which they are 
computed and the factors which are important in their make- 
up. Blindly to employ a consumer’s index number in a 
problem relating to capital investment is a practice of the 
same sort as to use an average in blind indifference to the 
things which go to make it up. The same is true respecting 
index numbers of wages, of rents, or of any other thing. Real- 
izing the importance of this truth and in consistency with 
what has gone before, a large part of this chapter is devoted 
to the principles of index number making. 

III. The Uses and Computation op Index Numbers 

In what has gone before emphasis has been put on plan 
and purpose in statistical study. These need to be insisted 
upon especially in connection with this topic, because, while 
most index numbers are of the “general purpose” type, 
they are given particular use. 

“Few of the widely-used index numbers, . . . are made to serve 
one special purpose. On the contrary, most of them are ‘general- 
purpose’ series, designed with no aim more definite than that of 
measuring changes in the price level Once published they are 
used for many ends — -to show the depreciation of gold, the rise 
in the cost of living, the alternations of business prosperity and de- 

mcdley of many chanffos, different in direetion and degree. All that we 
ean hope to secure iiy averaging and sunimariTiing is some eoneise statement 
of the general drift.” Taussig, F. W., Principles of Economics, Vol. I, 
p. 294. (Revised JEditiou, 1915.) Macmillan, New York. 
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pression, and the allowance to be made for changed prices in com- 
paring estimates of national wealth or private income at different 
times. They are cited to prove that wages ought to be advanced 
or kept stable ; that railway rates ought to be raised or lowered ; 
that ‘trusts’ have manipulated the prices of their products to the 
benefit or the injm’y of the pubhc ; that tariff changes have helped 
or harmed producers or consumers ; that immigration ought to be 
encouraged or restricted; that the monetary system ought to be 
reformed; that natural resources are being depleted or that the 
national dividend is growing. They are called in to explain why 
bonds have fallen in price and why interest rates have risen, why 
public expenditures have increased, why social um'est prevails in 
certain years, why farmers are prosperous or the reverse, why un- 
employment fluctuates, why gold is being imported or exported, and 
why political ‘landslides’ come when they do.” ^ 

Generally, however, two major purposes are distinguish- 
able, so far as price indexes are concerned. First, that of 
measuring quantitatively change in price level from time to 
time, and second, that of interpreting the effect of change 
upon various types of people. The first index number (or 
use) is often called the Jevonian, because the English econo- 
mist Jevons was among the first to attempt to measure the 
change in the purchasing power of gold. The second index 
number (or use) — hardly a type of index number, although 
the conditions of its computation are somewhat different 
from those which characterize the first — is the so-called 
consumers’. Its purpose is to approximate the effect of 
price changes upon consumers. Of course, there might, 
with the same justice, be computed a “ producers’ ” index 
number, the only difference being that emphasis would be 
placed on other commodities — those in which they are in- 
terested and which enter into their costs. 

1 Mitchell, Wesley C., “Index Numbers of Wholesale Prices in the 
United States and Foreign Countries,” Bulletin of the United States Bureau 
of Labor Statistics, Whole Number 173, July, 1915, pp. 25-26. 
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Inasmuch as few students or business men have the neces- 
time and organization to construct index numbers 
suited to their particular purposes, and because there are now 
currently published many price index numbers, the order in 
which our discussion has proceeded — that is, from definition 
of purpose to emplojunent of data — is reversed. The pur- 
pose for which index numbers may be used must be settled 
in the light of the peculiarities of the numbers at hand. This 
calls for detailed and intimate study, and must follow the 
lines suggested in this chapter.^ 

Professor IMitchell enumerates the operations involved in 
making a price number as follows : 

"(I) Defining the purpose for which the final results are to be 
used; (2) deciding the numbers and kinds of commodities to be 
included; (3) determining whether these commodities shall be 
treated alike or whether they shall be weighted according to their 
relative importance; (4) collecting the actual prices of the com- 
modities chosen, and, in case a weighted series is to be made, collect- 
ing also data regarding their relative importance ; (5) deciding 
whether to measure the average variations of prices or the varia- 
tions of a sum of actual prices ; (6) in case average variations are to 
be measured, choosing the base upon which relative prices shall be 
computed; and (7) settling upon the form of average to be struck. 

“At each one of these successive steps choice must be made 
among alternatives that range in number from two to thousands. 
The po.ssible combinations among the alternatives chosen are indef- 
initely numerous. Hence there is no assignable limit to the possible 
varieties of index numbers, and in practice no two of the known 
series are exactly alike in construction. To canvass even the im- 
portant variations of method actually in u.se is not a simple task.”^ 

*,Suc!i a comparative study has been made by Professor Wesley C. 
Mitchell in “Index Numbers of Wholesale Prices in the United States and 
Foroisn Countries,” Bulletin of the' United States Bureau of Labor Statistics, 
Whole Number 173, .July, 1915. Acknowledgments are here made of the 
indebtedness of the writer to Professor Mitchell for much of the illustrative 
matter in this and the following chapter. 

^Ibid., p. 25. 
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1, Data from which Price Index Numbers are Made 
In a study of prices attention must first be centered upon 
the commodities included and the conditions of price making. 
Distinction will have to be made between producers’ and 
consumers’ goods, ^ between raw and manufactured commodi- 
ties, ^ between manufactured goods bought by consumers for 

1“ . . . there are characteristic differences between the price fluctuations 
of manufactured commodities bought by consumers for family use and the 
price fluctuations of manufactured commodities bought by business men 
for industrial or commercial use. . . . Though con-sisting more largely of 
the erratically fluctuating farm pi’oducts, the consumers’ goods are steadier 
in price than the producers’ goods, because the demand for them is less in- 
fl\ienced by changes in business conditions.” Op. mt., pp. 60-61. 

2 “These several comparisons establish the conclusion that manufactured 
goods are steadier in price than raw materials. The manufactured goods 
fell less in 1S90-1S96, rose less in 1896-1907, again fell loss in 1907-1908, 
and rose less in 1908-1913. Further, the manufactured goods had the 
narrower extreme range of fluctuation.s, the smaller average change from 
year to year, and the slighter advance in price from one decade to the next. 
It follows that index numbers made from the prices of raw materials, or of 
raw materials and slightly manufactured products, must be expected to 
show wider oscillations than index numbers including a liberal representa- 
tion of finished commodities.” Op. cit., p. ,53. 

‘‘First, the list of commodities used by the Bureau of Labor Statistic.s 
includes 29 quotations for iron and its produet.s, 30 quotations for cotton 
and its products, and IS for wool and its products, besides S more quotations 
for fabrics made of wool and cotton together. On the other hand it has but 
7 series for wheat and its products, 8 for coal and its products, 3 for copper 
and its products, etc. The iron, cotton, and wool groups together make up 
85 series out of 242, or 35 per cent of the whole number. . ‘ . Sinulariy, 
cotton, wool, and wheat, or coal, or cattle, with their products, make 20 
per cent of the series in the third index number. 

‘‘Does this large representation of three staples distort these index num- 
bers — particularly the bureau’s series where the disproportion is greatest? 
Perhaps; but if so the distortion does not arise chiefly from the undue 
influence assigned to the price fluctuations of raw cotton, raw wool, and 
pig iron. For, contrary to the prevailing impression, the similarity between 
the price fluctuations of finished products and their raw materials is less 
than the similarity between the price fluctuations of finished products 
made from different materials. ... As babies from different families are 
more like one another than they are like their respective parents, so here 
the relative prices of cotton textiles, woolen textiles, steel tools, bread, and 
shoes differ far less among themselves than they differ severally from the 
relative prices of raw cotton, raw wool, pig iron, wheat, and hides. Hence 
the inclusion of a large number of articles made from iron, cotton, and wool 
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family use and manufactured commodities bought by business 
men for industrial uses,^ between mineral products, animal 
products and farm crops, ^ etc., the prices of all of which 
respond differently to conditions of scarcity and surplus.^* 

affects an index number mainly by increasing the representation allotted 
to manufactured goods. What materials those manufactured goods are 
made from makes less difference in the index number than the fact that 
they are manufactured. To replace iron, cotton, and woolen products by 
copper, linen, and rubber products would change the results somewhat, 
but a much greater change would come from replacing the manufactured 
forms of iron, cotton, and w'ool by new'- varieties of their raw forms.” Op. 
cit., pp. 01- fill. 

1 ‘‘It; has been found that among manufactured commodities those bought 
for family (iousumption are steadier in price than those bought for business 
use.” Op. cii., p. 64. 

s ‘‘Third, there are characteristic differences among the price fluctuations 
of the groups consisting of mineral products, forest products, animal prod- 
ucts, and farm crops. . . . Fifty-seven commodities are inoltided, all of 
them raw materials or slightly manufactured products. Here the striking 
feature is the capricious behavior of the price.s of farm crops under the 
influence of good and bad harvests. The sudden upward jump in their 
prices in 1891, despite the depressed condition of business, their advance in 
the dull year 1904, their fall in the year of revival 1905, their failure to 
advance in the midst of the prosperity of 1906, their trifling decline during 
the great depression of 1908, and their .sharp rise in the face of reactionin 1911 
are all oppo-sed to the general trend of other prices. The prices of animal 
products are distinctly less affected by weather than the prices of vegetable 
crojis, but even they behave queerly at times, for example in 1893. Forest- 
product prices are notable chiefly for maintaining a much higher level of 
fluctuation in 1902-1913 than any of the other groups, a level on which 
their fluctuations, when computed as percentages of the much lower prices 
of 1890-1899, appear extremely violent. Finally, the prices of minerals 
accord better with alternations of prosperity, crisis, and depression than 
any of the other groups. And the anomalies that do appear — the slight 
rise in three years (1896, 1903, and 1913) when the tide of business was 
receding — would be removed if the figures were compiled by months. 
For the trend of mineral prices was downward in these years, but the fall 
was not so rapid as the rise had been in the preceding years, so that the 
annual averages were left somewhat higher than before. An index number 
composed largely of quotations for annual crops, then, would bo expected 
at irregular intervals to contradict capriciously the evidence of index num- 
bers in which most of the articles W'ere mineral, forest, or even animal 
products.” Op. ciL, pp. 53 and 58. 

3 This topic has been given elaborate treatment by Professor Mitchell 
in his Business Cycles (University of California, Memoirs, Vol. Ill, Septem- 
ber, 1913), pp. 93-109. : 
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! Obviously, a price index number which reflects price changes 

at large must be made from samples of all commodity groups 
i that are affected in a peculiar manner. On the contrary, in 

I using an index number prepared by another, one must satisfy 

I himself respecting the list of commodities used before he can 

be sure what in reality the index measures. 

But what is meant by “price”? Has one in mind retail 
or wholesale price? price at what place? under what condi- 
tion of sale? to whom? price of what grade of commodity? 
on what market? Ai'e price data extant? will they continue 
to be available? Are the “prices” contract, import, or 
market prices? What is i/ie wholesale or retail price of a 
commodity ? 

“We commonly speak of the wholesale price of articles like pig 
iron, cotton, or beef as if there were only one unambiguous price 
for any one thing on a given day, however this price may vary from 
one day to another. In fact there are many different prices for 
every great staple on every day it is dealt in, and most of these 
differences are of the sort that tend to maintain themselves even 
when markets are highly organized and competition is keen. Of 
course varying grades command varying prices, and so as a rule do 
large lots and small lots ; for the same grade in the same quantities, 
different prices are paid by the manufacturer, jobber, and local 
buyer; in different localities the prices paid by these various 
dealers are not the same ; even in the same locality different dealers 
of the same class do not all pay the same price to every one from 
whom they buy the same grade in the same quantity on the same 
day. To find what really was the price of cotton, for exarhple, on 
\ February 1, 1915, would require an elaborate investigation, and 

would result in showing a multitude of different prices covering a 
f considerable range. 

I “Now the field worker collecting data for an index number must 

I select from among all these different prices for each of his commod- 

I ities the one or the few series of quotations that make the most 

I representative sample of the whole. He must find the most reliable 

I soui'ce of infonnation, the most representative market, the most 
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typical lorancls or grades, and the class of dealers who stand in the 
most, influential position. He must have sufficient technical knowl- 
edge to be sure that his quotations are for uniform qualities, or to 
make the iK-cessary adjustments if changes in quality have occurred 
in tlu‘ markets and require recognition in the statistical office. 
He must be able to recognize anything suspicious in the data offered 
him and to gel at the facts. He must know how commodities are 
made and must seek comparable information concerning the prices 
of raw materials and their manufactm-ed products, concerning 
articles that are substituted for one another, used in connection 
with one another, or tinned out as joint products of the same 
process. He must guard against the pitfalls of cash discounts, 
premiums, rebates, deferred payments, and allowances of all sorts. 
And he must know whether his quotations for different articles are 
all on the .same basis, or whether concealed factors must be allowed 
for in comparing the prices of different articles on a given date.” ^ 

If it is difficult to establish the price of a commodity at 
one time it is even more difficult to guarantee that the price 
determined at one time is the price at some other time. 
Conditions of marketing change, commodities change as to 
quality and salability, and price lists of identical commodi- 
ties for any great length of time are frequently not available. 
The paucity of price data and the unwillingness of people 
to place any reliance in those extant were undoubtedly the 
main reasons for the relatively late development of index 
numbers.' 

To-day, of course, such data as those from which the index 
number currcuitly published by the United States Bureau of 
Labor Statistics is computed, are furnished by reputable 
firms and corporations, according to uniform instructions, 
on uniform blanks, and are carefully scrutinized by the agents 
of the Government. Even under these circumstances, the 
Bureau found it necessary to resort, to a questionable statistical 
method of conversion in order to maintain the identity of the 
1 Oj). C'ii., pp. 27-28. ® Op. cif., p. 9. 
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index number, and finally radically to readjust its method of 
computation so as to admit new commodities in the place 
of those which ceased to be quoted or which became of 
less importance than others which ought to have been in- 
cluded. . 

But how many commodities ai’e necessary in order that an 
index number may indicate either the amount or effect of 
price change? From what regions should prices he drawn, 
and how frequently ought they to be recorded? Are prices 
quoted in standard and definite units ? ^ Some commodities 
are sensitive to conditions of demand and supply: others 
react slowly under changed conditions. Some are vitally 
affected by seasons, while othei’s show appreciable change 
only in the face of violent disturbance and exhibit a steady 
rise or fall only over long periods. ‘‘Typical” price behavior 
can hardly be predicted for any commodity. It may never 
occur. 

What principles have been followed in the choice of com- 
modities ? Are raw and manufactured commodities dispro- 
portioned? Is a certain unimportant commodity for one 
purpose — or important for another — represented in both 
its raw and its manufactured state ? How is the importance 
of a commodity given weight? What test of importance is 
applied? how is it measured? These are vital questions 
which one must answer for himself for every index number 
before he uses it for a particular purpose.^ 

1 “Often the form of quotation makes? all the difFerenoe between a sub- 
S3tantially uniform and highly variable commodity. For example, prices of 
cattle and hogs are more significant than prices of horses and mules, because 
the pi'ices of cattle and hogs are quoted per pound, while the prices of 
horses and mules are quoted per head." Op. cff., p. 45. 

2 Both for American and European index number.^ such que.stions as 
these and many more are answered in Bulletin of the United States Bureau 
of Labor Statistics, Whole Number 173, to which reference has so frequently 
been made. 

X ■ 
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“'Difficult as it is to secure! satisfactory price qiiotations, it is 
still more difficult to secure satisfactory statistics concerning the 
relative importance of the various commodities quoted, 'V'\diat is 
wanted is an accurate census of the quantities of the important 
staples, at least, that are annually produced, exchanged, or con- 
sumed. To take sucli a census is altogether beyond the power of 
the private investigators or even of the Government bui'eaus now 
engaged in making index numbers. Hence the compilers are forced 
to conffiie themselves for the most pai-t to extracting such informa- 
tion as tlu'v can from statistics already gatliered by other hands and 
for other purposes tlian theirs. In the United States, for example, 
estimates of {)roduction, consumption, or exchange come from most 
miscellaneous sources: From the Department of Agriculture, the 
Census Office, the Treasiu'y Department, the Bureau of Mines, 
tlio Geological Survey, the Internal Revenue Office, the Mint, 
associations of manufacturers or dealers, trade papers, produce 
exchanges, traffic records of canals and railways, etc. The man who 
assembles and compares estimates made by these various organiza- 
tions finds among tliem many glaring discrepancies for which it is 
difficult to account. Such conflict of evidence when two or more 
independent estimates of the same quantity are available throws 
doubt also upon the seemingly plausible figures corning from a 
single source for other articles. To extract acceptable results from 
this mass of heterogeneous data requires intimate familiarity with 
the statistical methods by which they were made, endless patience, 
and critical judgment of a high order, not to speak of tactful diplo- 
macy in dealing with the authorities whose figures are questioned.” ^ 

Mitchell, following an elaborate comparison of the various 
American index numbers, so far as choice of commodities 
and the importance assigned them are concerned, arrives 
at the following conclusions : 

“As for the small series made from the prices of foods alone or 
from the prices of any single group of conmioditios, it is clear that, 
however good for special uses they may be, they are untrustworthy 
as general-purpose index numbers.” ® 
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“The second conclusion ... is that large index num]:)ers are 
more trustworthy for general purposes than small ones, not only in 
so far as they include more groups of related prices, but al.so in so 
far as they contain more numerous samples from each group. 
What is characteristic in the behawor of the prices of farm crops, 
of mineral products, of manufactured wares, of consumers’ goods, 
etc. — what is characteristic in the behavior of any group of prices — 
is more likely to be brought out and to exercise its due effects upon 
the final results when the group is represented by 10 or 20 sets of 
quotations than when it is represented by only one or two sets. 
The basis of this contention is simple ; In eveiy group that has Ijcen 
studied there are certain commodities whose prices seldom behave 
in the typical way, and no commodities whose prices can be tru.sted 
always to behave typically. Conseciuently, no care to include 
commodities belonging to all the important groups can guarantee 
accurate results, unless care is also taken to get numerous repre- 
sentative of each group.” ^ 

2. Methods of Computing Price Index Numbers . 

In the discussion of the choice of commodities and of the 
difficulties of getting adequate prices the question of the 
method of computation has not been raised. Tentatively in 
defining index numbers, however, they were spoken of as 
relative numbers calculated upon a base, and most generally 
as averages of relatives. We have now to discuss the ques- 
tions of the base, the amount of weight which is assigned to 
various types of commodities, and whether an average of 
relatives seems to possess any merits over the more simple 
aggregate of prices. Before doing so, however, some 
attention should be given to the peculiarities of price fluc- 
tuations.2 

1 Op. cit,, pp. 70-71. 

2 In this discussion a price index is used for purposes of illustration. 
The treatment follows very closely that of Wesley C. Mitchell in Bulletin 
of the United States Bureau of Labor fStatistice, '^hole Number 173. 
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(1) Peculiarities of Price Fluctuations 

The trend of price change is generally in one direction 
for a considerable period. There are periods of falling and 
of rising prices. This, of course, does not mean that all 
prices change in the same direction at the same time, nor 
that those which change together change in the same degree. 
All that is meant is that in terms of a single year or an average 
of years taken as a base the price level moves up or down 
through relatively long periods. The differences of prices 
from the norm, whether negative or positive, generally tend 
to be in the same direction. Large differences, of course, 
are less common than small ones, but those that are positive 
do not exactly compensate for those that are negative. 
Mitchell has shown this in a striking way by comparing the 
price variations of 241 commodities in 1913, computed, 
first, as percentages of rise or fall from the prices in 1912 ; 
and second, as percentages of rise or fall from the average 
prices of 1890-1899. Graphically, Plate 20^ reveals the 
result. 

The differences — excesses and deficiencies of the per- 
centages of the 1913 prices in terms of the 1912 prices — 
arrange themselves, as shown by the solid line, about a 
norm, the arithmetic mean, the mode and the median tend- 
ing closely to agree. 

“But the distribution of the second set of variations (percent- 
ages of change from the average prices of 1890-1899) as represented 
by the area inclosed within the dotted line belongs to a different 
type. It has no pronounced central tendency ; it shows no high 
degree of concentration around the arithmetic mean (4- 30.4 per 
cent) or median (+26 per cent). It is more like an oblong 
than like the bell-shaped normal curve ; it has a range between 

p. 22. 
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the greatest fall (52,2 per cent) and greatest rise (234.6, per 
cent) so extreme that two of the cases could not be represented 
on the chart ; and its probable deviation is five times as great as 
that of the corresponding variations from 1912 prices — 18.5 points 
as against 3. (■). 

“Price variations, then, become dispersed over a wider range and 
less conceni rated about their mean as the time covered by the 
variations increases. The cause is simple: With some commodities 
the tr(md of successive price changes continues distinctly upward 
for years at a time; with other commodities there is a consistent 
downward trend; with still others no definite long-period trend 
appears. In any large collection of price quotations covering many 
years each of these types, in moderate and extreme form, and all 
sorts of crossings among them, are likely to occur. As the years 
pass by the commodities that have a consistent trend gradually 
climb far above or subside far below their earlier levels, while the 
other commodities are scattered between these extremes. Thus 
the percentages of variation for any given .year gradually get strung 
out in a long, thin, and irregular line, -without a marked degree of 
concentration about any single point.’’ ^ 

The tendency for price changes calculated from year to 
year, to arrange themselves around a central tendency — 
to conform to the “normal law of error” — has been worked 
out by Mitchell for the years 1891-1913, for 5578 cases. 
That is, the prices for more than 230 commodities during 
this period were expressed as percentages of the price 
which each bore in the preceding year, thus giving a de- 
tailed account of how each operated each year in terms 
of the preceding year. The changes were arranged in as- 
cending order from the greatest decrease up through no 
change to the greatest increase. For the extreme distri- 
bution decils were then worked out for each year. A 
study of the data makes it possible to measure the con- 
centration about a norm and to indicate the differences 


^ Op. cit„ p. 23. 
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by successive decils. Mitchell's table revealing this fact 
is given in the note belowd 

1 Average Concentration op Price Fluctuations around the Medivn, 
1891 to 1913 

[The fluctuations represent percentage changes from average prices in the preeerling 
year.] 


AvEn.AQE Range Covered by the — 



“The central division of the table shows that the average range covered 
by the fluetuations diminishes rapidly as we pass from the cases of greatest 
fall toward the cases of little change, and then increases still more rapidly 
as we go onward to the cases of greatest rise. The right-hanil group of 
columns shows how the range increases if we start ■with the two middle tenths, 
take in the two tenths just outside them, then the two tenths outside the 
latter, and so on until we have included the whole body of fluctuations. 
The left-hand group of columns, on the other hand, combines in succession 
the two tenths on the outer boundaries, then the two tenths immediately 
inside them, and so on until we get back again to the two central tenths. 
Perhaps the most striking single result brought out by this table is that eight 
tenths of all the fluctuations are concentrated within a range (25.7 per cent) 
slightly narrower than that covered by the single tenth that represents the 
heaviest declines (27 per cent), and much narrower than that covered by 
the single tenth that represents the greatest advances (42.4 per cent).” 
Op. cit., p. 17. 
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The actual distribution of the changes for the 5578 cases 
is given in the accompanying table, and is compared with 
a ‘'normal curve of error” in Plate 21. 


TABLE B 

Distribution of 5578 Cases op Change in the Wholesale 
Prices of Commodities prom One Year to the Next, ac- 
cording TO THE Magnitude and Direction of the Changes 
(Based upon the chain relative to Table 11 of Bulletin of the Bureau 
of Labor Statistics, No. 149) 


Per Cent of 
Change from 
the Average 
Price of the 
Pre<!ediug 
Year 

Number 

of 

C.ase3 

Pro- 

por- 

tion 

of 

Cases 

Per Cent 
af Change 
from the 
Average 
Price of 
the 

Preceding 

Year 

Num- 

ber 

of 

Cases 

Propor- 

tion 

of 

Cases 

Per Cent 
of Cliange 
from the 
Average 
Price of 
the 

Preceding 

Year 

Num- 

ber 

of 

Cases 

Propor- 

tion 

of 

1 Cases 

102-103.9 

1 

0.018 

46-47.9 


0.197 

Under 2 

^405 

7.261 

100--101.9 

1 

.018 

44-45.9 

! 10 

.179 

2- 3.9 

1375 

6.723 

98- 99.9 

— 

— 

42-43.9 

6 

.108 

4- 5.9 

329 

5.898 

96- 97.9 

— 

— 

40-41.9 

14 

.251 

6 - 7.9 

4 238 

i 4.267 

94- 95.9 

i 

— 

38-39.9 

17 

.305 

8 - 9.9 

200 

' 3.585 

92- 93.9 

— 

— 

36-37.9 

11 

.197 

10-11.9 

1 173 

I 3.101 

90- 91.9 

— 

— 

34r-35.9 

18 

.323 

12-13.9 

U 20 

j 2.151 

88 - 89.9 

— , 

— 

32-33.9 

17 

.305 

14-15.9 

107 

i 1.918 

86 - 87.9 ; 

1 

.018 

30-31.9 

22 

.394 

16-17.9 

76 

1.362 

84- 85.9 

1 

.018 

28-29.9 

30 

.538 

18-19.9 

71 

i 1.273 

82- 83.9 

1 

.018 

26-27.9 

29 

.520 

20-21.9 

45 

.807 

80- 81.9 

1 

.018 

24-25.9 

47 

.843 

22-23.9 

39 

.699 

78- 79.9 

— 

— 

22-23.9 

45 

.807 

24-25.9 

32 

.574 

76- 77.9 

__ 

— 

20-21.9 

65 

1.165 

26-27.9 

17 

.305 

74- 75.9 

1 

.018 

18-19.9 

73 

1.308 

28-29.9 

27 

.484 

72- 73.9 

4 1 

.072 

16-17.9 

1102 

1.828 

30-31.9 

16 

.287 

70- 71.9 

1 

.018 

14-15.9 

106 

1.900 

32-33.9 

7 

.125 

68 - 69.9 

3 

.054 

12-13.9 

115 

2.062 

.34-35.9 

10 

.179 


FaijWng Prices 


Location of the decxls. 
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Rising Prices 


Palling Prices 


Per Cent of 
Change from 
the Average 
Price of the 
Preceding 
Year 

Number 

of 

Cases 

Pro- 

^of 

Per Cent 
of Change 
from the 
Average 
Price of 
the 

Preceding 

Year 

Num- 

ber 

of 

Cases 

Propor- 

tion 

of 

Cases 

Per Cent 
of Change 
from the 
Average 
Pri(!e of 
the 

Preceding 

Year 

Xuni- 

iier 

Propor- 

tion 

of 

Case.s 

66- 67.9 

4 

.072 

10-11.9 

167 

2.994 

36-37.9 

7 

.125 

64- 65.9 

— 

— 

8- 9.9 

1237 

4.249 

3cS-39.9 

5 

.090 

62- 63.9 

— ■ 

— 

6- 7.9 

261 

4.679 

40-41.9 

5 

.090 

60- 61.9 

4 

.072 

4- 5.9 

1356 

6.382 

42-43.9 

4 

.072 

58- 59.9 

6 

.108 

2- 3.9 

355 

6.364 

44-45.9 

2 

.036 

56- 57.9 

1 

.018 

Under 2 

1410 

7.350 

46-47.9 

1 

.018 

54- 55.9 

3 

.054 

■ 

— 

— 

4S-49.9 

1 

.018 

52- 53.9 

4 

.072 

No change 

1697 

12.494 

50-51.9 

1 

.018 

50- 51.9 

1 

.018 

■ — 

— 

' — 

52-53.9 

— 

— 

48- 49.9 

5 

.090 

— 

— 

— 

54-55.9 

1 

.018 


Summary 



Number of Cases 

Proportion of Cases 

Rising prices . 

2,567 

46.021 

No change . . . . . . . . 

697 

12.494 

Falling prices ....... 

2,314 

41.485 

Total . . 

5,578 i 

100.0002 


In commenting on the distribution and the comparison 
with the normal error curve, Mitchell says : 

“There are three significant points to notice here ; (1) The two 
forms of distribution, the actual and the ‘normal,’ are of the same 
type. (2) The concentration about the central tendency is greater 
in the actual than in the ‘normal’ distribution; but on the other 
1 Location of the decils. * Oj?. cii., p. 19. 



Change 


PLATE 21 

Distribution of 5578 Price Variations. (Percentages of Bise or Fall from 
Prices of Preceding Year) 
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hand, the extreme variations diverge further from this central 
tendency in the actual distribution than in the other. (3) Unlike 
the biormar distribution, the actual distribution is not perfectly 
symmetrical. Two closely related aspects of this difference may 
be pointed out ; First, the outlying cases of the ‘normar dislrilni- 
tion extend precisely the same distance from the central tendency 
in both directions, whereas in the actual distribution the outls'ing 
cases run much farther to the right (in the direction of a rise in 
prices) than to the left (in the direction of a fall). Second, the 
central tendency itself is free from ambiguity in one case but not in 
the other. In the ‘normal’ distribution this tendency may be 
expressed differently by the median, the arithmetic mean, or the 
mode (the point of greatest density) ; for these three averages coin- 
cide. In the actual distribution, on the contrary, these averages 
differ slightly; the median and mode stand at ± 0, while the arith- 
metic mean is -j- 1.36 per cent. These departnres of the actual 
distribution from perfect symmetry possess a certain significance ; 
but, after all, they are minor qualifications of the important prop- 
osition ; namely, year-to-year price fluctuations are grouped about 
their central tendency in a strikingly regular fashion.” ^ 

Tlje meaning of the agreement between the variations of 
prices from their normal tendency and the curve of error 
is important in the interpretation of index numbers. Most 
numbers, as was said above, are averages of relatives. An 
average is a summary expression which in and of itself need 
not reveal the deviations of actual data, from an average. 
These may be large or small and arranged about an average 
in any form. However, for a normal distribution the 
variations assume definite form and the median, the mode, and 
the arithmetic mean agree. Change in price level is then 
best indicated by an average which subscribes to these 
conditions. If price indexes are computed in terms^ of 
changes from year to year — that is, if chain-relatives are 
computed — this agreement exists. If they are computed 


J op. cii., pp. 19-21. 
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upon a remote base, the variations do not follow this normal 
order, and an average of the changes is an imj^erfcct {)icture 
of the combined result. Mitchell has stated his conclusion 
in respect to this point as follows ; 

“The consequence is that the measurement of price fluctuations 
becomes difficult in proportion to the length of time during which 
the variations to be measured have continued. In other words, 
the farther apart, are the dates for which prices are compared, the 
wider is the margin of error to which index numbers are subject, 
the greater the discrepancies likely to appear between index numbers 
made by different investigators, the wider the divergencies between 
the averages and the individual variations from which they are 
computed, and the larger the })ody of data required to give confi- 
dence in the representative value of the results,” ^ 

Two questions of vital interest are raised by the above 
discussion : First, should reliance be placed in an average 
of relatives index number? and, Second, if a relative is used 
what average should be employed? These questions are 
discussed immediately below. 

(2) The Base in Computing a Price Inde.x Number 

It has been felt necessary to reduce actual prices to a 
relative basis in order to combine them. The units in which 
they are quoted, and the varying importances which are 
assigned to them, have been in the past quite enough to 
prevent any reliance being placed in a simple aggregate of 
the prices of a group of commodities. Absolute differences 
have been dispelled by the simple expedient of reducing 
prices of commodities at one period into percentages of the 
prices which the same commodities bore at another or base 
period, and by taking the arithmetic or some other average 
of the aggregate per cents. The result became the index for 


i Op. cit., p. 23. 
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the time used. It will be noted, however, that this process 
nominally amounts to giving all commodities the same 
weight — that is, unity, since each is called 100 per cent. 
To correct this, weights have been assigned by arbitrarily 
giving some commodities more importance than others or 
by choosing a larger number of those which it is intended 
heavily to weight. Recently, however, there has developed 
a tendency to use simply a sum of actual prices, to convert 
these to a common basis, such as value per pound, and to 
weight them according to some outward index. ^ By so 
doing, it is maintained, two difficulties are overcome : First, 
the problem of choosing a base year, since actual prices do 
not necessarily have to be reduced to a relative basis, and, 
second, of deciding upon an appropriate average of relatives. 

In the discussion in the preceding section reasons were 
given for preferring a recent as contrasted with a remote 
base. The case, however, is not wholly in favor of the use of 
a recent year or of a chain-relative, although it is no doubt 
true that most people desire to make comparisons with recent 
dates, and that year-to-year variations are more accurately 
measured by an average than are the variations growing out 
of the use of a remote period. Chain-relatives are difficult 
to use. Differences from year to year are admirably shown, 
but not the changes for a period of years.® On the other 

> How generally this is now being done will be seen in the following 
chapter. 

* “Gf course, chain relatives for successive years can be multiplied to- 
gether to form a continuous series, but it is not easy to give the later mem- 
bers of the series a concrete meaning. To know, for example, that in 1891 
prices fell, on the average, 0.2 per cent below their level in 1890; that in 
1892 they fell 4.4 per cent below their new level in 1891, and so on through 
ups and downs on an ever-changing base for every year to 191.5, enables 
one to make a series beginning, say, with 100 in 1890 and running on with 
99.8 in 1891, 9.5.4 in 1892, etc., to some result for 1915. But such a series 
does not enable one to say in terms of what a comparison is made between 
prices in 1915 and in 1890.” Op. cil, p. 38. 
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hand, the ease with which obsolescent commodities may be 
dropped and new ones addedd when actual prices are used ’, 
and the further fact that prices with which comparisons are 
made are recent and do not have to be thought of as “normal” 
nor “abnormal,” but only as actual, are factors tending to 
increase the popularity and use of the year-to-year type. 
To change to a new base in the case of an average of relatives 
re<iuires that the index be re-computed from the beginning, 
or that the so-called short method ^ be employed. The 
latter gives doubtful results ^ while the former is prohibitive 

* “A further advantiige of chain index numbers is that they make the 
droppinc: of ol)solescent and the adding of now commodities especitdly easy. 
It is difficult to keep the list of commodities included in a fixed-base system 
really representative of the markets over a long period of time. Barring 
perhaps thirty or so staijle raw muteiials that hold their importance for 
centuries at a time, most commodities hav'e their day of favor and then 
yield to new products. Consequently the compilers can hardly let two 
decades pass without revising their lists, in certain details, or seeing them 
lose in significance. But since a chain index does not profess to give accu- 
rate comparisons except between successive years the compiler feels himself 
free to improve his list whenever he can. It is very much easier to include 
many commodities on this plan. And if the index number be weighted, the 
chain index has a similar advantage in facilitating the frequent revision of 
the weights.” Op. cit., p. 37. 

* “This method consists in dividing the figures for other dates by the 
figures for the date desired as base and multiplying the quotients by 100. 
Of cour.se this process results in a relative price of 100 for the new base 
period, and the other figures look as if they showed average relative prices 
as percentages of prices at this period. But there is no matnematical justi- 
fication for assuming that results reached in thi.s way must agree with re- 
sult, s reached by recomputing relative prices for each commodity on the 
new base. For such recomputation usually alters considerably the relative 
influence exercised upon the arithmetic means by the price fluctuations of 
certain commodities. Those articles which are cheaper in the new than in 
the ol<l base period get higher relative prices and therefore increa.sed in- 
fluence. Vice versa, .articles that .are dearer in the new base period get lower 
relative prices and therefore diminished influence. Of course the short 
method of shifting the base, which retains the old relative prices, does not 
permit any such alteration in the influence exercised by the fluctuations of 
different commodities. Hence the two methods of .shifting the base .seldom 
yield preei.sely the same results. To present a series of arithmetic means 
shifted by the short method as showing what the index numbers would 
have been if they had been computed upon the new base is therefore mis- 
leading.” Op. cit., p. 39. 
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because of the amount of labor involved. When an index 
is a sum of dollars and cents, it can be put in the form of a 
relative on any base by a simple numerical calculation. 

(3) The Average to Use in Computing a Price Index Number 

The discussion of the best average to use in the case of an 
index number of relative prices has been long and volumi- 
nous.^ It has generally been associated with some phase 
of the interpretation of price phenomena and has assumed 
both a mathematical and economic turn. Champions of the 
arithmetic mean, of the median, and of the geometric mean 
have appeared. It is not our purpose to enter this discussion 
further than to call attention to the properties, already dis- 
cussed, of the more common averages, and briefly to sum- 
marize the ease for the geometric mean in connection with 
index numbers. 

Some sort of an average is generally used, the most common 
undoubtedly being the arithmetic mean. Indeed, some have 
insisted that it is the '' natural” ^ average, all others being in- 
appropriate for index number purposes. Others, of which 
Jevons, the English economist, and Walsh® are probably the 
foremost champions, have insisted upon the geometric 
mean — that is, the nth root of the product of the factors. 
The merits of any average must of necessity turn upon the 
nature of the inquiry which is being made. This truth has 
been so admirably stated by Mitchell in respect to index 
numbers, that in spite of the emphasis that has already 

1 For instance, see Laughlin,. J. L., The Principles of Money, Ch. VI, 
and Bibliography; Mitchell, op. ai., pp. S8 ff. ; Fisher, Irving, The Pur- 
chasing Power of Money, Ob. X, and Appendix to Ch. X; Walsh, C. M., 
The Measurement of General Exchange Value, passim. 

® Padan, Journal of Political Economy, IdOO, pp. 73 ff., quoted by Laughlin, 
op. cit., p. 148. 

3 gee note I above. 
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lioen j^iven to it in an earlier chapter, we cannot do better 
than to quote him. 

'‘AVi.se choice of the average to use in making an index number, 
then, involves curc'ful con.sideration of the materials to be dealt with 
and of the imr])ose in view. (1) If that purpose be to measure the 
average ratio of change in prices, the geometric mean is the best, 
indeed, in strictness, it is the onty proper average to employ. 
FoJ", aloiK' among our averages, the geometric mean always allows 
equal iullinmci' to (apial ratios of cliange in price, quite irrespective 
of tlie pr(‘^'iou.s levels of the prices in question, the amounts of money 
repr('S(‘nted by tlie changes themselves, or any other factor. As 
has been .said alreatly, in a geometric mean the doubling of one 
price i.s precistd y olfset Ijy the hahung of another price — though if 
the two prices were originally the same the rise amounts in money 
to twice the fall. And further changes of 10 per cent from the two 
new prices will again be precisely equal in their influence upon a 
geometric mean, although 10 per cent of the price that has doubled 
repre.sonts a .sum of money four times as great as 10 per cent of the 
price that has l)ci.‘n halved. (2) But these same e'xamples show 
that geometric means are not proper averages for measuring altera- 
tions in the amount of money that goods cost. And as a rule our 
interest does ccntm- in the money cost of goods rather than in the 
average ratio of cluinge.s in price. For example, when we are inves- 
tigating the increased cost of living, the doubling of one item in the 
family budget may well be twice as important as its halving ; and 
when we are studying the ‘relation of prices to the currency, a 
large upward variation should count for more than a small downward 
variation, for it requires more currency.’ For such purposes the 
arithmetic mean is the logical average to use. (3) Frequently, how- 
ever, the very fact that an article has advanced greatly in price cuts 
down its market, so that the increase in money cost represented by 
the arithmetic mean exists on paper rather than in fact. AVhen 
such cases of extreme advance are numerous among the relative 
prices to be averaged, the median may give more significant results 
than the arithmetic mean. (4) When the number of commodities 
included in the index number is small, however, medians are likely 
to pro-^^e highly erratic, representing less the general trend of prices 
than the peculiarities of the data from wliich they are made. (5) If 
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the index number is designed for the public at large, the familiarity 
of arithmetic means is an argument in their favor ; but it counts for 
nothing in the case of figures intended for specialists. (6) Often 
the usefulness of a new index number may be enhanced without 
detriment to its special pm’pose by throwing it into a form directly 
comparable with that of index nmnbers already in existence. 
Then, of course, not only the form of average but also the base 
period employed in making the existing series has special claims for 
imitation. (7) Finally, the desirability of making index numbers 
that can be shifted from one base to another deserves far more 
consideration than is commonly accorded it. On this count the 
score is in favor of the geometric mean. If geometric means were 
invariably used, all index numbers could readily be compared with 
one another, w'hatever the bases on which they were originally 
computed. And that would be a great gain to all students of 
prices.” ^ 

The fact that the geometric mean as an index number can 
be shifted from one base to another easily and accurately 
undoubtedly is of advantage.^ But it is unfamiliar and 
laborious to compute and is not in general use. It is doubt- 
ful if its merits are sufficient to overbalance these last two 
counts. Certainly not for the general student and business 
man. 

If exceptional changes — these variations far removed 
from the norm — are to be given weight, and if money costs 
and their effects are to be taken cognizance of, then the 
arithmetic mean must be employed so long as averages of 
relatives are used. But when relatives are calculated upon 
a remote base, exceptional deviations tend to be exaggerated, 
the distribution being asymmetrical and not well balanced 
on either side of the norm. In this respect, so far as both 
commodity and stock prices are concerned, “ geometric 
means are more significant averages of price fluctuations 

1 Mitchell, op. pp, 88-90. 

2 See tjie illustration given in Mitchell, op. cit., p. 82. 
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. . . than arithmetic means, because they are the averages 
of more symmetrical distributions." i 

The median also has its champions. Its ease of calcula- 
tion and the fact that it serves, with the qiiartiles or deoils, 
to give a notion of distribution of variations about a central 
tendency cause it to be supported by many. Its char- 
acteristics have already been indicated in an earlier chapter, 
and, following Mitchell, can briefly be summarized in connec- 
tion with ihe use in question. 

“(1) They are not perfectly reversible; that is, they cannot 
always be sldfted from one base 1o another by simple division. 
(2) The median may not answaa- pjaadsely to its delinition when 
several of the it('ins to he averaged have identical values. . . . 
(8) Medians of difforeul groups cannot be combined, averaged or 
otherwise nuiiiiinilated with ease as can arithmetic means. ... 
(4) WHieu the number of items to he averaged is small, medians are 
erratic in their }>cha\’ior. . . “ 

While the virtue of an average is always a function of the 
use which is to be made of it,^ this fact is too often ignored 
in the case of index numbers. Consumers of statistics too 
readily absorb the completed numbers without bothering 
themselves over the manner in which they are computed. 
From this point of view as well as from others, it would be a 
decided step in advance if index numbers could be computed 
without resorting to averages at all. This is now done in 
several cases. However, it is probably a vain hope to hold 

* Mitchell has made an elaborate comparison of the median, the arith- 
metic mean, and the geometric mean for .stock and commodity index num- 
bers in “A Critique of Index Numbers of Prices of Stocks” in The Journal 
of Political Economy, July, 1916, pp. 62.'>-69.S. Comparisons of medians 
and arithnietio moans are made in Bulletin of the United States Bureau of 
Lnhor Statistics, '\Vlu)le Number 173, pp. 87-90. 

- Mitchell, Bulletin of the United States Bureau of Labor Statistics, 
Number 173, pp. S4-8o. 

'* This point of view has been developed in Chapter VIII, above. Aver- 
ages as Types. 
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out that a simplicity of statistical method can ever compen- 
sate for blind indifference on the part of user of statistics. 
Moie particularly is this true respecting the use of index 
numbers. 

(4) Weighting and its Problems in Connection with a Price 
Index Number 

Distinction is generally drawn between '' simple” and 
“ weighted ” index numbers. By a weighted number is meant 
one in which commodities are influential according to their 
relative importance. When commodities are allowed to 
influence the result in the same proportion, the result is said 
to be a “simple” index number. Weighting is effected in 
various ways. For retail price indexes a common method is 
to weight according to consumption as revealed in budgetary 
studies or by aggregate national expenditure. For whole- 
sale price indexes, commodities may be assigned different 
importances by a conscious choice of the commodities used. 
In some cases an external index of importance is employed 
for wholesale numbers, as, for instance, the amount of im- 
ports and exports, the amount of production, the value of 
articles or services “exchanged at base prices in the year 
whose level of prices it is desired to find.” ^ Mitchell has 
used as weights, in the case of stock index numbers, stock 
outstanding, earnings, and number of shares sold.^ 

Lack of attention to weights does not mean that weights 
are equal, but generally that they are haphazard. They are 
not necessarily bad because of this, nor good, as Mitchell 
points out, if they are consciously made. “ The real problem 

^ Fisher, Irving, The Purchasing Power of Money, pp. 217-218. 

2 Mitchell, Wesley C., “ A Critique of Index Numbers of the Prices of 
Stocks,” in The Journal of Political Economy, July, 1916, pp. 632 ff. 
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for the maker of index numbers is whether he shall leave 
weighting to chance or seek to rationalize it.” ^ 

Moreover, so-called simple index numbers may in fact 
be markedly weighted; as, for instance, the Aldrich index 
number, where 25 different varieties of pocket knives were 
included, thus giving this trifling article an influence upon 
the result more than eight times greater than given to wheat, 
corn, and coal put together.” ^ in fact to give each commod- 
ity equal weight would require careful and studied atten- 
tion to the choo.sing of positive weights. 

But what test or tests of importance are available? Are 
they appli(‘able at all times and places, and for all purposes ? 
If there is in reality no defensil^le '‘■'general purpose” index 
number, there is likewise no single system of weights of 
universal application. To weight a retail price index number, 
where the purpose of its computation is patently to measure 
the effect of price change on consumers, by the amount of 
production or by the value of the articles exchanged is ill 
fitting. Likewise, to weight a wholesale index number, 
knowing the discrepancies between wholesale and retail 
prices, by statistics of family budgets is illogical. Reason 
and fitness must characterize the use of weights — and these 
must be tested in terms of uses — or they must be dispensed 
with entirely. 

On the relation of weights to purposes of index numbers, 
Mitchell says : 

“If rational weighting is worth strmng after, then, by what 
criterion shall the relative importance of the different commodities 
be judged? That depends upon the object of the investigation. 
If, for example, the aim be to measure changes in the cost of li\dng, 
and the data be retail quotations of consumers’ commodities, then 

^ Bulletin of the United States Bureau of Labor Statistics, Whole Number 
173, p. 72. ilbid., i>. 71. 
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the proportionate expenditures upon the different articles as repre- 
sented by collections of family budgets make appropriate weights. 
If the aim be to study changes in the money incomes of farmers, 
then the data should be ‘farm prices,’ the list of commodities 
should be limited to farm products, and the weights should be pro- 
portionate to the monetary receipts from the several products. 
If the aim be to construct a business barometer, the data should Ire 
prices from the most representative wholesale markets, the list 
should be confined to commodities whose prices are most sensitive to 
changes in business prospects and least liable to change from other 
causes, and the weights may logically be adjusted to the relative 
importance of the commodities as objects of investment. If the 
aim be merely to find the differences of price fluctuation character- 
istic of dissimilar groups of commodities, or to study the influence 
of gold production or the issue of irredeemable paper money upon 
the way in which prices change, it may be appropriate to give 
identical weights to all the commodities. If, on the other hand, 
the aim be to make a general-pm’pose index number of wholesale 
prices, the question is less easy to answer.” ^ 

But why use weights at all, wdien weighted results are so 
strikingly the same as unweighted? Two main reasons are 
usually assigned for ignoring them. The first has already 
been mentioned in the following form : What is the test or 
tests of importance and where are data to measure it ? The 
second, and one which is thought to be important, is that 
unweighted scries are almost identical with the weighted. 
Bowley says, in much quoted passages : 

“The discussion of the proper weight to be used . . . has oc- 
cupied a space in statistical literature out of all proportion to its 
significance, for it may be said at once that no great importance 
need be attached to the special choice of weights ; one of the most 
convenient facts of statistical theory is that, given certain conditions, 
the same result is obtained whatever logical system of weights is 
applied.” 2 

^ OV' cit-, PP- 75-76. 

2 Bowley, A. L., Biemente o/5<aiisfo‘cs, 2(1 Ed., 1902, p. 113. 


326 


STATISTICAL METHODS 


‘‘So wc arrive at a very important precept ; in calculaiing aver- 
ages give all care to maHng the items free from bias, and do not strain 
after exactness in weightmg.” ^ 

Weighting properly considered is nothing but a striving 
after a proper distribution of samples. Sampling may as 
effectively be done by an adjustment of weights as by the 
more direct, but sometimes more difScult, method of increas- 
ing the commodities taken. In reality the two are alterna- 
tives, with this difference that errors in prices will probably 
tend more nearly to be compensating than those in weights. 
If a rational system of weight does not change the result of 
an unweighted average, it may safely be concluded that the 
latter accurately represents the true condition. If it does, 
then it may be concluded that the unweighted data are not 
representative, and that by using weights the effect has been 
to extend the base so as to include more commodities. 

While the problem of selecting weights lends itself to 
theoretical discussion, it is primarily of practical concern. 
To the person who desires to use index numbers the question 
cannot be dismissed with the assertion that if weights are 
chosen according to chance, weighted and unweighted indexes 
closely agree. As they are computed, weights are not always 
so chosen, numbers differ materially, and the merits of un- 
weighted and weighted numbers can be determined only by 
comparison.^ In the light of the differences shown in this 
manner tlie merits of the two types of series must be deter- 
mined. The student and businessman cannot readily make 
these comparisons for themselves but they can be familiar 

1 Bowley, A. L., Element of Statistics, 2A Ed., 1902, p. 118. 

® Weighted and unweighted series, and those weighted in various ways 
both for commodities and stocks, are elaborately compared by Mitchell, 
Wesley C., in “Critique of Index Numbers of Price.s of Stock,” in The 
Journal of Political Economy, July, 1916, passim; and Bulletin of the United 
(Stoies Bureau o/ Labor jStatfsliics, Whole Number 173, pp. 74-75. 
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with those that have been made, and can use the indexes 
in a candid and intelligent manner. That “amiable weak- 
ness to take upon faith plausible figures that fill a pressing 
want” would not then be so common. 

Should weights be fixed or fluctuating? By changing them 
a more accurate measure of importance is undoubtedly 
acquired, but changes in an index must then be interpreted 
not only in terms of prices but also in terms of weights. 
Conceivably, some sort of an average of relative importance 
over a period could be used, but if so the variations would 
be lost sight of. When chain-indexes are used, weights can 
be varied without confusion, since price changes from year to 
year only are measured. Such figures do not accurately 
measure changes over a period. The question cannot be 
answered in a word, and we shall not attempt to settle it. 
There is much to be said for the stability resulting from the 
use of fixed weights, and in actual practice necessity fre- 
quently requires that one be satisfied with such. 

(5) Average of Relatives Index Numbers versus Actual 
Prices Aggregated 

In the section devoted to The Base the question of the 
desirability of actual instead of relative prices was raised, 
and some of the reasons indicated which have prompted a 
return to the former kind. This problem may now be 
considered a little more fully. Two major questions are 
involved ; First, how to reduce commodities quoted in widely 
different units and in different quantities to a common 
denominator in order that they can be combined — for price 
level would not be reflected in the change of a single commod- 
ity; and second, what system of weights to use. The first 
question until recently seemed insuperable. As the Bureau 
of Labor Statistics puts it ; 
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. . . "it would Ido a statistical absurdity to make index numbers 
for the different years from the yearly averages of the actual money 
prices of a ton of coal, a yard of calico, a hundredweight of live 
hogs, 144 lioxes of matches, a pound of raw rubl)or, a gallon of tur- 
pentine, 50 square feet of window glass, a dozen cans of salmon, a 
barrel of petroleum, a yard of trouserings, a mule, a pair of boots, 
a bushel of beans, a thousand feet of pine lumber, a crosscut saw, 
a barrel of cement, a two-l)ushel bag, a thousand bricks, a ton of 
steel rails, a dozen teacups and a dozen saucem, a spool of thread, a 
pine door, a pound of cotton, a dozen cans of tomatoes, a pair of 
door knobs, a hundredweight of baibed wire, a hammer, a quintal 
of (iodtish, a ‘set’ of bedroom furniture, a ton of brimstone, a dozen 
eggs, an apothecaiy’s ounce of quinine, a barrel of salt, a dozen 
kitchen chairs, a pound of beef, a pair of cotton blankets, a nest of 
three oak-grained tul>s, 100 pounds of onions, a carving set, a 
bushel of potatoes, a dozen pairs of socks, a three-quarter-inch 
auger, a barrel of herrings, a troy ounce of silver, a box of raisins, 
a ton of hay, a dozen undershirts, a quart of milk, a thousand 
shingles, a yard of broadcloth, a ton of cotton-seed meal, a gross 
of wood screws, and a pound of plug tobacco.” ^ 

Even to reduce the various units with the prices quoted 
per length, dozen, cubical contents, area, weight, etc., to 
prices per pound, or some other single unit, will not suflffee. 
Left in this manner an index 

"greatly exaggerates the effects of price changes in the rare, 
costly, and relatively unimportant articles, like opium and silver, 
and correspondingly minimizes the importance of price changes in 
common, cheap, and important articles, like coal, petroleum, and 
pig iron. It avoids the inaccuracies of the average of relatives by 
committing much graver inaccuracies.” * 

To remedy this defect, however, the device is now adopted 
by the United States Bureau of Labor Statistics in the case of 
wholesale prices of weighting the price per pound of commodi- 

1 Bulletin of the United States Bureau of Labor Statistics, Whole Number 
181, Wholesale Prices, p. 245. 

’‘Ibid., p. 246. 
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ties by the amount of physical product placed on the market 
in 1909. In this way a relative of weighted aggregate money 
prices is secured — the last completed year being the base 
adopted — instead of an average of relative prices. The 
theory upon which the number is computed is that ‘‘what 
is wanted in wholesale-price indexes as well as in retail-price 
indexes is a measure for changes in the cost of a given bill of 
goods.” 1 This purpose seems to be the one in which most 
people are interested and the sum of actual prices appears best 
fitted to establish it. Mitchell, after summarizing the ad- 
vantages of aggregates of actual prices, has the following to 
say: “Now the weighted aggregate of prices is the best 
measure of change in the money cost of goods ; it is better in 
several ways than the simple arithmetic mean of relative 
prices, and in addition it has all the merits of the latter form 
of average.” ^ 

“Aggregates of money prices weighted according to the impor- 
tance of the several articles are as easy to understand as arithmetic 
means of relative prices. They are less laborious to compute than 
any other form of weighted series, for no relative prices are used ; 
the original quotations are multiplied directly by the physical 
quantities used as weights, and the products added together. 
They are not tied to a single base period ; but from them relative 
prices can quickly be made upon the chain system or any fixed 
base that is desired, and these relative prices themselves can be 
shifted about at will as readily as geometric means. Hence they 
are capable of giving direct comparisons between prices on any 
two dates in which an investigator happens to be interested. Hence, 
also, they can be compared with any index numbers covering the 
same years, on whatever base the latter are computed. Their mean- 
ing is perfectly definite^ — which is not always true of medians. 
They can not be made to give apparently inconsistent results like 

Wholesale Prices,” Bulletin of the United States Bureau of Labor 
Statistics, Whole Number 181, p. 246. 

2 W’'hole Number 173, p. 92. 
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arithmetic means. When published as sums of money, they ean 
be added, subtracted, multiplied, divided, or averaged in any way 
that is convenient. When weighted on a sound system, they ean 
not be unduly distorted by a very great advance in the price of a 
few articles, and yet, unlike medians, they allow every change in the 
price of every article to influence the rc.sult. In fact, they combine 
most of the merits and few of the defects characteristic of the 
various methods of averaging relative prices.” ^ 

IV. Conclusion 

The discussion has been carried far enough to establish 
the fact that index number making and using are far from 
simple things. The complexity of the problem seemed to 
make it necessary to develop the various points in this 
chapter in order to bring before the reader the theoretical 
and practical considerations surrounding the topic. In 
most respects little more has been done than to call attention 
to the more important phases of the subject and to leave the 
student to verify them by reference to such painstaking and 
comprehensive studies as those of Fisher, Mitchell, and 
others. Some of the more important practical applications 
of the subject are outlined in the following chapter. The 
aim here is not a critique, but rather an exposition of the 
principles upon wliich a critique must be based. If an in- 
terest ill index number making and using has been aroused, 
the main purpose of what has been written here sshall have 
been accomplished. After all, the main reliance must be 
placed in the scientific spirit and integrity of both maker 
and user. If these are lacking, the use of statistics is without 
a logical defense. 

^ “Wholesale Prices,” BvlleUn of the, United States Bureau of Labor Star 
listics, Whole Number 173, p. 91. 
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CHAPTER X 


AMERICAN PRICE INDEX NUMBERS DESCRIBED AND 
COMPARED 

1. Inteoduction 

In the preceding chapter the chief considerations in the 
computation and use of index numbers have been outlined. 
In this chapter evidence is furnished of the importance of 
these in the descriptions and comparisons of the leading 
American index numbers. The treatment is for the most 
part descriptive, the aim being to emphasize those features 
which should be known when index numbers are used. The 
facts here collected, while generally available, are not, it is 
feared, fully appreciated either by students or by business 
men. It i.s with this thought in mind, and with the purpose 
of giving the theoretical points practical application that 
a chapter is devoted to the descriptive side of the question. 

II. Description op American Index Numbers 

American index numbers divide themselves into two 
groups. First, those currently prepared by the United States 
Government, and second, those prepared by private estab- 
lishments. The government issues both a wholesale and 
a retail number ; those published privately are restricted to 
ivholesale prices. The government, moreover, publishes 
index numbers of wages and hours of labor in certain in- 
dustries, but a description of these is not included here, 
inasmuch as the methods are in the main the same as those 
followed in the price series. 
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1. Price Indexes Prepared by the United States Government 

( 1 ) Index of Wholesale Prices Prepared by the United 
States Government 

The systematic publication of a wholesale price index 
number by the United States Government was begun in 
1902. The period first covered was 1890 to 1901, inclusive. 
This number was in continuation of the index compiled by 
the Department of Labor for the period 1890 to 1899, but 
included somewhat different commodities and carried the 
computation back to 1890. Since, then an index has been 
published annually. Up to and including 1913, the index 
was an average of relatives based upon the average price 
1890-1899. In 1914 a change was made to an aggregate of 
actual prices, reduced to a price per pound basis and weighted 
according to the amount of goods placed on the market in 
1909. A description of the precise method by which the 
change was made is deferred until the conditions existing 
in 1913 have been outlined. 

There were 252 commodities included in the index for 
1913. The number varied as follows over the period 1890- 
1913 : 

TABLE A 


Table Showing the Numbeb op Commodities, Bureau op Labor 
Wholesale Price Index Number, 1890 to 1913, Inclusive 


Number op Commodities 

Years 

251 

257 ' 

1890, 1891 

1909-1911 

252 

. 258 

1913 

1906-1908 

253 

259 

1892 

1895, 1904, 1905 

1896, 1899-1903 

255 

260 

1893, 1912 
1894 

256 

261 

1897, 1898 
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The choice has been such as to give weight to the com- 
modities deemed most important. No definite numerical 
system of weights was used imtil the change was made to 
actual prices in 1914. Before this date the commodities 
were distributed in groups as follows: 

TABLE B 


Table Showing the Number and Grouping op Commodities 
poR THE United States Wholesale Price Index, 1890-1913 


Commodity Gaotip 

Nc.mbeii 

Yeaks 

Farni products . . . ... 

16 

1890-1907 

Farm products 

20 

1908-1913 

Foods 

53 

1890-1892, 1904-1907 

Foods 

54 

1893-1903, 1913 

Foods .... 

55 

1912 

Foods . 

57 

1908-1911 

Cloths and clothing . ... 

63 

1913 

Cloths and clothing . . . . 

65 

1909-1912 

Cloths and clothing . . . . 

66 

1908 

Cloths and clothing . . . . 

70 

1890, 1891 

Cloths and clothing ... . 

72 

1892 

Cloths and elotliing . . . . 

1 73 

; 1893, 1894 

Cloths and clothing . ... 

75 

1895, 1896, 1906, 1907 

Cloths and clothing .... 

76 i 

1897-1905 

Fuel and lighting . . . . . 

13 i 

1890-1913 

Metals and implements . . . 

■■ 37 1 

1890-1893 

Metals and implements . . . 

38 

1894, 1895, 1899-1913 

Metals and implements . . . 

39 

1896-1898 

Lumber and building material . 

26 

1890-1894 

Lumber and building material . 

27 

1895-1907 

Lumber and building material . 

28 

1908-1913 

Drugs and chemicals . . . . 

9 

1890-1913 

House furnishing goods , . . 

14 

1890-1913 

Miscellaneous . . . . . . . 

13 

1890-1913 
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TABLE C 

Table Showing the Number op Commodities or Series op 
Quotations Classified by Markets foe which Prices were 
Secured, 1913. United States Bureau op Labor Whole- 
sale Price Index Number 


Markets 

§ 

& 

Farm Pbobucts 

Food, etc. 

g 

S 

0 

% 

1 

o 

Fuel and Light- 
ing 

S 

r 

S 3 

^ S 

C3 p 

ga 

►.3 

S 

0 

1 

Q 

i 

ii 

0 

P 

s 

1 

s 

S 

Total 

252 

20 

54 

63 

13 

38 

28 

9 

14 

13 

New York 

129 

3 

45 

2 

9 

21 

23 

9 

6 

11 

Chicago 

22 

14 

6 

— 

— 

1 

1 

— 

— 

— 

Factory, mine, etc. . . 

11 



— 

__ 

3 

1 

3 



3 

1 

Pittsburgh 

7 

— 

— 

— 

— 

7 

— 

— 

— 

— 

Philadelphia 

4i 

— 

— 

— 

— 

4 

— 

_ 

— 

— 

Boston 

1 

— 

1 

— 

— 

— 

— 

— 

— '■ 

— 

Trenton, N. J 

3 

— 

— 

■! 

— 

— 

— , 

— 

3 

__ 

Cincinnati ...... 

2 

— 

— 

■ — 

1 

1 

— 

— 

— 

— 

Ea.stern Market . . . 

2 

_ 

— 

2 

— 

— 

_ 

— - 

— 

— 

East St. Louis .... 

I- 1 

1 

■ — 

— 

— 

: — 

— . 

— 

— 

— 

Elgin, 111 

1 

— 

1 

_ 

— 

— 

— 

_ 

_ 

__ 

LaSalle, 111 

1 

— 

— 

— 

— 

1 

— 

__ 

— 

■ — 

Louisville, Ky. . . . . 

1 

1 

— 

— 

— 

: 

— 

— 

__ 

!, — 

Peoria, 111. . . . . . 

I 

— 

— 

— 

— 

— 

_ 

— 

— 

1 

hlimieapolis . ... 

1 

1 

— 

— 

— 

— 

[, — 

— 

__ 

— . 

Washington, D. C. . . 

1 

— 

1 

— 

— 

— 

— 

— 

— 

— 

Wilmington, N. C. . . 

1 

— 

— - 

__ 

— 

— 

1 

— 

— 

— ^ 

General Market . . . 

63 

~ 

. 

59 


2 



2 

■ 


In 1913, of the 252 commodities, 45 were “raw" and 207 
“manufactured.” Over the whole period, 1890 to 1913, 


336 


STATISTICAL AIETHODS 


234 identical series were used, and in the last year 44 were 
weekly prices and 208 monthl3^ Standard trade journals 
furnished the price quotations of 129 articles; official boards 
of trade, 9 ; chamber of commerce, 1 ; produce exchanges, 7 ; 
leading manufactures, 105; and a government bureau, 1 
article. New York inai-ket furnished the price quotations 
for 129 articles ; Chicago, for 22 ; “general market,” for 63. 
The reinainder were distributed at various points over the 
country. The distribution of commodities for which prices 
were secured in 1913, classified by markets, is shown on 
preceding page. 

Numerous changes since the series was begun have been 
made in the articles included, due to changes in commercial 
importance, lack of suitable quotations, discontinuance 
of manufacture, etc. In each case, however, the articles 
substituted have been as nearly alike those discontinued as 
was possible. Of a typical change the Bureau says : 

“For example, nutmegs were dropped in 1908 because they were 
insignificant in the economy of the people. The price quotations 
wore dependable, but a rise or fall in the price of nutmegs had no 
importance. ... In 1904 Danish cloth was substituted for alpaca, 
aTid in 1907 Sicilian cloth was substituted for Danish cloth, in order 
to represent the kind of women’s dress goods most in demand at these 
different periods of time. EleA'en new commodities were added to 
the list in 1908, 2 of which have since been discontinued, while 90 
additional price series have been included in the present bulletin 
to give a fairer and more complete idea of price fluctuations. ”4 

The manner of incorporating new commodities into the 
new index is described by the Bureau as follows : 

“ . . . For example, the prices of Burbank potatoes were quoted 
down to 1907. In that year the description of potatoes was ex- 
panded to include all kinds of white potatoes, good to fancy in 

1 Bulletin of the United States Bureau of Labor Statistics, Whole Number 
181, pp. 240-241. 
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grade, thus securing more dependable quotations throughout the 
year, because some variety of white potato is certain to be in market 
at all times, while the supply of Burbank potatoes may be very 
scant or fail entirely. There was no material difference in the price 
of the two descriptions of potatoes, so it was not necessary to 
resort to the process of substituting the quotations of potatoes, 
white, good to fancy, for Burbank potatoes. When a new article 
differing in quality enough to show a considerable difference in- price 
has been introduced in the place of an article which has become 
obsolete or which is no longer representative, the prices of the 
new article have been substituted for the prices of the article dropped 
in the manner described below. For e.xample, in 1904 Danish cloth 
at $0.1125 per yard was substituted for alpaca at $0.0764 per yard. 
The average price of alpaca for 1890-1899 was I0.06S0, therefore its 

relative price in 1904 was 112.4, i.e. ~ = 112.4. This rela- 
$0.0680 

tive price of alpaca in 1904 was taken to represent the relative price 
of Danish cloth in 1904. In 1905 the money price of Danish cloth 
was $0.1150. This money price was reduced to a relative price for 

1905 on the 1904 price as a base, giving = 102.2. This 

1905 relative price of Danish cloth calculated on its 1904 price as a 
base was then multiplied by the 1904 relative price of alpaca on 
the 1890-1899 average price as the base in order to shift the 1905 
relative price to the 1890-1899 base. This operation gives 114.9 
(102.2 X 112.4 = 114.9) as the relative price of Danish cloth in 
1905. . . ' 

This method of substitution was followed when price.s of 
the original and the substitute goods could be gotten for 
the same year. When such prices were not available, a differ- 
ent method was pursued, change being made necessary by 
the addition in 1908 of 11 new commodities. The method 
has been severely criticized,® and it is pretty certain that a 

1 16id., pp. 242-243. 

®Seo Mitchell, Wesley C., Bulletin of the United States Bureau of Labor 
Statistics, Whale Number 173, July, IQis, pp. 42-44. 

■ Z' . ■ 
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realization of the Justice of criticism^ was a potent reason 
for the Bureau’s change to an aggregate of actual prices. 
Concerning the change the Bureau saj'^s : 

"The method adopted by the bureau may best be made clear by 
describing how the index number of a particular group was com- 
puted. Let us consider the farm products group. In this group 
horses, mules, live poultry, and Burley tobacco were included for the 
first time in I'JOS. Prices of these new articles were obtained for 
both 1907 and 190S. A relative price for each of the 20 old and 
new articles included in the group was calculated for 1908 on the 
1907 base. These relative prices were added together and divided 
by 20, the number of coimnodities in the group, to get the simple 
arithmetic average of the relative prices of Wm products in 1908 on 
the 1907 base. This group index number was then multiplied by the 
1907 index number computed on the money prices of the 16 old 
articles to obtain the 1908 index number of farm products on the 
1890-1899 base. . . ^ 

The uncertainty of this method, the difficulty of changing 
an average of relatives computed on a remote base to a 
recent one without entirely recomputing the series,® and the 
realization that a relative price "built up from actual money 
prices shows much more accurately what we want to show, 

1 Meeker, Royal, “Some Features of the Statistical Work of the United 
States Bureau of Labor Statistics,” Publications of the American Statistical 
Association, March, 1915, pp. 431-442. 

* Bulletin of the United States Bureau of Labor Statistics, Whole Number 
181, p. 244. 

3 The limitations of the “short method,” notice of which was made in 
the last chapter, are acknowledged in the following words by the present 
Commissioner of Labor Statistics: “A more ‘scientific’ method employed 
is to divide both , relative prices through by the 1912 relative. . . . The 
Bureau has resorted to this method in previous bulletins, to construct 
tables purporting to show the percentage changes in prices from year to 
year. This method of procedure is mathematically unsound and the result 
is vitiated by an amount of error that can be ascertained only by digging 
up the original price data and reconstructing the relative prices anew on the 
1912 base.” Meeker, Royal, “Some Features of the Statistical Work of 
the United States Bureau of Labor Statistics,” Publications of the American 
Statistical Association, March, 1915, p. 439. 
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namely, change in the cost of living, — changes in the cost 
of the same quantity of a commodity or of an unvarying 
market basket,” ^ — resulted in the Bureau’s change to ag- 
gregate actual money prices. 

Beginning in 1914, for wholesale prices, the Bureau changed 
to this basis.'^ Briefly the changes were as follows : Fortj'-- 
one distinct articles were dropped, 31 new^ ones were added, 
while the number of quotations was increased by in- 
cluding prices from all of the larger cities where acceptalflc 
ones were available. '‘These changes were necessary in 
order to make the list represent more accurately the bulk of 
commodities exchanged and the great markets where ex- 
changes are effected at wholesale in the United States at the 
present time.” ^ 

The base period was shifted from the average of prices 
for the ten-year period, 1890-1899, to the last completed 
year; in this case, 1914. Two reasons for so doing were 
assigned by the Bm-eau. 

"... this change was made for the purpose, first, of utilizing the 
latest and most trustworthy price quotations as the base from which 
price fluctuations are to be measured, and second, to permit of the 
addition of new articles to those formerly included in the index 
number. For practically all articles which it was desired to add 
to the index no prices were obtainable for the period 1890-1S99.” ^ 

The method of making the shift is described by the Bureau 
as follows : 

"The price of each article in 1914, the base year, has first been 
multiplied by the quantity of the article marketed in the last census 
year, 1909. The products thus obtained have then been summed, 
giving the approximate value in exchange in 1914 of all articles in 

1 Ibid., p. 43G. 

3 Details .are shown \n Bulletin of the United States Bureau of Labor Statis-‘ 
tics, Whole Number 181, October, 1915. 

® Ibid,, p. 5. 


\Ibid., p. 5. 
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the group or in the total list of commodities. Similar aggregates 
liave likc\Yise been computed for each year from 1890 to 1913 and 
for each month of 1913 and 1914. With the aggregate for 1914 as the 
base, or 100, the index nimiber for each year prior to 1914 and for 
eacli month of 1013 and 1914 has been obtained by comparing the 
aggregate value for such year or month ndtli that for 1914. . . ^ 

By using the farm products group, the precise method 
may be illustrated. The aggregate value of this group in 
1914 (the sum of the average price of each article in 1914 
multiplied by the quantities of each marketed in 1909) was 
$4,334,003. This was taken as 100. The aggregate for 
the same commodities in 1913 was $4,191,601. This 
divided by the 1914 aggregate equals 96.7 and gives the 
index for 1913. The aggregate in 1912 was $4,224,483. For 
identical articles in 1913 the aggregate was $4,187,367, 
and stood in relation to the 1912 aggregate as 100 to 100.9. 
The index for 1912 was obtained by multiplying the index 
for 1912 on the 1913 base (100.9) by the index for 1913 
on the 1914 base (96.7), i.e. 100.9 X 96.7. This gave a 
product of 97.6, the index for 1912 on the 1914 base.^ 

The Bureau now publishes four wholesale series, two major 
or primary ones and two that are derivative. The first is 
the unweighted average of relatives based upon the average 
price 1890-1899 and continues the series which dates back 
to 1890. The second is the weighted aggregate of actual 
prices. The other two are derived from these. Just how 
far these are comparable is an open question which the Bureau 
itself does not answer. It does, however, call attention to 
the inherent difference and warns against hasty comparisons.® 

An important feature of the Bureau's work is the publica- 

^ Details are shown in Bulletin of the United States Bureau of Labor Statis- 
tics, Whole Number 181, October, 1915, p. 6. 

® The details with fif^ures are contained in Bulletin of the United Slates 
Bureau of Labor Statistics, Whole Number ISl, pp. 257-263. 
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tion, along with the index numbers, of the actual prices of 
the commodities used. These constitute the raw material 
for special and independent studies. 

In brief, the index number of wholesale prices published 
by the United States Bureau of Labor Statistics is now a 
weighted aggregate of actual prices, reduced to a relative 
basis. It is computed on the basis of 340 commodities and 
seems to be designed for the purposes of measuring changes 
in the cost of a quantity of commodities, not particularly 
to the consumer, nor the producer, not to the investor, nor 
the speculator, but to any of these. As such it is a general- 
purpose number, made up from prices of raw and manu- 
factured commodities, consumers’ and producers’ goods, 
including forest and animal products, drawn from the larger 
cities and industrial centers. 

The weights assigned are the quantities of the goods 
marketed in 1909 — the last date for which adequate 
statistics are available. Just what the change to actual 
prices will mean in the nature of the series, it is probably too 
early definitely to say. It may, however, positively be 
asserted that the Bureau is thoroughly converted to the 
wisdom of the change, since it has been extended to all of 
the series which the Bureau issues. Certainly the candid 
manner in which the problem of change has been met and 
the illuminating discussion by the Bureau of the reasons for 
and the effects of the change cannot but bo reassuring. One 
feels that the change has been made in good faith, that the 
occasion demanded it and that the new plan has been worked 
out in a scientific manner. 
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(2) Indexes of Retail Prices Prepared by the United States 
Government 

If the collection of price data as a basis for the computation 
of a wholesale price index presents real problems, as it iin-' 
doiibtedly does, these are many times more serious in the case 
of price data for a retail price index. While retail prices 
may change more slowly than wholesale, maj’’ be less affected 
by trade distiubances, and may move further in either direc- 
tion after they are disturbed and be slower to regain their 
former position, it is these conditions and others, which make 
it so difficult to procure satisfactory price data over a period 
of time so as to measure the changes actually taking place. 
Prices of some commodities change from day to day ; others 
less susceptible to conditions of demand and supply show 
appreciable change within somewhat longer periods. Prices 
for the same commodity vary materially as between localities. 
Some commodities, standard in character, but peculiar to 
local markets and not possessing distinctive trade names, 
sell at widely different prices at the same time. If the prob- 
lem is to measure price level for retail prices, the commod- 
ities to be chosen, the frequency with which quotations are 
to be taken, and the regions from which prices are to be 
collected are serious questions. These and others discussed 
in Chapter IX must be settled before the collection of 
actual prices is begun. Because so many questions of tech- 
nique in the collection and so many principles of method in 
the handling of data are involved in computing retail price 
index numbers, it is thought advisable fully to describe the 
methods employed by the United States Bureau of Labor 
Statistics. 

The Bureau's retail price index is avowedly a consumer’s 
number. Only materials which enter into the budget of a 


AMERICAN PRICE INDEX NTOEBERvS 


343 


typical American workingman’s family are incliid<.‘d, and 
prices are taken from industrial center's. The weights applied 
vary according to the proportions in which commodities 
enter into such a budget. 

From 1890 to 1907, 30 commodities were used. From 1907 
to 1913, this number was reduced to 15, and in 1914 and 1915, 
respectively, the number was 17 and 21. The additions were 
made possible because of the Bureau’s change in 1914 from 
an average of relatives to an aggregate of actual prices. 
Price data were received (1915) from 725 dealers, 150 
bakeries, 215 retail coal dealers, 65 gas companies, and 205 
dry goods stores, located in 45 industrial centers in 34 states. 
The base price from 1890 to 1913 was the average for the 
ten-year period, 1890-1899 ; since 1913 it has been the last 
completed year. 

The detail of the method employed by the Bureau from 
1890 to date may be summarized as follows ^ : 

a. The Period 1890-1903, Inclusive 

Identical firms quoted prices during the complete period. 
A yearly relative for each of the thirty commodities was 
computed on the base, average of the prices, 1890-1899. 
Relatives for each commodity for the various firms reporting 
in a city were added and the sum divided by the number of 
reporting firms to get the city relative. City relatives for 
each commodity within each of the geographical divisions 
chosen by the Bureau for the presentation of data were 
added and the sum divided by the number of geographical 
divisions to get a divisional relative. Likewise, the city 

1 A detailed account, upon which the followins is based, of the change 
made in 1914, in computing the United States Bureau of Labor Statistics 
Retail Price Index, is given in Bullctm of the Bureau, Whole Number 156, 
pp. 357-380. 
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relatives for each commodity were added and the sum divided 
by the number of cities to get a relative for the country at 
large. An average of all the relatives taken in this form 
furnished an index of the price level for the country. 

6. The Period 1904-1907, Inclusive 

Changes in the firms reporting in 1904 made it necessary 
to devise some method of incorporating their prices into tlie 
index. The method chosen was as follows : All new firms 
furnished prices both for 1903 and 1904. For each commod- 
ity, the 1904 price was put in the form of a relative on the 
1903 base ; these relatives were added and the simple average 
taken, as above described, for indexes for cities, for geographi- 
cal divisions, and for the country as a whole. To convert 
each commodity to a relative on the 1890-1899 base, the 1904 
relative on the 1903 base was multiplied by the 1903 relative 
on the 1890-1899 base. 

“For example, in the North Atlantic division it was found that 
the average relative price of wheat flour in 1904 as compared with 
its average price in 1903 was 117.91. The average relative price 
of wheat flour in 1903 as compared with its average price for the 
period 1890-1899 was 101.6. Multiplying 117.91 by 101.6 gives 
119.8, which was taken as the relative price of wheat flour for this 
geograpMeal division in 1904 on the 1890-1899 base.” ^ 

c. The Period 1908-1913, Inclusive 

Beginning with 1908, 15 commodities were dropped from 
the index “because the quality of some of the articles changed 
so radically from year to year and even from month to 
month.” 2 “The method of computing relative prices 

1 Bulletin of the United States Bureau of LaBor Statistics, Whole Number 
156, p. 359. 

^ Ibid., p. S59. 
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employed from 1903 to 1911, inclusive, involved. computing 
the relatives on the preceding year as the base, and after- 
wards shifting to the 1890-1899 base by multiplying by the 
relative for the preceding year computed on the 1890-1899 
base.” ^ 

However, beginning with 1912, because of the failure of 
many firms to report regularly, and because of the omission 
of some of the commodities, it was decided to compare 
identical firms month by month. This was thought to be 
necessary because price changes can be compared accurately 
only by including identical firms and identical articles. The 
method required that a relative for each commodity for 
each firm be computed for both December, 1911, and January, 
1912. These relatives were then added and an average taken 
of the firms in the cities for city relatives, and the city rela- 
tives combined and averaged to get a divisional index and an 
index for the country as a whole. The relative prices for 
each commodity were then shifted to the 1890-1899 base by 
multiplying them by the December relatives computed 
on the 1890-1899 base. The prices reported for the identical 
firms for January and February were compared by obtaining 
February relatives on January (as January had been on a 
December) base and were then shifted to the 1890-1899 base 
by multiplying through by the January relative computed 
on the 1890-1899 base. This process was repeated for each 
month. The yearly relatives for each commodity were 
obtained by averaging the monthly relatives. The process 
was followed until January, 1914, at which time the change 
was made to an aggregate of actual prices. 

* Ibid., p. 366, 
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d. The Period 1914 to Date 

In accounting for the change to actual prices the Bureau 
saj’s: 

"... it is apparent that the relative prices of individual commodi- 
ties, as well as the combined relative prices of all commodities or 
index numbers, as hei*etofore constructed, are averages of percentages. 
The firm relatives were averaged to get the city relative, the city 
relatives were averaged to get each geographical division rela- 
tive and also the United States relative. The individual com- 
modity relatives for the country and its divisions were averaged 
to produce tlie combined relative or index number for all commod- 
ities for the whole country and its di\'isions ; and finally, the monthly 
relatives wta’c averaged to get the yearly relatives for firms, cities, 
geographical divisions and the United States. 

"When averages of averages of relative prices are thus piled up, 
it becomes difficult to comprehend the meaning of the final average, 
even if no theoretical or mathematical errors are involved in the 
processes. 

"A simple arithmetic average of percentages is useful for certain 
purposes, but for the purposes of retail-price studies which should 
show changes in expenditures by consiuners, a percentage based 
on average or aggregate actual prices of a commodity reflects more 
accurately the changes in the cost of that commodity.” ^ 

The difference in the two methods of computing index 
numbers the Bureau shows in the following manner by taking 
actual prices of a commodity whose variations are violent 
and irregular, reported by identical firms in a single city. 

An extreme case is taken, as the Bureau says : 

"to show that the difference in principle of the two methods of 
computing relative prices is not of theoretical interest only, but 
presents quite startling differences in results, which cannot be 
ignored or set aside with the assertion that rin the long run’ dif- 

1 Bulletin of the United States Bureau of Labor Statistics, Whole Number 
166, March, 1915, p. 364. 
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ferences tend to disappear and ‘in tlie end’ the results will be 
approximately the same. Experimentation goes to show that 
differences in results do not tend to disappear.” ^ 

TABLE D 

Table Showing Differing Results Obtained by Two Meth- 
ods OF Computing Relative Prices of a Single Commod- 
ity 2 

(Actual prices are for potatoes in Baltimore, Bulletin No. 132, p, 29) 


Firm 

AcTt7.ii. Price 

Relative Price 

May 

June 

May 

June 

A 

1.24 

$.28 

100 

116.7 

B 

.32 

.30 

100 

93.8 

C 

.24 

.28 

100 

116.7 

D 

.24 

.40 

100 

166.7 

E 

.35 

.25 

100 

71.4 

Aggregate 

1.39 

1.51 

500 

565.3 

City relative price . . . 

100 

108.6 

100 

113.1 


The difference in this case is 4.5 points or more than 4 per 
cent. In the new method equoX actual changes in price have 
the same effect on the result ; in the old method equal 
percentage changes have the same effect.® 

The method of shifting the base when averages of relatives 
are used, as was the case from 1903 to 1911, inclusive, on a 
yearly base, and from 1912 to 1913, inclusive, on a monthly 
base (both described above) is now held by the Bureau to be 
wrong and to involve — 

pp. 365-366. 

^ Ibid., p. 

^Ibid.rP,366. 
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“ an amount of error which is greatest when prices differ most in the 
base period and change most capriciously from time to time.” ^ 

The amount of error invoived for such a commodity is 
illustrated by the following table taken from one of the 
Bureau’s reports: 

TABLE E 

Table Shouting DiPFERmo Results Obtained by Shifting 
Base Period op Relative Prices Computed by Old and New 
Methods 

Potatoes. (An example of an article whose prices fluctuate widely 
and capriciously) ^ 


■ 

May 

I June 

July 






a 


ti ! 


Fir.m 

Price 


Price 

Si 

•■of 

•|| 

Price 

|| 

II 








{§1 

■SS“ 

804 

$0.20 

100 

$0.40 

200.00i 

100 

$0.30 

75.00 

150.00 

SOS ..... . 

.17 

100 

.30 

176.47 

lod 

.32 

106.67 

188.24 

815 

.50 

100 

.40 

80.00 

100 

.35 

87.50 

70.00 

817 

.20 

lOG 

.20 

100.00 

100 

.30 

150.00 

150.00 

821 

.20 

100 

.40 

200.00 

100 

.35 

87.50 

175.00 

City aggregates . . 
City relatives ~ aver- 

1.27 

500 

1.70 

756.47 

500 

1.62 

506.67 

733.24 

ages of firm rela- 
tives ..... 


100 


151.29 

100 


101.33 

146.65 

City relatives com- 









puted from actual 
prices, i.e. . . . 
$1.70 -f- $1.27, 

1 








11.62 $1.70, 

$1.62^11.27 


100 

1 

133.86 



95.29 

127.56 


^Bulletin of the United States Bureau of Labor Statistics, Whole Number 
156, March, 1915, p. 367. 
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City relative for July on May base computed by averag- 


ing relatives and multiplying the averages, i.e. 

151.29 X 101.33 = . . ■ . . 153.30 

City relative for July on May base computed by multiply- 
ing relatives computed from aggregate actual prices, i.e. 

133.86 X 95.29 = ' 127.56 

If the above table is interpreted in terms of the Bureau’s 


old and new methods, the following differences in results are 
apparent : 

(а) The relative price for June on the May base, computed 
from an aggregate of actual prices, is 133.86, i.e. $1,70 (the 
sum of the actual prices for June) divided by $1.27 (the sum 
of the actual prices for May). The similar result for July 
on the June base is 95.29. 

(б) The relative price for June on the May base, computed 
from an average of relatives, is 151.29, i.e. \ of 756.47 (the 
sum of the June relatives on May). The similar result for 
July on the May base is 146.65. 

(c) Shifting the base by the method followed by the 
Bureau in 1912 and 1913, i.e. from month to month, and 
averaging relatives and multiplying the averages, give the 
following results : 

(o') The June relative on the May base is 151.29. 

(6') The July relative on the June base is 101.33. 

(o') The July relative on the May base is 151.29 X 101.33, 
or 153.30, which is 6.65 points greater than 146.65, the result 
of computing July relative directly on May. 

(d) Sliifting the base by the new method of . multiplying 
relatives computed from actual prices, gives 133.86 X 95.29, 
or 127.56, as contrasted with 153.30, the result from the old 
method of shifting. Shifting by the new method can be 
done “ with mathematical accuracy so long as the actual price 
quotations come from identical firms throughout the period 
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considered.^' ^ This is undoubtedly a decided advantage of 
the new over the old method, as indicated in the last chapter. 

Base shifting by subtracting the index numbers of com- 
modities at two periods, as for instance, 1912 and 1913, 
when they are computed by the old method, and calling the 
difference the percentage of gain, is of course meaningless. 
Even the more refined method formerly resorted to by the 
Biiniau, of dividing through by the relative for 1912, for 
instan(*e, is now acknowledged by the Bureau to be wrong 
and to involve an amount of error which can “be ascertained 
only In* going back to tlie original actual prices and recon- 
structing the relative prices anew on the 1912 base.” " This 
the Bureau does for two commodities — the difference in 
the case of potatoes between the correct and the incorrect 
method being ten points. The Bureau adds: 

“This is not an iinaginary example, set forth for the purpose of 
showing a theoretical possibility that contains no element of prob- 
ability. The example in which the prices of potatoes are used is 
extreme, but such capricious fluctuations are repeated each year 
for potatoes and to a certain extent for eggs and such commodities 
as are subject to violent price changes. Potato prices are used as 
an example to show typical price changes in a commodity that 
fluctuates capriciously in price, as the prices of round steak ® are 
used to illustrate typical price changes in commodities that fluctuate 
rather narrowly.” ^ 

The relative prices computed from actual prices can be shifted 
to any base without error, the reason being that relative 
prices are simply ratios of actual prices. “Dividing through 
by the relative price of any year or period merely has the 

1 Bulletin of the United States Bureau of Labor Statistics, Whole Number 
156, p.. 369. 

Uhid., p. 370. 

* For this commodity the difference is 0.52 point, Ibid., p. 370. 

* Ibid., Z71. 
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effect of substituting the aggregate actual price for tlie base 
period as divisor in the formula for computing the relative 
price.” ^ In a final summary of the weakness of the old 
method, the Bureau says : 

"By the old method of computation any errors which may have 
existed in price data in the base period 1890-1899 would affect the 
series of relatives throughout the entire period covered. Errors 
were introduced by means of the method of averaging relatives 
calculated from different prices as bases, and these errors were cumu- 
lated by the process of shifting the base of the relative prices every 
month. These inaccuracies taken with the inflexibility of relati\’-e 
prices and indexes calculated by averaging relatives made the 
cliangcs in methods of calculation which have been carried out 
imperatively necessary.” ^ 

The changes of 1914 consisted in adopting the last com- 
pleted year as a base, and using actual prices from month 
to month returned by identical firms. The yearly aggregate 
for 1913 — the base used — was computed b}'- comparing the 
actual prices reported by identical firms month by month 
with January, 1913, aggregating these and dividing by 12. 
How this was done may be illustrated as follows ; Eighty-nine 
identical firms reported prices of granulated sugar for both 
January and February, 1913. Dividing the aggregate 
February price by the aggregate January price gave the 
February relative on a January base. In February and 
March, 86 identical firms reported prices of this commodity. 
Dividing the March aggregate price by the aggregated 
February price gave the March relative on a February base, 
and multiplying* this by the February relative on the 
January base gave the March relative on the January base. 
A repetition of this process gave the relatives for each month 
for each commodity on the January base. The aggregate 


1 Ihid., p. 372. 


2 Ibid. 
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of these relatives was then divided by 12 to get the relative 
for the year. No error was involved in so doing, since all 
were computed on the same base, viz., 89 firms in January. 
The base was then shifted from January, 1913, to the average 
for the year by dividing through by the yearly average cal- 
culated on January. In the case of this commodity the 
yearly relative on January was 94,5, and the monthly rela- 
tives on the 1913 base (calculated as above) were January, 
105,8; February, 100,0; March, 98.7; etc. 

In a similar manner the index number for each commodity, 
for each geographical division, and for the country as a whole, 
on the 1913 base, was extended back month by month for 
the years 1911 to 1913, inclusive, for every second month ^ 
for the years 1907 to 1910, inclusive, and year by year for 
the years 1907 to 1913, inclusive. 

Such in brief are the old and new methods pursued by the 
Bureau in computing a retail price index number. But the 
Bureau, besides showing price indexes, as averages of 
relatives, for commodities separately, combined these into 
two series. The first was a simple unweighted number 
computed by taking the arithmetic average of the sum of 
relatives of individual commodities. The second was a 
weighted index in which the relatives for each commodity 
were weighted according to a scale of consumption based 
upon the findings of the United States Commissioner of Labor 
in a study made in 1901 into 2567 workingmen’s family 
budgets. 2 This likewise was an average of relatives, the 
divisor being not the number of commodities, but the sum 
of the weights. The method employed in 1913 to get this 
weighted average is shown in the following table ; 

1 Prom 1907 to 1910 inclusive the Bureau had received prices for every 
second month only. 

* Eiahteenth Annual ’Report of the United States Commissioner of Labor, 
Washington, D.C,, 1901. 
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TABLE F 


Table Showing the Weights Applied to Relative Pkices to 
Get a Weighted Index Nujuber 


Aeticles 

Relative 

Impoktance 

Relative 

Price 

Result 

Fresh beef ■ 

1,531 

180.9 

276,957.9 

Fresh hog products • • • 

429 

213.8 

91,720.2 

Salt hog products .... 

425 

203.6 

86,530.0 

Poultry 

290 

171.8 

49,822.0 

Eggs 

514 

174.8 

89,847.2 

Milk 

652 

140.2 

91,410.4 

Butter 

880 

153.2 

134,816.0 

Lard 

286 

166.6 

47,647,6 

Sugar 

482 

95.3 

45,934.6 

Flour and meal .... 

513 

138.4 

70,999.2 

Potatoes 

395 

151.2 

59,724.0 

Total 

6,397 

163.4 

1,045,409. U 


The divisor in this case is 6397 ^ and the dividend 1,045,409.1. 
The quotient — the index for the year — is 163.4. 

When the change was made to an aggregate of actual prices, 
it would have been meaningless to have combined all the 
quotations into a single sum. The number of firms reporting 
and the number of quotations included were not constant 
factors, and to combine them would have been to make the 
index depend upon the number of firms and quotations as 
well as upon the price changes themselves. To avoid this a 
new method was worked out by the Bureau and followed 

1 Bulletin of the United States Bureau of Labor Statistics, Whole Nuinber 
156, p. .363. 

^ The combined expenditure is taken to equal 10,000, The commodities 

used by the Bureau constitute of the total. 

10000 
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for the 1914 and 1915 combined retail price indexes. To 
describe this method, granulated sugar is taken as a typical 
comniodity. 

“The aggregate actual price of granulated sugar in January, 1913, 
for Xorlh Atlantic division ($4.9502) was inultiplied successively by 
the rekiti\’e prices of granulated sugar on the January base for each 
month of the year 1913. A series of monthly price aggregates was 
thus built up on the assumption that the 89 stores reporting in 
January Inad continuctl to report throughout the year. The 
aritlnnctic average of these aggregates for the 12 months of 1913 
was taktJi as tlie average aggregate actual price for the year 1913, 
This average aggregate i»riee ($4.6779) for 1913 was divided by S9, 
the number of iirms roi'jorting in January and the number assumed 
as reporting tliroughout the year, to obtain the average actual price 
of gratiulaled sugar (5.20 cents) for the year 1913. This computed 
average actual })rice of granulated sugar in 1913 w'as next multi- 
plied In' the amount of sugar consumed in the North Atlantic 
diviisiou in 1991, accortling to the Eighteenth Annual Report of 
the Cunmnssioncr of Labor. This formula, $0.0526 X 283 lbs. = 
$14.89 gives the cost of the amount of sugar consumed by the 
average workman’s family in 1901, purchased at the average price 
obtaining in 1913. In lilce manner the cost in 1913 of all other com- 
modities at retail was computed by calculating first the average price 
of each comniodity for 1913 and then multiplying this average 
price by the quantity consumed in 1901.” ^ 

Such a combined index is worked out for the years prior 
to 1913 by aggregating the costs of each of the commodities 
consumed in 1901, which costs are determmed by multiplying 
the cost of the quantities consumed in 1901 on the basis of 1913 
prices bj'- the index number for the earlier years worked out 
on the basis of 1913, according to the method described 
above. That is, in the case of granulated sugar, the cost of 
283 pounds (the amount consumed according to the study 
made of workingmen's budgets) in terms of 1913 prices was 

* Op. cii., p. 377. 
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found to be $14.89. This amount is multiplied by 122. G 
(the relative price of granulated sugar in January, in this 
case, on the 1913 base), which gives $18.26 as the price of 
283 pounds of this commodity at the average price in January, 
1912. Treating all other commodities in the same man- 
ner, and aggregating the costs, they amount to $328.52 — 
the total cost of a food budget for the North Atlantic divi- 
sion in January, 1912. The cost of the same budget in 1913 
prices was $333.90. Therefore the relative cost of the 
budget in January, 1912, calculated on the 1913 base was 
8328 52 

■ = 98.4. Relative costs for an unvarying budget were 

^ooo.yu 

computed for each month and for the year 1912 as well as for 
prior years, and constitute the new retail index for such 
periods. 

This discussion it is feared has been somewhat long and 
involved. To have fully described the Bureau's methods in 
all their detail would have taken even more space and prob- 
ably would have been more involved. For a more complete 
discussion recourse must be had to other sources.^ Because 
of the statistical devices which the old and the new methods 
illustrate, and more particularly, because of the lack of care 
with which index numbers however computed are used for 
any and almost all purposes, it is felt that the discussion has 
been worth while. The willingness to proceed by averages 
without at the same time having knowledge of where one is 
being led could not better be illustrated than in the practices 
of the Bureau before the recent change. A realization of 
the weaknesses in the old method finally became so over- 
whelming that the Bureau was willing to acknowledge its 
error, to reconstruct its number on a new basis, and to defend 

1 Bulletin of the United States Bureau of Labor Statistics, Whole Number 
156, March, 1915. 
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its action in detail This shows candor and integrity and 
slioiild ho given wide publicity. A study of the change and 
of the methods involved in making it cannot but help to 
cause greater reliance to be placed in the Bureaiils number, 
and a })ottor understanding to be had of just method 
in statistical analysis means in such a case. 

2. Prim Indexes Prepared by Private Establishments 

The discussion of price indexes prepared by private estab- 
lishments will be briefer than that for the government 
series for the reasons : first, that less is known about them, 
and second, that the principles of index number making have 
been fully illustrated in the treatment of the government 
series. While there are many private series compiled only 
three — Bradstreet’s, Dun’s, and the Annalist’s — will be 
discussed. Section III,^ taken from Professor Mitchell’s 
masterly analysis of index numbers, currently compares 
seven series — public and private.^ 

(1) Bradstreet’s Index Number 

Bradstreet’s is a wholesale number, based upon 110 to 
96 articles, is published monthly in the foim of the sum of 
actual prices of the commodities reduced to a per-pound 
basis. The articles included are divided into thirteen groups 
as follows ; Breadstuffs, live stock, provisions and groceries, 
fresh and dried fruits, hides and leather, raw and manu- 
factured textiles, metals, coal and coke, mineral and vege- 
table oils, naval stores, building materials, chemicals and 

1 pp. 361-376. 

* For a complete discussion of these and other American series as well as 
foreign series, see Mitchell, Wesley C., “Index Numbers of Wholesale 
Prices in the United States and Foreign Countries,” Bulletin of the United 
States Bureau of Labor Statistics, Whole Number 173, pt. II. 
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drugs, and miscellaneous. The sum of the different indexes 
for the 13 groups is the index for the whole number of articles. 
Yearly indexes are derived by averaging the 12 monthly 
totals. No base is used and it is not clear from the descrip- 
tions contained in Bradstreet’s whether the prices used are 
averages of extremes or something else. Moreover, the 
source of the quotations is not disclosed. If missing data 
are interpolated for, neither this fact nor the method em- 
ployed is published. Weights are not used, except as they 
appear in the process of reducing all quantities to a price-per- 
pound basis. This, of course, results in employing a — 

“curious combination of rational and irrational weights. The 
rational element consists in the inclusion of several quotations for 
important articles like pig iron, coal, lumber, and hog products, and 
only one quotation for articles like lemons, tea, and flax. The 
irrational element results from the reduction of all the original 
quotations to prices per pound. On April 1, 1897, these prices 
per pound ranged from $0.0008 for soft coal and coke to $0,52 for 
quicksilver and $0.83 for rubber. Recognition of the excessive 
influence upon the results accorded to these high-priced articles 
presently led the computers to drop them from the index number; 
but they seem to have retained articles like alcohol and Australian 
wool which in 1897 cost $0.33 and $0.49 per pound — 400 and 600 
times as much as soft coal and coke.” ^ 

The index is illustrated in the following table, which gives 
the numbers for the first of January, April, July, and October 
for each of the years 1907-1914 inclusive : 

^ Bulletin of the United States Bureau of Labor Statistics, "Whole Number 
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TABLE G 

Table Showing- Bradsteeet’s Index Number for Selected 
Months for 1907-1914, Inclusive 


Bbadstbeet’s Inpex Number; First op The Month 


Year 

.Tanuary 

April 

.fuly 

October 

1907 

.SS.9172 

.SS.9040 

$9.0409 

18.8506 

1908 

S.2949 

8.065(3 

7,8224 

8.0139 

1909 

8.2031 

S.3157 

8.4573 

8.7478 

1910 

9.2310 

9.1990 1 

8.9246 

8.9267 

1911 

S.S301 

8.5223 

8.5935 

8.8065 

1912 

8.9493 

9.0978 

9.1119 i 

9.4515 

19 Id ' 

9.4935 

9.2976 

8.9521 1 

9.1526 

1914 

8.8S57 

1 

8.7502 

8.6506 j 

9.2416 


(2) Dun’s Index Number 

Dun's index immber is based upon the wholesale prices 
of about 200 commodities from the principal markets of the 
United States, It is in the form of the amount in dollars 
and cents required to purchase a year’s supply of goods for 
an individual at the time named. No base, therefore, is 
necessary. The commodities are divided into seven groups. 

“Breadstuffs include quotations of wheat, coni, oats, rye, barley, 
beans, and peas; meats include live hogs, beef, sheep, and many 
provisions, lard, tallow, etc. ; daily and garden products embrace 
eggs, vegetables, fruits, milk, butter, cheese, etc. ; other foods 
include fish, liquors, condiments, sugar, rice, also tobacco, etc.; 
clothing covers the raw material of each industry, as well as quo- 
tations for woolen, cotton, silk, and rubber goods, also hides, leather, 
and boots and shoes; metals include various quotations for pig- 
iron and partially manufactured and finished products, as well as 
the minor metals, tin, lead, copper, etc., and coal and petroleum ; 


AMERICAN PRICE INDEX NUAIBERS 


359 


miscellaneous includes many grades of hard and soft lumber, lath, 
brick, lime, glass, turpentine, hemp, linseed oil, paints, fertilizers, 
and drugs!” ^ 

The same authority from which the above is quoted gives 
the following account of the method by which the number 
is computed : 

‘^Quotations of all the necessaries of life are taken and in each 
case the price is multiplied by the annual per capita consumption, 
which precludes any one commodity having more than its proper 
weight in the aggregate. Thus, \vide fluctuations in the piice of an 
article little used do not materially affect the “index,” but changes 
in the great staples have a large influence in advancing or depressing 
the total. . . . The per capita consumption used to multiply each 
of many hundreds of commodities does not change. There appears 
to be much confusion on this point, but it should be seen at a glance 
that there would be no accurate record of the course of prices if the 
ratio of consumption changed. It was possible, however, to obtain 
figures sufficiently accurate to give each commodity its proper 
importance in the' compilation. This was done by taking averages 
for a period of years when business conditions were normal and 
every available trade record was utilized, in addition to official 
statistics of agriculture, foreign commerce, and census returns of 
manufactures.” ^ 

The following table shows Dun’s numbers for the first of 
the months, January, April, July, and October, for the period 
1907 to 1914, inclusive. 

1 Dun's Review, May 9, 1914, quoted by Mitchell, Wesley C., in Bulletin 
of the United States Bureau of Labor Statistics, Whole Number 173, p. 150. 

2 Op. c^^., p. 149. 
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TABLE H 


Tabi^e Showing Dun’s Index Number for Selected Months 
FOB 1907-1914, Inclusive 


Yeah 

Dun’s 

Index Number 

: First of the Month 

JfMiu.'irj- i 

April 

July 

j October 

1907 

$107,204 

$107,895 

$113,660 

$116,140 

1908 

113.282 

108.728 

108.174 

109.991 

1009 

1 11.848 

116.864 

119.021 

118.301 

1910 

123.434 

1 121.556 

119.168 

115.449 

1911 

115.102 

110.928 

( 118.130 

119.292 

1912 

1 123.43S 

128.049 

122.277 i 

123.106 

1913 

^ 120.832 

119.217 

1 116.319 

123.902 

1914 

124.528 

119.791 

119.708 

123.531 


(3) The Annalist’s Index Number 

The Annalist, a New York financial journal, publishes 
weekly an index number based upon the wholesale prices of 
25 food products. The commodities are chosen so as to 
represent the principal items in a family budget. The 
series dates back to 1913 and is an average of relatives, 
the base period being the average price of the ten years, 
1890-1899. The prices are those of New York and Chi- 
cago markets. No weights are used, the method of com- 
puting being to take the simple average of the relatives 
of 25 commodities. Weekly, monthly, and yearly numbers 
are published. 

The following table shows the numbers for the months of 
January, April, July, and October for the years 1912 to 1914, 
inclusive : 
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TABLE I 


Table Showing the Annalist’s Index Numbers for Selected 
Months foe the Years 1912-1914, Inclusive 


Ybab 

The Annalist’s Index Number for 

January 

April 

July 

October 

1912 

139.681 

152.326 

143.285 

141.861 

1913 

137.197 

141.971 

139.839 

141.664 

1914 

142.452 

141.120 

144.879 

150.245 


Without attempting further to give a detailed description 
of American index numbers in current use, the differences 
between them and the causes for the same may be shown by 
quoting extensively from a study of Professor Mitchell. Al- 
though his comparison includes seven series it admirably 
suits our purpose. After showing in various ways and by a 
series of tables the extent of the differences between the 
numbers considered, Professor Mitchell has the following to 
say concerning the degree of and causes for the same : ^ 

III. Comparison op American Wholesale Price Index 
Numbers 

“The man who thinks that index numbers do well if they get 
within 10 per cent of the truth might be satisfied with this showing. 
But the man who hopes for three significant digits ^ would be dis- 
appointed if he had to accept these seven, series as similar in meaning 
and equal in authority. For the detailed differences among them 

1 Mitchell, VYesley C., “Index Numbers of Wholesale Prices in the United 
States and Foreign Countries,” Bulletin of the United States Bureau of Labor 
Statistics, Whole Number 17.i, pp. 98-112. 

* Or for two significant digits when the index number is less than 100. 
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aro neither few nor trifling. . . . Foresample, (1) the net change 
in the price level between 1S90 and 1913 is made twice as peat by 
two series as it is made by two others ; (2) the masimimi clifferenee 
betw<jen any two series for a given year averages over 11 points and 
varies irregularly between the wide limits of 3 and 19 points ; (3) in 
a year of .such decided business character as 1908 two of the series 
show a rise of 0 to S points, while four indicate a fall of 7 to 12 points ; 
(4) iialeed the seven series all agree about the direction of price 
changt's in only 12 cases out of 23 ; (5) regarding the degree of these 
clianges from one year to the ne.vt they show discrepancie.s ranging 
all tlK> way from 2 to 20 points and averaging nearly 10 points for 
the whol(^ period ; (6) the seven serie.s also differ strildngly in re.spect 
to steaflino.ss, the least steady making tlie average change in prices 
from one year to the next almost tmce as great as tlie steadiest 
series makes it ; (7) certain of the series reflect changes in business 
conditions with marked regularity, others are quite unreliable 
business barometers, etc. 

“To .show that these .series diffca’ in many details, however, means 
little. The significant problem i.s whether these differences are due 
to the inherent difficulty of measuring changes in the price level, 
to the crudity of the general method of measurement in vogue, or to 
teehnical differences in the construction of the particular index 
numbers in question. ... 

“The seven series may be analyzed with respect to the ultimate 
sources of information drawn upon, the adequacy of the original 
quotations of each commodity, the numbers and kinds of com- 
modities included, the weights emploj^ed, the use made of relative 
priee.s, and the kinds of average struck. At each step the que.stion 
is whether the observed differences among the index numbers accord 
with the differences found to be characteristic of the various methods 
considered. If most of the differences can be accounted for in this 
way, considerable confidence may be felt in the possibility of meas- 
uring approximately the variations in prices by index numbers. 

“The sources of information, the frequency of the quotations, 
and the forms of average used are in part so little known and in 
part so similar that they give us no help in explaining the discrep- 
ancies among the results. On the contrary, a marked influence can 
be traced with confidence to differences in methods of weighting 
and in the numbers and kinds of commodities included. 
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“ Dun’s index number is said to be weighted by per capii a con- 
sumption, and the weights for the separate commodities are so 
arranged that foods count for 50 per cent of the total, textiles for 
18 per cent, minerals for 16 per cent, and other connnodities for 
16 per cent. Gibson’s index number in its present form is also said 
by the publisher to be weighted according to Dun’s method.^ ... 

“Haphazard weighting preponderates also in the two series 
from the Bureau of Labor Statistics, for the representation accorded 
to different commodities has not been thoroughly worked out on any 
logical plan. It is true that in the original figures certain highly 
important articles are represented by two or more series — for 
instance, coal, iron, cattle, and leather; but so also are certain 
articles of slight moment, such as window glass, glassware, saws, 
sheetings, etc. In the two remaining index numbers, the Armalist 
series and the original form of Gibson’s index number, no formal 
weights are applied ; but the lists of commodities have been care- 
fully studied and the most important articles allotted two or three 
sets of quotations. 

“The constitution of the seven series with respect to the numbers 
and kinds of commodities included can best be represented in 
tabular form. The analysis, given in the next table, can not be 
applied to Dun’s index number for lack of information about the 
commodities and weights used, and it can not be strictly applied 
to Gibson’s present series because we know the commodities but 
not the weights allotted each. In the case of Bradstreet’s index 
number the percentages of the total are computed on the basis of the 
prices per pound of 96 commodities published for April 1, 1897. 
This basis is not wholly satisfactory, because the relative price per 
pound of different commodities, and therefore their relative influence 
upon the result, has doubtless changed considerably from year to 
year. But the error arising from using these figures for a single date 
is less than the error that would arise if we fnercly counted the num- 
ber of Bradstreet’s commodities in the several classes.^ In dealing 

1 For Mitchell’s criticism of the weights used by Bradstreet’s, see suj)ra, 
p. 357. 

^ “ Bradstreet’s now publishes quotations of 106 commodities, bases its 
index number on quotations of 96, and does not tell which 10 are omitted. 
Its juices per pound, published for only a short while in 1897, include 98 
articles, among them rubber and quicksilver, which are known to have been 
dropped from the index number at a later date. Accordingly the quota- 
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with the remaining series counting the number of commodities in 
each class is satisfactory, since there are no weights to be considered 
aside from the number of forms or products by which each article 
is represented. 


TABLE J 

Analysis of the Commodities Included in the Leading 
American Index Numbers 


1. Dhdsion into raw, slightlj’’ manufactured, and manufactm’ed 
products. 



p . 

o 

O 

Nu-mbkb op Com- 
.^tODlTIES Cl4.\SSI- 1 

Percentage op 
Totad 

Index Number 

Tot.vl Number 

MODITIE 

Raw 

Slightly Manu- 
factured 

Man- 

ufac- 

tured 

R.aw 

Slightly Manu- 
factured 

Man- 

ufac- 

tured 

1. Bureau of Labor Statistics, 
original ...... 

242 

49 

25 

o 

00 

20 

10 

70 

2. Bureau of Labor Statistics, 
revised 

145 

36 

21 

1 

88 

25 

14 

61 

3. Bradstreet’s 

96 

40 

22 

34 

4 36 

^9 

4 55 

4. Gibson, original .... 

.50 

26 

4 

20 

52 

8 

40 

5. Annalist ...... 

[ 25 

8 

5 

12 

32 

20 

48 

6. Gibson, present .... 

22 

11 

2 

9 

50 

9 

41 


tions for the remaining 96 articles have been accepted as the basis of this 
analysis. Their prices per pound sum up to $5.9154, whereas Bradatrcetts 
revised index number for this date is S6.0460 — a difference of about 2 
per cent.” 

1 Percentage of the tot.'d weights on April 1, 1897, not of the number of 
commodities included. - 
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2. Subdivision of the manufactured and slightly manufactured goods. 



■k 

6 

Number op Com- 
modities Classi- 
fied AS 

Peroentaoe of the 

l.'OTAL 

Index Number 

Total Nuaibeb o 

MODITIBS 

Consumesrs’ 

Goods 

Producers’ 

Goods 

Both Consiuners’ 
and Producers' 
Goods 

Consumers’ 

Goods 

Producers' 

Goods 

Both Consumers’ 
and Producers’ 
Goods 

1. Bureau of Labor Statis- 
tics, original . . . 

193 

lOS 

73 

12 

45 

30 

5 

2. Bureau of Labor Statis- 
tics, revised . . . 

109 

51 

47 

11 

35 

32 

8 

3. Bradstreet’s .... 

56 

21 

30 

5 

^26 

^26 

112 

4. Gibson, original . . . 

24 

11 

12 

1 

22 

24 

2 

5. Annalist 

17 

17 

— 

— 

68 

— 

— 

6. Gibson, present . . . 

11 

11 

— 

— 

50 

— 

— 


3, Subdivision of the raw materials and slightly manufactured goods. 



k 

Number op these 
Commodities Classi- 
fied AS 

Percentage op the 
Total 

Index Number 

Number of 

MODITH 

Farm Crops 

.Animal Prod- 
ucts 

Forest Prod- 
ucts 

Mineral 

Products 

Farm Crops 

Animal 

Products 

Forest Prod- 
ucts 

Mineral 

Products 

1. Bureau of Labor Sta- 
tistics, original . . 

74 

18 

15 

12 

29 

7 

6 

5 

12 

2. Bureau of Labor Sta- 
tistics, revised . 

57 

IS 

10 

10 

19 

12 

7 

7 

13 

3. Bradstreet’s . . . 

62 

24 

15 

6 

17 

114 

125 

11 

15 

4. Gibson, original . . 

30 

10 

8 

3 

9 

20 

16 

6 

18 

5. Annalist .... 

13 

6 

7 

— - 

— 

24 

28 

— 

— . 

6. Gibson, present . . 

13 

8 

5 

— 

— 

36 

23 


— " 
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"Wliat light do these facts about weights and the numbers and 
kinds of commodities included shed upon the differences among 
the seven index numbers? 

“To begin with, the present Gibson and the Annalist index 
numbers are confined to one kind of commodities — foods, or rather 
foods and the staples from which foods are prepared. The other 
index nurnbens include besides foods an equal or greater number of 
textile materials and fabrics, minerals, building materials, fuels, 
drugs, etc. The constitution of the seven series in this respect is as 
follows ; ^ , 


Index Nc.mhkb 

WllOtE 

N UMBBn op 
CO.MMOM- 
TIB.S 

Numbeb of 
Foods 

Pek Cent 
OP Foods 

1. Bureau of Labor Statistics, original 

242 

5S 

24 

2. Bureau of Labor Statistics, revised ' 

145 

40 

28 

3. Bradstreet’s . 

96 

' 37 

2 29 

4, Gibson, original ...... 

50 

21 

42 

5. Dim’s 

310? 

? 

250 

(). Gibson, present ...... 

22 

22 

100 

7. Annalist 

25 

25 . 

100 


“Now it has been shown above that food index numbers differ 
widely and capriciously from miscellaneous-list index numl^ers, 
because the prices of agricultural products are largely dependent 
upon tlic yield of each season’s harvests, while the prices of most 
other articles arc less dependent upon weather conditions than upon 
the activity or depression of business. Hence, if index numbers are 
sufficiently accurate to charge their very differences with meaning, 
the seven series under analysis should fall into three groups. 
(1) The two index numbers composed exclusively of foods should 
resemble each other rather closely and should differ rather widely 

1 Food.s are here taken in the rather liberal sense implied by the present 
Gibson and Annalist index numbers. Hence the number of foods credited 
to the Bureau of Labor Statistics is greater tlian the number of articles 
wliich it .so classifies in its own index number. 

® Weights allotted foods, Bradstreet’s weights as of April 1, 1S97. 
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from tlie three series in which foods count for less than a thii’d of the 
total. (2) These three series, in turn, should resemble each other 
closely and differ, not only from the food indexes pure and simple, 
but also, though in less measure, from the two series in which foods 
coimt for approximately half of the total. (3) The latter. Dun's 
index nmnber and the index number made from Gibson’s original 
list, should be hybrids, standing intermediate between the two pure 
stocks, Dun’s inclining rather toward the food index numbers and 
Gibson’s toward the miscellaneous-list group. 

“These expectations are put to the test in the next table and 
handsomely realized. The best simple criterion of relationships 
among the index numbers is the average number of points by which 
their results differ for each of the 24 years for which data are 
available. On this basis it appears that the two fomis of the 
Bureau of Labor Statistics’ series and Bradstreet’s index number 
come very close together — the greatest average difference is only 
2 points. On the other hand, the two food index numbers agree 
much better with each other than they agree with any of the other 
series — though the average difference between them is 3.9 points 
— distinctly larger than the differences among the miscellaneous-list 
series. Presumably, this greater difference arises from the rela-' 
tively small number of articles included by both the Annalist and 
Gibson's present list, 25 and 22, respectively. Finally, it also turns 
out not only that Dun’s index number and the series made from 
Gibson’s original list stand between the two extreme groups, but 
also that of the two the Gibson series bears a distinctly greater 
resemblance to the miscellaneous-list group and Dun’s index number 
a rather closer resemblance to the food group.” ^ 


1 Note omitted. 
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TABLE K 

DjEGiiEEs OF Kinship among the Seven Amekican Index 
Numbers as Shown by the A^terage Number op Points 
BY WHICH They Dipper in toe Years 1890 to 1913 


2. AvcniKO (iifforf'uces lietween the original form of the Bureau of Labor 
Statistics index number and — 


- - 1 

Points 


P01NT.S 


PotNT.S 

Bureau of Labor Sta- 


Gikson, original 

2..a 

Annalist . . 

0.6 

tistics, revised 

1.0 

Dun’s . . . i 

5.5 

Gibson, 


Bradstreet’s . . . 

1 1.9 



present form ! 

7.2 


2. Average differences !)etween the revised form of the Bureau of Labor 
Statistics index number and — 



Points 


Points 


Points 

Bureau of Labor Stii- 
ti.stics, original 
Brsidstreet's . . . 

1.0 

2.0 

Gib.son, original 
Dun’s . . . 

2.0 

5.3 

.Annalist . . 

Gilison, 
present form 

6.3 

6.8 

3. Average differences iietween Bradstreet’s iade.x number and — 


Points 


Points 


Points 

Bureau of Lalior Sta- 
ti.sties, original 
Bureau of Labor Sta- 
tistics, revised . . 

1.9 

2.0 

Gib.son, original 
Dun’s . . . 

3.5 

6.6 

.Annalist . . 
Gibson, 
present fonn 

6.7 

7.0 

4. Average differences between the index number made from Gibson’s 
original list and 


Points 


Points 


Points 

Bureau of Labor Sta- 
tistics, original 
Bureau of Labor Sta- 
tistic.s, revi.3ed . . 
Bradstreet’s . . . 

2.5 

2.0 

3.5 

Dun’s . . . 

4.1 

.Annalist . . 
Gibstm, 
present form 

5.5 

5.9 
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5 . A\'erage differences between Dun’s index number and — 



Points 


Points 


Points 

Bureau of Labor Sta- 


Gibson, original 

4.1 

Annalist . . 

6.1 

tistics, original . . 

5.0 



Gibson, present 


Bureau of Labor Sta- 




form . . 1 

4.5 

tistics, revised . . 

5.3 





Bradstreet’s . . . 

6.6 






6. Average differences between the Annalist index number and — 



Points 


Points 


Points 

Bureau of Labor Sta- 
tistics, original . . 

Bureau of I^abor Sta- 
tistics, revised . . 

Bradstreet’s . . . 

6.6 

6.3 

6.7 

Dun’s . . . 

Gibson, original 

6.1 

5.5 

Gibson, present 
form ... 

3.9 


7. Average differences between the present form of Gibson’s index number 
and — 



Points 


Points 


Points 

Bureau of Labor Sta- 


Dun’s ... 

4.5 

Annalist 

3.9 

tistics, original . . 

Bureau of Labor Sta- 

7.2 

Gibson, original 

5.9 



tistics, revised . . 

6.8 





Bradstreet’s ... 

7.0 



j 



''Gibson’s present series, then, and the Annalist index number 
may be set aside as different in kind from the miscellaneous-list 
series. They do not aim to measure the same thing as the latter, 
and therefore the wide and frequent discrepancies between the two 
groups are not disquieting. Quite the contrary, the series differ from 
the miscellaneous-list series in precisely the ways that the previous 
sections would lead one to expect. This fact is highly reassuring ; 
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for it moans that in different parts of the business field there really 
are general trends among the apparently random variations of 
prices, and that existing index numbers have measured these diver- 
gimt trends with approximate accuracy. Otherwise such close con- 
sistency would hardly exist among the results. 

“It is equally reassuring to find that most of the small discrep- 
ancies among the three miscellanequs-list series are also consistent 
with what has already been learned about the price fluctuations of 
different lands of commodities. Indeed it is curious that two such 
dissimilar kinds of weighting as are used in Bradstreet’s index and 
in tlu' i wo .series drawn from the Bureau of Labor Statistics should 
not ha\'c produced wide discrepancies. These three series never 
coutradii't one another flatly about the direction in which prices 
are mo^'ing. The nearest approach to di.sagreement occurs in 
the five years (1S93, 1S9T, 1903, 1904, and 1913) when one or 
two fail to (jhange while another moves up or down a trifle. In 
no year are the two bureau series more than 4 points apart, 
and their average difference is only 1 point. Similarly, Brad- 
street’s is never more than 7 points out with the original bureau 
index, and never more than 6 points out "with the revised series. 
Its average differences from them are 1.9 and 2 points, respect- 
ively. Bradstreet’s is sometimes above and sometimes below the 
two bureau series, so that its average differences from them 
computed from algebraic sums of the plu.s and minus quantities 
are only five-tenths and nine-tenths of 1 point, respectively. The 
corresponding average difference between the two bureau series 
is four-tenths of 1 point.^ 

“The discrepancies that do occur arise chiefly from the fact that 
while a given change in business conditions affects all three .series 
in the same way it usually causes a wider fluctuation in Bradstreet’s 
index than in the revised bureau series, and a wider fluctuation in 
tlie latter than in the bureau’s original scries. This difference in 
steadiness is just what should follow from the constitution of these 
three index numbers with reference to their proportions of raw 
materials and manufactured products. To the reader who re- 
members that raw materials fluctuate much more widely in price 
than goods manufactured from them, the following scliedule tells 
its own story: 

1 It is interesting to compare these differences with those which separate 
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Index Number 

i 

Avebage 
Change i-eom 
Yeab to Year 

' Pebcen-tage 
■ UP Raw 
Materials 


Points 


Bureau of Labor Statistics, original . . j 

4.0 

20 

Bureau of Labor Statistics, revised . . 

4.1 

25 

Bradstreet’s 

5.6 

36 


“The only thing that is difficult to explain, indeed, is the general 
level on which the three index numbers fluctuate in 1900-1913. 
We should expect Bradstreet’s to stand a little higher than the 

the index numbers worked out above for different parts of the system of 
prices. 


Index Number 


Dipfbkence 

Average 

Maximum 

Minimum 

Bureau of Labor Statistics, original, and 
Bureau of Labor Statistics, revised . . 

1.0 

4 


Bureau of Labor Statistics, original, and 
Bradstreet’s 

1.9 

7 ■ 

_ 

Bureau of Labor Statistics, revised, and 
Bradstreet’s . 

2.0 

6 

— 

49 raw materials and 183 to 193 manu- 
factured articles 

5.9 j 

18 

i 1 

20 raw materials and 20 of their products 

'9.1 . 

21 

, 

5 raw materials and 5 groups of their 
products . 

14.0 

28 

! ■ . 

Mineral and farm products ..... 

i 10.1 

31 

1 _ — 

Mineral and animal products 

1 9.0 

1 32 

i 

Mineral and forest products . . . . . 

1 18.6 

61 

— 

Farm and animar products 

S..3 

20 

1 

Farm and forest products . . . . • . 

19.6 

47 

1 

Animal and forest products 

Producers’ and consumers’ goods . . . 

i 15.8 

41 

1 

6.7 

19 

1 


Note. — For the figures from which these differences are computed see 
Tables 18, 9, 10, and 11. (Reference is to Professor Mitchell’s Tables.) 
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two bureau indexes because of its larger proportion of raw materials 
and smaller proportion of minerals. In fact it stands a shade lower, 
and the slight weight it assigns to the rapidly rising prices of forest 
products seems hardly sufficient to account for this result, since 
these products count for only 5 and 7 per cent of the totals in the 
two bureau series. . . . 

CRITICAL VALUATION 

"A just evaluation of our seven American index numbers is not 
easy to make. For a comparison has little meaning unless it deals 
, with all the important points at which the series differ. And since 
no one series is superior to the others at all points a verdict can not 
be rendered in a single sentence. 

“In the publication of actual prices, the Bureau of Labor Statis- 
tics and Bradstreet’s stand foremost. The contribution they have 
thus made to the knowledge of prices possesses great and permanent 
value over and above the value attaching to their index numbers. 
For, it is well to repeat, all efforts to improve index numbers, all 
invest igations into the causes and consequences of price fluctuations, 
and all possibility of making our pecuniaiy institutions better in- 
struments of public welfare depend for their realization in large 
measure upon the possession of systematic and long-sustained 
records of actual prices. And much of this invaluable material 
would be lost if it were not recorded month by month and year by 
year. 

“Critical users of statistics justly feel greater confidence in figures 
which they can test than in figures which they must accept upon faith. 
Hence the compilers of index numbers who do not publish their 
original quotations inevitably compromise somewhat the reputation 
of their series. They compromise this reputation still further when 
they fail to explain in full just what commodities they include, 
and just what methods of compilation they adopt.^ In the latter 
respect the Annalist index number shares first honors with tlie 
Bureau of Labor Statistics’ series. Any one who chooses to take 
the trouble can find what commodities are used, and how the final 
results arc worked up from the raw material. Bradstreet’s index 
number suffers a bit in comparison because readers are not told 


^ Note omitted. 
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which 96 commodities out of the 106 of which prices are published 
are included in the index number, and because the method of reduc- 
ing prices by the yard, the dozen, the bushel, the gallon, etc., to 
prices per pound is not fully explained. Dun's index number is 
more mysterious still, because neither the list of commodities nor 
the weights applied to each commodity are disclosed. And Gilj- 
son’s present series also stands partly in the shadow because, while 
the list of commodities ip Imown, the publishers state merely that 
these articles are weighted by Dun’s system, 

“With reference to weighting, Bradstreet’s index number take.s 
low rank, for the plan of reducmg all quotations to prices per pound 
grossly misrepresents the relative importance of many articles. 
That figures made thus should give results in close agreement with 
the Bureau of Labor Statistics’ series is a remarkable demonstration 
of the ability of index numbers to extract substantial truth even 
from unpromising materials. The agreement' is all the more 
remarkable since the bureau’s series is also badly weighted, though 
in a different way and in less degree.^ The revised bureau series 
is scarcely better than the original in this respect. It is better 
in substituting a single set of relatives for the articles of minor im- 
portance to which the original accorded several sets (for example, 
shirtings, sheetings, tools, window glass, etc.), but worse in cutting 
down the representation accorded to great staples (for example, 
pork, coal, pig iron, and leather).- The Annalist index number fol- 
lows the sensible, though rudimentary, plan of including two or 
three varieties of the most important articles, and only one of the 
less important. The like can be said, in favor of Gibson’s index 
number, both in its original and its present form, and in addition 
Gibson uses the Dun system of weights. The latter system is, in 
theor5'', the nearest approach to a satisfactory plan of weighting 
made by any American index number at present. Whether the 
practice is as good as the theory is doubtful, to say the least, for 
any one familiar with the deficiencies of American statistics of 
consumption must wonder whence the compilers derived their 
estimates of the quantities of 310 commodities ‘annually consumed 
by each inhabitant.’ Moreover, what little is known concerning 
the actual weights is not unobjectionable. Fifty per cent of the 
total is too large a weight to allow to foods in a wholesale-price 


1 Note omitted. 


* Note.s omitted. 
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f^ories. Even in the great collection of budgets of workingmen’s 
families made by the Commissioner of Labor in 1901 the average 
expenditure for food was less than 45 per cent of total family expen- 
diture; ^ and in wholesale markets, of course, many commodities 
that are never directly consumed by families have great importance. 

“ Dun’s index nmnber is supposed to stand first in number of 
commodities included, but lack of definite information makes it 
impossible to judge whether its list is well balanced. The bureau’s 
list, also is long and contains samples of many different lands of 
goods, manufactured as well as raw, consumed for all soi-ts of pur- 
posc>s and produced under all sorts of conditions ; but the represen- 
tation accorded to different parts of the whole system of prices is 
c(a‘tainly far from equitable, Bradstreet’s list, while less than half 
as long as the bureau’s, seems better chosen. It is particularly 
strong in raw materials and rather weak in manufactured goods. 
The vsaine remarks apply to Gibson’s original list, though it suffers 
in comparison by being only about half the length of Bradstreet’s. 
Finally, tlie present Gibson index nmnber and the Annalist series 
are confined to foodstuffs, and make no pretense of representing 
prices at large. 

“In the form of presenting results, Bi-adstreet’s set an admirable 
example, wiiich was wisely followed by Dun’s. Their sums of actual 
prices can readily be turned into relatives on any base desired, and 
lienee can be made to yield direct comparisons between any two 
dates. The other series, as averages of relative prices on the 1890™ 
1899 basis, carmot be properly shifted unthout a detailed recomputa- 
tion of the relative prices of each commodity, and force readers to 
make all their comparisons in terms of what prices were in the decade 
used as base. 

‘Tt is interesting, finally, to test the reliability of the several 
index numbers as ‘business barometers.’ Monthly figures would 
be much better than our yearly averages for this purpose ; but since 
tliey are not to be bad for most of the series during most of the 
period covered, we must do the best we can with the rougher gauge. 
In 11 of the 23 cases of changes from one year to the next the seven 
index numbers disagree as to whether prices rose, fell, or remained 
constant. In the following schedule these 11 years are represented 
by columns in which each index number is credited with plus one 

^ Note omitted. 
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when its change accords with the character of the alteration in busi- 
ness conditions, debited with minus one in cases of disagreement, and 
marked zero when it recognizes no change in the price level.i The 
net scores made by casting up the plus and minus entries indicate 
roughly the relative faithfuhiess with which these series have re- 
flected changes in business conditions m the past. Of thi' index 
numbers regularly published, Bradstreet’s makes imicli the best 
showing. Even the scores against it in 1895 and 1903, and its 
failure to show the reaction in business conditions in 1913, would 
be wiped out were the data by quarters and months used in place 
of the annual averages. 


Index Number 

... 

1891 

1893 

1895 

1897 

1901 

1903 

1904 

1905 

1908 

1910jl913 

w s 

1. Bradstreefs . . 

2 + 1 

+ 1 

- 1 

+ 1 

+ 1 

- 1 

+ 1 

+ 1 


+ 1 

0 

+ G 

2. Bureau of Labor 
Statistics, re- 
vised .... 

+ 1 

+ 1 

- 1 

0 

+ 1 

0 

0 

+ 1 

+ 1 

+ 1 

+ 1 

+ 6 

3. Gibson, original . I 

0! 

0 

0 

+ 1 

j+1 

+ 1 

- 1 

+ 1 

+ 1 

+ 1 

0 

+ 5 

4. Bureau of Labor 
Statistics, orig- 
inal .... 

+ 1 

G 

- 1 

0 

+ 1 

- 1 

+ 1 

' 

+ 1 

+ 1 

+ 1 

0 

+ 4 

5. Annalist . . . 

- !■ 

- 1 

- 1 

+ 1 

- 1 

+ 1 

- t 

+ i! 

- 1 

+ 1 

+ 1 

- 1 

6. Dun’s .... 

- l' 

- 1 

- 1 

- 1 

- 1 

+ 1 

- ll 

0! 

+ 1 

+ 1 

+ 1 

- 2 

7. Gibson, present . 

- 1 

- 1 

- 1 

+ 1 

- 1 

+ 1 

+ r 

- 1| 

- 1 

0 

+ 1 

-.2 


''Each of these seven series, then, has its special uses, its merits, 
and its defects. Choice among them should be made in accordance 
with the particular purpose for which an index number happens to 
be wanted. But it seems feasible to construct an American series 
which would present a stronger combination of good qualities as a 
general-purpose index number than any now existing. The original 
quotations might be collected from the records of the Bureau of 
Labor Statistics and Bradstreet’s, a list of commodities more com- 
plete than Bradstreet’s and better balanced than the bureau’s might 
be drawn up, the use of actual prices might be adopted from Brad- 

^ For a description of American business conditions in this period, see 
W. n. Mitchell, Business Cycles, Chapter III (Summary, p. 88). 

2 Based on Bradst, reefs original figures for 1890 and 1891, figures which 
are not used in the inde.x number as currently published. 
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street’s and Dun’s, the several commodities might be weighted by- 
physical quantities after Dun’s fashion, but with the use of a cri- 
terion more appropriate to -wholesale prices,, and the whole process 
of construction might be set forth with the frankness characteristic 
of the Annalist and the bureau. Such a series might differ little 
from the figures now available ; but, however it might turn out, its 
results w’-ould merit greater confidence than can properly be felt in 
any of the present index numbers as a measure of changes in the 
general level of wholesale prices,” 

IV. Conclusion 

The collection of data, the development of plan and pur- 
pose, the use of statistical abbreviations in the forms of 
averages and aggregates, the association of means and ends 
are all admirably illustrated in index number making and 
using. With few' statistical problems is it necessary to use 
so many data and to exercise so much care in the uses to -which 
they are put, and yet these facts are not generally acknowl- 
edged by those who use index numbers and are likely to be 
given little weight unless the consequences of loose and in- 
discriminate use are pointed out. It has been the purpose of 
this part of the discussion briefly to develop the principles 
of index number making and to show their importance in 
respect to the leading American numbers. The application 
of statistical method is patent at every stage. 


CHAPTER XI 


DESCRIPTION AND SUMMARIZATION — DISPERSION 
AND SKEWNESS 

I. iNTOaODUCTION 

Perhaps it is well at this time to restate the order of our 
treatment. It proceeds from the simple to the complex; 
from detail to summary. Statistical data are first to be 
collected ; they are then to be dissected and appraised for 
the purpose in mind, and afterwards to be combined into 
aggregates for comparative purposes. Comparison may be 
of time or place, of extent or condition, but in all statistical 
work it is the goal. 

Averages have been treated as summarizing expressions.^ 
They seem to bring to focus in a single expression the dis- 
similarities and peculiarities of data. How inadequate they 
sometimes are, however, in this respect is apparent from the 
differences which frequently exist between them, and from 
the further fact that in matters of social interest — wherein 
a norm or “average” is unreal or docs not exist — deviations 

1 Pearl, in speaking of the functions of statistics, says that they give us 
‘‘Knowledge of certain abstract qualities of groups or masses. This ... is 
obtained by calculation from the counted data.” These important qualities 
are; (a) ‘‘The center or typical condition” — giving the mean, median or 
mode; (6) ‘‘The degree of undividual diversity,” giving the average and the 
standard deviations; and (3) ‘‘Degree of symmetry.” This knowledge is 
exact “ so long as we confine our attention solely to the particular group dis~ 
cussed in a particular single case," For example: Average heights to the 
nearest inch of three men would not give a “reasonable” measure if they 
were widely different. Pearl, Raymond : Modes of Research in Genetics, 
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or differences from an average are far more important than 
an average itself. The “reality" of such summaries is much 
less certain in the fields of economic and social statistics 
than it is in natural science, where according to an orderly 
arrangement, excesses and deficiencies above and below a 
characteristic thing, in respect to a given phenomenon, 
arrange themselves about a norm in a predictable manner. 
Not infrequently even a few samples if properly chosen per- 
fectly reflect this natural order. Not that averages in 
economics are of no use ; quite the contrary. They clearly 
have a function, but it is too frequently abused by not being 
properly understood. Their precision in the field of natural 
science is too frequently blurred and obscured when they 
are applied in business and economics. They still give im- 
pressions and roughly characterize statistical distributions, 
but rough characterizations and general impressions are in- 
adequate as bases for important social, business, and eco- 
nomic changes. It is detail that must somehow be incorpo- 
rated, but not so as to confuse the issue in its larger aspects. 
The problem of the statistician is to make data vivid in 
outline and at the same time to incorporate within them 
essential detail. Moreover, these must be apparent and be 
given proper weight. 

The logic of large numbers is not forgotten in this con- 
nection. It has already been recognized that one need not 
have complete statistical data on all phases of an economic 
problem in order to understand it. Statistical sampling is 
so general as almost to be characteristic. Sometimes it is 
followed because of choice but more frequently perhaps 
because of necessity. But there is a vast difference between 
arriving at a conclusion from adequate statistical samples 
and of stating this conclusion solely by means of statistical 
abbreviations. It is the latter which is now being considered. 
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While employing averages as statistical abbreviations it is 
possible to supplement them in such a way that details will 
not be sacrificed, much less be ignored. By the use of siiiipk^ 
measures of dispersion and skewness, definite meaning may 
often be given to facts which, if expressed by ax'erages alone, 
would be inadequate and possibly misleading in all cases 
where discrimination is important. It is to a description of 
these that this chapter is devoted. It is thought best not 
only to explain the function of such measures but fully to 
illustrate, by the means of concrete examples, their applica- 
tion to economic statistics as well as the methods by which 
they are calculated. 

II. Dispersion 
1. The Meaning of Dispersion 

Dispersion is the term used to express the variability or 
difference of the separate measures in a group (frequency 
series) or in a time series from the average or characteristic 
feature. Dispersion calls attention to the degree of homo- 
geneity which characterizes statistical groups. If the limits 
established are wide, as they are, when nothing more respect- 
ing a loan, for instance, is noted than the fact.thjit it is a 
loan, the rates of interest are widely different. That is, 
the dispersion or “scatteration” from the average is large. 
On the other hand, if municipal loans for a single purpose are 
compared, the range of difference between the interest rates 
is noticeably narrower. That is, the dispersion is smaller. 

Of course, highly dissimilar things can hardly be said to 
have a characteristic feature, and to be described by a single 
expression. Difference and variation arc characteristic of 
most things. Absolute uniformity, rarely found in natural, 
is not even approached in many economic phenomena. 
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Freight cars differ as to capacity; engines, as to tractive 
power ; people, as to earning capacity ; etc. It is the dif- 
ferences or variations from the characteristic tiring which it 
is the function of measures of dispersion to reveal. 

In matters of pure chance and in natural phenomena, fre- 
quencies tend to be distributed about a norm or central 
tendency in a regular and orderly way. The error or normal 
law of error cm-ve is described. Median, mode, and arith- 
metic mean coincide. Distribution is symmetrical irrespec- 
tive of the types of the series. They may be discrete or con- 
tinuous. The fact of sjnnmetry, however, does not reveal 
the amount by which the variables are more or less than 
the average or typical fact. They may be small as in Plate 
21, Chapter IX, or large as in Plate 20, Chapter IX. It is 
these which measures of dispersion reveal. Averages alone 
are inadequate ; comparisons of them are enlightening. 

2. Measures and Coefficients of Dispersion 

It is of advantage to distinguish betw’-een time and fre- 
quency series when treating measures of dispersion. In 
time series the controlling fact is chronology ; in frequency 
series, amoun t. This fact makes the treatment of the two 
somewfiat different. 

(1) The Range. 

The limits of a distribution or series may be established by 
citing the range within which frequencies fall. In frequency 
groupings the units are cited ; in time series the upper and 
lower limits of distributions are given. Extreme s in the 
l atter case, however, need not correspond to tfie^tinie limits, 
s ince arrangement is according to chronology and not amount . 
This is illustrated in the time series shown in Chapter VIII. 
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According to the arrangement on p. 269, the minimum and 
maximum amounts, 46,631,000 and 121,852,000, respectively, 
do not coincide with the time limits of the period. To ox - 
press the limits of the amounts is to ignore the limits of the 
pmdd',"and vice Mrs a. The afTahgementTdlldwsThe order 
oTamount, and -^ate^that of time. This is necessary for 
the determination of the median and quartiles, but is not 
common in tabulation. 

On the other hand, in frequency series, when extremes of 
amounts are listed, minimal frequencies usually cori'espond. 
This is always true in symmetrical curves and is approached 
in those which are moderately asymmetrical. Maximal 
frequencies, on the other hand, correspond in normal distri- 
butions to normal amounts, and approach the same in 
moderately asymmetrical ones. Merely to express the 
range, however, may mean very little in either case. Light 
is not necessarily thrown on the nature of the distribution 
between the extremes. In historical series they may almost 
be coincident in point of time. In frequency series, they 
may mean very little, because they are unrepresentative. 
These facts are further considered by use of examples. 

I n the series on p. 269, Chapter VIII, the extremes are 
46,631,000 lbs, and 121,852,000 lbs. But these alone tell 
nothing concerning the distribution between the limits. 
Certainly the minimum is far more characteristic of the series 
than is the maximum. The extremes would not be altered 
by a very different order. Again, using the frequency dis- 
tribution in Table M, Chapter VIII, the extremes are $5.00 
to $5.99 and $14.00 to $14.99, but the frequencies for the 
minimum are fifteen times as large as those for the maxi- 
mum. Something more than extremes must be given, and 
yet it is not always possible to describe or reproduce a series 
in detail. Some form of abbreviation must be used. 
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A convenient method of summarizing data is what may 
be called the “cumulative- or moving-range.” If the time 
series of Chapter VIII is used, some such statement as the 
following may be prepared. Of course, the amount of detail 
can be varied to suit the needs of the problem. 

TABLE A 


Table Illustrating the Cumulative- or Moving-Range 
Methoo op Showing Dispersion in Historical Series 


Years 

Importations 

Amounts in (OOO’s) lbs. 

Per cent 

1895 to 1913 

1,421,152 

100.0 

1895 to 1900 

326,797 

23.0 

1895 to 1905 

656,368 

46.2 

1895 to 1910 

1,075,752 

75.7 


The data may be put in this manner : 


1895 to 1913 

1,421,152 

100.0 

1910 to 1913 

431,437 

30.4 

1905 to 1913 

825,293 

58.1 

1900 to 1913 

1,161,753 

81.7 


Applying the same method to the frequency series in 
Table M, Chapter VIII, the arrangement will be somewhat 
as follows : 
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TABLE B 

Table Illustrating the Cuaiulattoe- or Moving-Range 
Method op Showing Dispersion in Frequency Series 


Amounts 

pREQUUNflES 

Amounts 

Per eeiitss 

As much as $5 but less than $15.00 . . 

434 

100.0 

As much as $5 but less than S 8.00 . . 

121 

27.9 

As much as $5 but less than $11.00 . . 

374 

86.2 

As much as $5 but less than $14,00 . . 
Or in this manner 

433 

99.8 

Less than $15 but more than $ 4.99 . . 

434 

100.0 

Less than $15 but more than $13.99 . . 

1 

,2 

Less than $15 but more than $10.99 . . 

60 

13.8 

Less than $15 but more than $ 7.99 . . i 

313 

72.1 


This method consists of establishing a series of cumulations. 


t he extent of the groups being successively widened . Grouping 
may be begun from either end and carried forward step by step. 
The thing that is striven for is a summary but one which char- 
acterizes the complete distribution. The method lends itself 
to arithmetic but not to diagrammatic or graphic presentation. 

The range may be reduced to a relative basis, and the 


t hat is, a coefficient may be established — by comparing 
the difference of the extremes with their sum. In the time 
series used above, this method gives a dispersion of 
pi, 852, OOP lbs. - 46, 63100.gibs, The same method 

121,852,000 lbs. + 46,631,000 lbs.’ 

in the frequency series gives a coefficient of -| |, or 
.50. That is, the dispersion in the two cases when all 


deviations are considered is approximately equal, 
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TABLE C 


Table Showing the Decils op Relative Wholesale Prices in 
THE United States, by Years — 1890-1910 
(Taken from Mitchell, W. C., Business Cycles, p. 112) 


1 

Lowest 

Rbeative 

Price 

S B 

Q 3 
§ 

K O 
» g 

If 


li 

li 

a 

If 

Ji 

fl 

Highest 

Relative 

Price 

1890 

SO 

97 

101 

105 

108 

112 

116 

119 

126 

133 

160 

1891 

74 

99 

101 

105 

109 

111 

113 

116 

122 

132 

158 

1S92 

61 

92 

99 

101 

104 

107 

108 

111 

114 

118 

141 

1893 

70 

90 

96 

100 

102 

104 

106 

109 

111 

119 

158 

1894 

46 

79 

85 

91 

94 

96 

99 

101 

103 

111 

129 

1895 

53 

79 

86 

• 88 

91 

94 

95 

98 

100 

105 

149 

1896 

39 

71 

79 

85 

88 

90 

92 

95 

98 

100 

142 

1897 

5() 

71 

78 

85 

88 

91 

93 

95 

98 

102 

128 

1898 

48 

77 

84 

87 

91 

94 

96 

99 

101 

108 

155 

1899 

46 

86 

89 

94 

97 

100 

103 

108 

112 

129 

149 

1900 

59 

90 

98 

102 

106 

109 

113 

118 

123 

136 

192 

1901 

49 

90 

: 97 

101 

104 

107 

111 

115 

120 

133 

222 

1902 

45 

91 

98 

102 

107 

110 

114 

119 

134 

145 

194 

1903 

43 

90 

98 

: 104 

108 

111 

114 

121 

129 

143 

192 

1904 

60 

91 

98 

103 

106 

112 

117 

120 

130 

143 

197 

1905 

59 

85 

97 

104 

1 110 

114 

120 

126 

131 

149 

238 

1906 , 

62 

89 

100 

108 

114 

119 

124 

131 

137 

159 

279 

1907 

42 

95 

104 

112 

121 

129 

132 

139 

147 

171 

304 

1908 

45 

89 

102 

107 

113 

119 

124 

130 

139 

156 

228 

1909 

48 

89 

102 

111 

117 

121 

127 

135 

146 

172 

243 

1910 

48 

86 

103 

112 

118 

124 

132 

144 

154 

187 

363 


(2) The '^Decir' Method (Graphic) for Time Series 
Professor Wesley C. Mitchell has employed the “decil” 
method of showing dispersion in connection with price index 
numbers. It consists of plotting for successive periods the 
extremes as well as the nine decils of price changes. For 
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each period — year in the case chosen — the relative price 
changes for each commodity from year to year arc arranged 
by years in an ascending order and the decils computed in 
the regular manner d The fifth decil is, of course, the median. 
The distribution gives an excellent measure of seatteratioii 
or dispersion. The preceding table and the following Plate 
22 show the manner in which the process is applied. 

Commenting on this table, Mitchell says : 

“In 1909, for example, one commodity had a relative price as low 
as 48, and another had a relative price as high as 243. Thus the 
arithmetic mean for that year, 121, represents relative prices which 
are scattered over a range of almost 200 points. But three-fifths 
of the 145 commodities had relative prices falling within a much 
narrower range — 44 pomts, the difference between the second 
and eighth decils — and one-fifth fell within lunits of ten points — 
the difference between the fourth and sixth decils.” ^ 

By not being content to use a single expression such as the 
arithmetic mean, the median, or the mode, it is possible, by 
choosing decils, to show graphically over a period, and at 
each period included, the degree to which data are com- 
pressed or closely grouped around or are scattered away 
from their norm or central tendency.® 

Professor Mitchell’s relative price data constitute series of 
frequency distributions in which nothing more detailed is 
given than the decils and ranges. The merits of the method 

1 The formulse for computing decils are, respectively, for 1st, 2d, 7th, — 

^Ldld.; ,. P . d- 1) ^ ^ jg meaiit the number of 

10 10 10 
items. 

2 Mitchell, Wesley G., Business Cycles, p. 109, University of California 
Studies. 

3 A slight variation of this method already described in another connec- 
tion has more recently been applied by Professor Mitchell to price changes 
in Wholesale Prices in the United States, Either method has great possibili- 
ties for the use in question. Bulletin of the United States Bureau of Labor 
jSiofo’siics, Whole Number 173, July, 1915, Washington, D. C. 

2c 





1S30 1895 1900 1905 1910 

YEAK 

PLATE 22 


Curves showing, by the Range and the DedI Methods, the Dispersion 
of the Fluctuations in Relative Wholesale Prices of 145 Com- 
modities, 1890-1910. 
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consist in having data placed side by side — decil by dceil 
— according to chronology, thus giving a continuous and 
detailed view of the spread or scatter. Not only may dis- 
tribution be studied at a single period but also for all periods. 

Whether the graphic or simply the arithmetic method of 
showing dispersion is used, comparison is made by noting 
differences. The facts in Table C above might bo empha- 
sized by showing successively the differences between the 
decils for the various years, and a summary, in the form of an 
average of some type, for the whole period. Other methods 
may be devised to make them emphatic. 

(3) The Average Deviation 

In order to compute deviations, obviously a standard 
must be adopted from which measurements are made. The 
mode, the median, or the arithmetic mean serves this pur- 
pose. If the arithmetic mean is used, and signs are con- 
sidered, the differences are equal to zero. This follows as a 
matter of course from the nature of such an average. If, 
however, signs are disregarded, the aggregate deviations are 
larger when taken, from the aritlimetic mean than when 
taken from any other average, for the reason that this aver- 
age is affected by both the size of the items and the fre- 
quencies. In the case of the median, however, they are a 
minimum — that is, are smaller than when calculated from 
any other average. Only the frequencies and the size of 
the items at or near the center of a distribution affect this 
measure. By the use of an analogy, Bowley has shown 
that the sum of the deviations is a minimum when cal- 
culated from the median. 

''That the sum of the first powers is a minimum can be readily 
demonstrated, most easily by an analogy. Suppose that it is 
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required to nm from a telephone exchange separate wires to every- 
one of n places in a straight line, where should the exchange be 
placed, so as to use the least total amount of wire ? At the median 
position. For if you move from the median position to the right or 
to the left, you wall find immediately that you are adding more wire 
than you are subtracting. Supposing there are 20 stations, and 
you have a position between the 10th and 1 1th ; if you move to a 
position between the. 11th and 12th, you have to increase your dis- 
tance from 10 stations and diminish it from 9, in every case by the 
same length of the wore. The wires correspond to the deviations ; 
and the sum of Icngtlis of the wires is the sum of the lengths of the 
deviations. Consideration of this illustration will show that the 
sum of the deviations is a minimum when they are measured from 
the median, but that the median is not quite determinate, for if 
there are an even number of stations, the sums of the deviations 
measured from all points between the two central stations are the 
same.^ 

Mathematical consistency seems to demand that the median 
be used. On the other hand, the average deviation requires 
that the total be averaged, that is, divided by the number of 
items, and logical consistency seems to demand that they be 
computed from the mean.^ In the examples following, the 
arithmetic mean is used both as standard and as divisor,® 

The average deviation is an average. It is not different 
in this respect from the average of the original data. It 
does not represent a series of deviations in detail, but only 
attempts to record a type- When they are uniform and 
small, it does this satisfactorily. When they are large and 
different, it fails here as it does in the original case. More- 
over, it is impossible to determine from the average alone 
which condition’ maintains. To do so requires that they be 

^ Bowley, A. L., Measurement of Groups and Series, p. 30. 

* 111 symmetrical distributions and those only moderately asymmetrical 
the difference in the aggregate in the two ca.ses would be small. 

® Defense might be found for taking the median deviation when deviations 
are calculated from the median. 
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arranged into frequency groups or that the method of cumu- 
lative- or moving-ranges be used. When thisds necessary 
must be determined bj^ the data and the purposes for which 
they are used. 

In the following examples the method of computing the 
average deviation is fully illustrated. 

a. The Average Deviation in Historical Series 
The following table gives the quantity of tin plates im- 
ported into the United States, 1906-1915, inclusive, in 
millions of pounds. 

TABLE D 


Table Showing the Quantity op Imported Tin Plates into 
THE United States, 1906-1915, IxNClusive,^ in Mlhons op 
Pounds 


Yeahs 

' 

Amount 

Fuequen- 

Deviations 

1 From average, 8(5.0 

Total (signs 
ignored) 

- 

+ 

Total 

86.6 (av.) 

10 

251.4 

251.4 

502.8 

1906 

121 

1 


34.4 

251.4 

1907 

143 

1 


56.4 


1908 

141 

1 


54.4 


1909 

! 117 

1 


30.4 


1910 

154 

1 


67.4 


1911 

95 

1 


8.4 


1912 

■7 

1 

79.6 


251.4 

1913 

28 

1 

! 58.6 



1914 

49 

1 

37.6 



1915 

■ 11 ■ 

^ 1 

1 

75.6 




1 Statistical A bstract of the United Stales , 1915, p. 498. 
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By disregarding signs and combining the deviations the 
total is 502.8. The average is therefore 502.8 4- 10 = 50.28. 
That is, the average difference of the various amounts im- 
ported from the average imported is 50.28 million pounds. 
The average itself is 86.6 million pounds. In one year the 
average is exceeded by 67.4 million pounds, while in another 
year the average imported exceeds the amount brought in 
in that year by 79.6 million pounds. The excess of the first 
is 78 per cent, and the deficit of the second 92 per cent, of 
the average. The average difference is 58 per cent of the 
average imported. 

These differences might be illustrated in the following 
manner : 

TABLE E 

Table Showing in Classified Fob.m the Dippeeences from the 
Average Importations op Tin Plates into the United 
States 

(Based on Table D) 


Dippebencbs pbom the Aveb-vge 
Importations (in Miluon Pounds) 

Years in which the Cobhespondino 
Dipperences were Found 

Total 

- 

4- 

Total 86.6 (average) 

10 

4 

6 

Less than 15.0 

1 

_ 

1 

15 but less than 30.0 . . . . 

— 

— 

— 

30 but less than 45.0 .... 

3 

1 

2 

45 but less than 60.0 .... 

3 

1 

2 

60 but less than 75.0 .... 

1 

— 

1 

75 but less than 90.0 .... 

2 

2 

1 __ 


Summarizing this table, it is shown that the positive and 
the negative differences from the average range from 90 
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to below 15 million pomids, six of the frequencies, when 
the deviations are taken positively, being between 30 and 
60 million. The median difference when interpolated for is 
55.4. 

The average deviation may also be computed from an 
assumed average. The following table using the above data 
illustrates the method. 

TABLE F 

Table Showing the Method op Computing the Average 
Deviation when an Assumed Average is Used 


(Data same as in Table D) 


Yeah 

Amount 

Fkeuuencibs 

Deviationh from Assumed 
Average — 90 

Total (Signs 
Ignored) 

- 

+ 

Total 

866 

10 

265 

231 

496 



1906 

121 

1 6 


31 

231 

1907 

143 

1 


53 


1908 

141 

1 


51 


1909 

117 

1 


27 


1910 ! 

154 

1 


64 


1911 

95 

1 


5 


1912 

7 

1 4 

S3 


266 

1913 

28 1 

1 

62 j 



1914 

49 

1 

41 



1915 

1 

11 

1 

79 




The total error in deviations is 34 — the difference between 
265 and 231. Had they been computed from the true 
average the difference would have been zero. The average 
error is, therefore, 34 -i- 10 or 3.4. Six of the frequencies 
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arc too small — they were computed from 90 in place of 
80.6 — and four of them are too large for the same reason. 
Therefore (6 X 3.4) - (4 X 3.4), or 6.8, must be added to 
the combined frequencies, 496, to make up for the error. 
This gives 502.8 as the correct sum of the deviations when 
taken positively. The average deviation is therefore 
502.8 - 4 - 10, or 50.28, as in the first method above. 

There is no presumption of a normal or ideal arrangement 
in a time series. The average deviation, therefore, loses 
some of the significance associated with it in the treatment 
of natural phenomena. In the case of economic statistics it 
may be highly artificial. By its very nature the differences 
are important not only because of their size but also because 
of their distance from the center of gravity. In the example 
above the deviation of 8.4 is as important in the divisor as is 
that of 79.6. Each constitutes one of the ten differences. 
Of course, the median and the mode are differently affected.^ 

6. The Average Deviation in Frequency Series 

In the discussion of the average deviation for frequency 
series there is no necessity of restating the essential differ- 
ences between those that are discrete and continuous in ’ 
type. What has already been said in this respect applies 
here. The present task is to comprehend its meaning and 
see its application to economic and business facts when they 
are grouped in frequency series. 

Various types of frequency distributions are shown on Plate 
23. Even on casual inspection, it is evident that it is futile 
to attempt to summarize them by a single expression such as 
an average. The averages may be similar, but the distri- 
butions about them widely different. It is the latter which 
1 See what is said relative to this point iu Chapter VIII, supra. 
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arc now being considered. Taking a somewhat different 
series, the application is seen in the following examples : 

TABLE G 


Table Showing the Method op Computing the Average De- 
VLVJTON IN A Simple Frequency Distribution 


1 

Amount 

FUEQtniN- 

CIES 


Deviations 

Totaij 

(signs 

ignored) 

From True Aver- Multiplied by the 

age, .S4.23 Frequencies 



- 

+ - + 


Total 

i 

37 I 

$ 25,331 $25,321 

$50.65 

$2.00 

4 

$2.23 

8.92 

8.92 

4.00 

3 

.23 

.69 

.69 

3.00 

9 

1.23 

11.07 

11.07 

6.00 ! 

5 


$1.77 8.85 

8.85 

3.00 

2 

1.23 

2.46 

i 2.46 

8.00 

3 


3.77 • 11.31 

11.31 

5.00 

6 


.77 4.62 

4.62 

3.50 

3 

.73 

2.19 

2.19 

4.50 

2 


.27 .54 

.54 


Ignoring signs, the differences amount to $50.65. The aver- 
age difference is, therefore, $50.65 -f- 37, or $1.37. That 
is, the average difference from the arithmetic average is 32 
per cent of the average, and varies, when weighted according 
to its importance, from the smallest positive difference of 
$.54 to the largest negative difference of $11.07. 

The manner in which the average deviation is computed 

J This negligible difference is due to taking the average as $4.23 rather 
than as $4.22 +. 
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for a series when the frequencies apply to groups is to as- 
sume for each group a uniform distribution, or what is the 
same thing, to assume that they are concentrated at the 
middle points, and proceed as in the case above. The fol- 
lowing table, using a different set of data, is illustrative. 

TABLE H 


Table Showing the Method op Computing the Average 
Deviation prom a Group-Frequency Series 


Amounts 

Fre- 

quencies 

Devi-vnoNS , 

From the j 

Average, $9.04 

Product of Deviations 
and Frequencie.s 

Total 

Deviations 

(signs 

ignored) 

- 

+ 

- 

+ 

Total . . . 

434 



$305.48 1 

$305.12^1 

$610.60 

15.00 to $5.99 

15 

13.54 


,53.10 


53.10 

6.00 to 6.99 

40 

2.54 


, 101.60 


: 101.60 

7 00 to 7.99 

66 1 

1.54 


' 101.64 


! 101.64 

S.OOto 8.99 

91 1 

.54 


49.14 


49.14 

9.00 to 9.99 

1 113 


$.46 


51.98 

51.98 

10.00 to 10.99 

49 


1.46 


71.54 

71..54 

11.00 to 11.99 

30 


2.46 


73.80 

73.80 

12.00 to 12.99 

27 


3.46 


93.42 

93.42 

13.00 to 13.99 

2 


4.46 


8.92 

8.92 

14.00 to 14.99 

1 


5.46 


5.46 

i 5.46 


The sum of the deviations is 1610.60, and the average devia- 
tion $1.41. In this case, because of the concentration in the 
group $9.00 to $9.99, the average deviation is not much 

1 This negligible difference is due to taking the average to be $9.04 rather 
than $9,039+. 
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larger than the extent of this group, and is only 16 per cent 
of the average from which the deviations are computed. The 
figure unmistakably shows concentration, but it does not 
localize it. 

If the differences are calculated from an assumed average, 
it is nece.ssary to make correction for the difference between 
the guessed and the true average. The manner in which this 
is done in frequency series is shown in the following table : 

TABLE I 


Table Showixo the Method op Computing the Aveeage Devia- 
tion IN A Group-Feequency Series when an Assumed 
Average is Used 


Amounts 

Frequencies 

i 

Deviations 

From Assumed 
Average, $0.50 

Product, of 
Deviations and 
Frequencies 

Total 

Deviations 
• (signs 
ignored) 

- 


- 

+ j 

Total . . . 

434 



$403.00 

$203.00! 

$606.00 

IfxOOto $5.99 

15 212' 

$4.00 


60.00 


60.00 

6.00 to 6.99 1 

40 

3.00 


120.00! 

i 

120.00 

7.00 to 7.99 

66 

2.00 


132.00 


132.00 

S.OOto 8.99 

91 

1.00 


91.00 


91.00 

9.00 to 9.99 

113 222 






10.00 to 10.99 

' 49 


$1.00 


49.00 

49.00 

11.00 to 11.99 

30 


2.00 


60.00 

60.00 

12.00 to 12.99 

27 


3.00 


81.00 

81.00 

13.00 to 13.99 

2 


4.00 


8.00 

8.00 

14.00 to 14.99 

1 


1 5.00 


5.00 

5.00 
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The total error in deviations is $200.00 — the difference 
between $403.00 and $203.00. The average error is, there- 
fore, $200.00 434 or $.461. But 212 of the frequencies 

are too large since they were computed from $9.50 instead 
of $9.04 ; and 222 of them are too small for the same reason. 
Therefore, the difference between 212 X 1.461 and 222 
X $.461 must be added to the total frequencies — $606.00 
— in order to get the correct total. $606.00 — (212 X $.461} 
-f (222 X $.461) = $610.60, and this divided by the num- 
ber of. instances, 434, equals $1.41, the correct average 
deviation. 

TABLE J 


Table Showing the Method op Computing the Average De- 
viation IN A Group-Frequency Series pro.m an Assumed 
Average by the “Step-Deviation” Method 
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The so-called ‘‘step-deviation” method, used in Chapter 
Vni for computing the arithmetic mean, may be used in 
connection with the average deviation. Moreover, a con- 
sideration to be kept in mind when the method employed 
in Table O is used, may be explained. Suppose an average 
of $10.50 is assumed and the average deviation is calculated 
for the a]K)ve series by the “step” method. The preceding 
table shows the nisult. 

The total error in step-deviations is 634 ; the difference 
between 72S and 94. The average step-deviation error is, 
therefore, 634 4- 434 or 1.46. The steps are all of 11.00 
width, so tliat the average step-deviation error, in terms of 
the unit of measurement, is $1.00 X 1.46 or $1,46. But the 
combined deviations, 822, are computed from $10.50 instead 
of $9.04, the true average. Some of them are too small 
and some are too large. Which are affected and how much ? 


The frequencies above $8.50 are each too large by $1.46 on 
the average. Those at $10.50 and below are each too small 
by the same amount. Those at $9.50, 113, are each too 
large by $1.00 if $10.50 is used. But, $9.04 instead of $9.50 
is the average. Therefore, each of 113 is too large by 
the difference between $1.00 and $.46, which is $.54.^ 
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The total deviations properly corrected are 822 — (212 
X 11.46) + (109 X 11.46) - (113 X $.54) which equals 
$610.6. The average deviation is, therefore, $010.6 4- 434 
or 11.41. 

This seems a roundabout method of reacliing a simple 
result. It is true onty when the guessed averoge falls out- 
side of the limits of the group vrhich contains the true aver- 
age. If it falls within this group, the method is simple and 
possesses merits for some uses. 

So much for the method of computing the average devia- 
tion in both tune and frequency series. Just a word of re- 
capitulation. The average deviation is an average. It docs 
not necessarily reflect the peculiarities of deviations any 
more than the arithmetic mean does of data out of which it 
is computed originally, except for the fact that the respective 
variations from the average deviation are usually not as 
large as are the variations of the original data from their 
average. If it is large it shows relative dispersion ; if it is 
small it shows relative concentration. The exceptions are 
weighted in this case in the same way that they are in any 
arithmetic mean. If the median or modal deviations are 
used, then they exercise less weight. If the cumulative- 
range method is used, they are thrown into prominence in 
detail. The need for a single summarizing expression in 
many economic and business fields is by no means so press- 
ing, nor is its application so clear, as it is in the field of 
natural science. 

Average deviations may be reduced to a comparable basis 
by dividing them by the averages from which they are com- 
puted. By so doing data are rid of the units in which ex- 
pressed, and comparisons made possible. That is, coeffi- 
cients are established. The coefficient in the case of the 
frequency distribution used as an example, since the differ- 
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oncen were calculated from the arithmetic mean, is 


.1564 


, 19.04 


(4) The Standard Deviation 

The standard is a modification of the average deviation. 
It is computed by measuring the respective deviations from 
the arithmetic average, by squaring these, thus getting rid 
of the minus signs, by averaging the total, and finally by 
extracting tlie square root. In the formula n refers to the 
number of instances — frequencies; d^, to the deviations 
squared; mid to the sum of the products of the fre- 
(|uencies and the squares. It is usually indicated by 

small sigma, tr, or by S. D., and by the formula 

Squaring gives weight to extremes — those deviations far 
removed from the average. This is not fully compensated 
for in the subsequent root extraction. In frequency distri- 
butions which follow the normal law of error, or which are 
moderately asymmetrical, instances far removed from the 
average are relatively few, so that the products of the squares 
and the frequencies at these points are due more to the 
squaring than to the multiplication. Near the average, 
however, frequencies 'are relatively numerous and the prod- 
ucts affected by the concentration. In averaging the 
squares of the deviations, the frequencies, as such, exert 
equal weight, since the total is simply divided by the sum of 
the frequencies. 

In time or historical series the case is somewhat different. 
There is no multiplication of deviations by frequencies, since 

1 On the graphic method of indicating absolute and relative dispersion, 
see Clark, Earle, “ The Horizontal Zero in Frequency Diagrams,” in Quar- 
terhj Puhlicatians of the American Statistical Association, June, 1917, pp. 
Gca-Gcg. 


DISPERSION AND SKEWNESS 


401 


each item appears but once.. The squaring alone is effective- 
Of course, distance from the average is still important, but 
this is neither accentuated nor minimized by the distribution 
of frequencies. Just as the sum of the deviations is a mini- 
mum, — that is, least, — when calculated from the median, 
so the sum of the squares of the deviations is a minimum 
when calculated from the arithmetic mean. This follows 
from the principle that the nearest approach to the mathe- 
matically correct measure or observation in a series is the 
arithmetic mean, and that errors in observation are dis- 
tributed about this center according to the rule of squares.^ 
For many economic and business purposes interest lies 
chiefly in the thing that is characteristic. Legislation is not 
generally enacted for the few, but rather for the many. 
Business policies are most frequently mapped out and 
changed in light of that which seems to be characteristic. 
Sometimes, however, it is the exception which is suggestive, 
or which calls attention to the need for change. For in- 
stance, an exceptionally large sale — that far removed from 
the characteristic performance — may suggest possibilities 
in management and deserve to be emphasized both because 
of its stimulating effect on future performances on the part 
of salesmen, and because of its suggestive power to the 
management as to the need of reorganization of the selling 
force. Wide dispersion of employees’ earnings in piece-work 
establishments may suggest to a keen business management 
the possibilities of a redistribution of labor service according 
to capacity and proved ability. The losses resulting from a 
haphazard use of labor force, when measured in terms of 
discontent, turnover of labor, etc., may well make it advisable 
to assign more importance to the exception than that which 
would follow from its mere numerical signifi.cance. The in- 
1 Boe Yulej G. TSduy, Introduction to the Theory of Statistics, pp. 134-135, 
2-0 
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equalities of wealth distribution cany with them a significance 
far greater than that indicated by amounts alone. 

So long as it is desired to give moderate weight to large 
differences, the average deviation may be used. When 
interest shifts to that wliich is exceptional, means of throw- 
ing it into light are needed. Of course, in statistics of 
economics and business there is generally no presumption 
of normal dist2'i])ution as there is in statistics of natural 
phenomena. Interest in deviations from type in the two 
cases is of a different kind. Respecting the latter, devia- 
tions are important as showing non-conformity to an abstract 
standard ; respecting the former, as means of calling atten- 
tion, for instance, to useless waste, to unnecessary sources 
of industrial disorder, etc. Approach in the two cases may 
be different, but the means of measuring the concentration 
or dispersion be the same. To cite an average alone is fre- 
quently inadequate in economics, even for general purposes. 
But to use both an average and the standard deviation gives 
a rather definite idea of distribution about this figure. The 
latter serves more accurately to define the average. More- 
over, average and standard deviations bear a more or less 
definite relation to each other in distributions which approach 
the normal law. As Yule says, 

‘Ht is a useful empirical rule for the student to remember that 
for symmetrical or only moderately asymmetrical distributions, 
approaching the ideal forms . . ., the mean deviation is usually 
very nearly four-fifths of the standard deviation.” ^ 

Again, the standard deviation is more or less definitely 
fixed. Respecting this Yule says : 

“ It is a useful empirical rule to remember that a range of 
six times the standard deviation usually includes 99 per cent 

> Yule, G. Udny, Introduction to the Theory of Statistics, p. 146. ' 
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or more of all the observations in the case of distributions of the 
sjnmmetrical or moderately as 5 TnmetricaI type.” 1 

How nearly this is true for the frequency distriluitions 
chosen for example is evident on inspection. 

a. The Standard Deviation in Historical or Time Series 

Using the time series of Table D, the standard deviation 
is computed as follows, when the direct method is used ; 

TABLE K 

Table Showing the Method of Co.mputing the Standard 
Deviation for Historical Series Using the Direct Method 


(Data same as in Table D) 


Ykars 

Amount 

PKEQtfBN- 

Deviations 

From Average, S6.6 

Squared 

Squared, 
Multiplied 
by Fre- 
quencies 

- 

’H 

Total 

86.6(av.) 

10 




29,760.40 

1906 

121 

1 


34.4 

1,183.36 

1,183.36 

1907 

143 

1 


56.4 

3,180.96 

3,180.96 

1908 

141 

1 


54.4 

2,959.36 

2,959.36 

1909 

117 

1 


30.4 

924.16 

. 924.16 

1910 

154 

1 


67.4 

4,542.76 

4,542.76 

1911 

95 

1 


8.4 

70.56 

70.56 

1912 

7 

1 

79.6 


6,336.16 

6,336.16 

1913 

28 

1 

58.6 


3,433.96 

3,433.96 

1914 

49 j 

1 

37.6 


1,413.76 

1,413.76 

1915 

11 ■ ■ 

1 

75.6 1 


; 5,715.36 

5,715.36 


Ihid ., p. 140. 
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The deviations squared and totale d amount to 29,760.40. 
The standard deviation is, therefore, or V2, 976.04 

or 54.5. The average deviation, 50.28, is 92.3 per cent 
of this amount. 

TABLE L 

Table Showing the Method op Computing the Standard 
Deviation for Historical Series Using the Direct 
Method but an Assumed Average 


(Data same as in Table D) 






Deviations 


Yeak« 

Amount 

Frequen- 

cies 

From Assumed Av., 90.0 

Squared 

Squared, 
Multiplied 
by Fre- 
quencies 



■' 

- 

+ 

Total 

86.6(av.) 

10 




29,876 

1006 

121 

1 


31 

961 

961 

1907 

143 

■■ l."j 


53 

2,809 

2,809 

1908 

141 

1 


51 

2,601 

2,601 

1909 

117 

: 1 


27 

729 

729 

1910 

154 

■ 1 ■ 


64 

4,096 

4,096 

1911 

95 1 

1 


' 5 

25 

25 

1012 

7 i 

1 

83 


6,889 

6,889 

1913 

28 ; 

1 

62 


3,844 ; 

3,844 

1914 

49 

1 

41 


1,681 

6,241 

1,681 

1915 

■ i 


1 

79 


6,241 


In this example, the deviations are taken from the assumed 
average, 90.0, instead of the true average, 86.6. The average 
error in deviations is, therefore, 3.4. This must be squared 
and multiplied by the number of frequencies and then sub- 
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tractecl from 29,876 in order to get the correct deviations 
squared. The square of 3,4 is 11.56, and when multiplied 
by 10 — -the number of frequencies — is 115.6. The dif- 
ference between this and 29,876 is 29,760.4. The square 
root of this amount is 54.5 and is the standard deviation. 
The problem is somewhat simplified bj'' taking the deviations 
from an assumed average since the numbers to be squared are 
even. Of course, in actual work it is unnecessary to go 
through the form of multiplying by the frequencies when they 
are all unity. It was done here in order that all the steps might 
be followed. 

TABLE M 

Table Showing the Method op Computing the Standard 
Deviation for Frequency Series by Using the Short- 
Cut Method and an Assumed A\^rage 


(Data same as in Table I) 


Amounts 

Fheqxjen* 

i CIES 

Deviations , 

1 From Assumed kv . , S9..'j0 

Squared 

Squarfid, 
Multiplied 
by Pre- 
(luenoie.s 

- 

+ 

Total 

434 




l$l, 424.00 

$ 5.00 to $ 5.99 

15 

$4.00 


$16.00 

$240.00 

6.00 to 

6.99 

40 

3.00 


9.00 

! 360.00 

7.00 to 

7.99 

66 

2.00 


4.00 

264.00 

8.00 to 

8.99 

91 

1.00 


1.00 

; 91.00 

9.00 to 

9.99 

113 





10.00 to 

10.99 

49 


$1.00 ■ 

1.00 

49.00 

11.00 to 

11.99 

30 


2.00 ; 

4.00 

120.00 

12.00 to 

12.99 

27 


3.00 

9.00 

243.00 

13.00 to 

13.99 

2 


4.00 

16.00 

32.00 

14.00 to 

14.99 

: 1 : 


5.00 

25.00 

25.00 
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6. The Standai'd Deviation in Frequency Series 

The method of calculating the standard deviation is the 
same for frequency as for time series, but it may be helpful 
to carry through an example when the direct and the in- 
direct methods are employed. Taking the data in Table I, 
and assuming the average to be $9.50 — the true average 
being $9.04 — the short-cut method is as shown in Table M, 
on the preceding page. 

The sum of the squares of the deviations from the guessed 
or assumed average is $1,424.00. But the average error is 
$.461. The square of $.461 is $.212. This amount mul- 
tiplied by the number of frequencies — 434 — gives $92+, 
and this amount, when subtracted from $1424, gives $1332, 
as the correct deviations squared. But since it is the aver- 
age deviation that is desired it is necessaiy to divide this 
number by 434. The result is $3.07. The square root of 
*$3.07 is $1.75 and is the standard deviation. The average 
deviation — $1.41 — is 81 per cent of this amount. 

The standard deviation of a series is somewhat larger than 
its average deviation. If the distribution is normal in the 
probability sense, the two measures of ’ variability stand in 
the following relation : 

or or S.D. = 1.2533 A.D,, or conversely, 

A.D. = 0.7979 <r or S.D. 

Applying this formula to the example used as an illustration, 
the relation between the average and the standard devia- 
tions is as 1 : 1.2413, or conversely 0.8056+ : 1. Inserting 
these quantities in the formulm, 

cr = 1.2413 A.D., or conversely, 

A.D. = 0.8056 tr 
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That is, the distribution approaches very nearly the normal 
or probability curve. 

If the same distribution and a guessed average are used 
and the deviations are taken in terms of 'bsteps,” the method 
is the same, except that it is necessary to convert the steps 
into terms of the unit employed by multiplying by the size 
of the group. In this case the step is $1.00. If the widths 
of groups had been $.50, for instance, the conversion would 
have been made by multiplying the number of steps by one 
half dollar. 

If deviations from the actual average, as they appear in 
Table H, are used, the process is the same but the chance 
of error greater since they are larger and more difficult to 
square. Of course, in such case it is unnecessary to make 
correction for the error in deviations. They are correct by 
assumption. 

In order to convert the standard deviation into a coefficimt 
— that is, to relieve the data from the particular unit in 
which expressed and to make comparisons possible between 
two series in which absolute units are different — it is only 
necessary to divide by the arithmetic mean — = the figure 
from which the deviations are computed. The coefficient of 

dispersion for this series based on S.D., is ^ .194. 

^ $9.04 


(5) The Quartile Measure 


|i 

i 


! 

i 


The cjuartile measure of dispersion applies to that portion 

quartiles." The extremes below the first and bejmnd the 
“third quartiles are ignored. It serves to characterize that 
portion which lies nearest the average or type. This_.meas- 
ure, like the average and standard deviations, is an average, 
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but is not calculated from the differences from the median^ 
mocle, or aritfiii^ti£mcanj“but 

containeKl in the middle half of % di^tribiitiox^A The formula 
is where Q3 and stand for the third and first 

quartiles, respectively. The third quartile lies above the 
median, the first one below. The distance they are ap^t,| 
a nd t he proportion of a, complete dlstiibiition contai ned 
between J heiiq arc iniighly indicated by ^this ineasure*^ If a I 
distri} 3 ution is symmetrical, this figure, when added to the^ 
lower or subtracted from the upper quartile, coincides with 
the median. If asymmetrical at all, of course, it will differ, 
the size indicating the place at which asymmetry'’ appears. 
A rough measure of dispersion is found by comparing the 
range of the middle half with the complete range of a series, 
or the average range of the middle half with the average 
range of the first and last quarters. Other modifications of 
the quartile measure may be devised. 

In symmetrical or moderately asymmetrical distributions 
the relation between the quartile and the standard deviation 
measures of dispersion is fairly constant and predictable. 
The first is generally about two thirds of the second, and 
nine times the first usually contains about 99 per cent of a 
total distribution.^ How nearly the relationship maintains 
in the distribution chosen as an illustration is seen by the 
following : In Table M, Chapter VIII, the median, by inter- 
polation, was fixed at 19,049. The first and third quartile 

positions, by the formula and — — ~ --\respec 

are the 108f and 326^ men. The wages of these hypotheti- 
cal individuals, when interpolated for, are S7,81 and $10.03, 
respectively. The quartile range is, therefore, $10.03 -- 

^ Yule, op. dt., p- 148. 
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$7.81 or $2.22. The average range or $1.11.^ For 

the same series the average deviation is $1.41, and the stand- 
ard deviation $1.75. The semi-quartile range, therefore, is 
equal to 79 per cent of the former and 63 per cent of the 
latter. The extreme range of $10.00 — the difference be- 
tween $5.00 and $15.00 — is almost exactly nine times the 
quartile measure, $1.11. 

As in the ca ses o f other measures of dispersion the sem i- 
quartile range may be reduced to a relative basis, or m ade a 
coe fficie^j^ ' liyllivKling thr ough by a common deiiominator. 
In this case, the appropriate divisor is the sum of the quartiles. 

The fraction — ^ — increases with the distance be- 

Q3 -f- Q1 

tween the quartiles but always lies between 0 and 1. Size , 
therefor e,^ is , a test of relative dispersion. In the above 

example the coefficient is or .124. That 

^ $10.03 -f $7.81’ — «• 

is, t he disper s ion is relatively small. It is 79 per cent of 

the coefficient based on "tETl^erage deviation and 64 per 
cent of the coefficient based on the standard deviation. 

For many p urposes a study of the semi-auartile range is 
sufficient. This may result from the nature of a distribu- 
tion or from lack of interest in the extreme cases. How- 
ever, to cite only this measure may prejudice a case for all 
purposes except those which are under discussion. In order 
to guard against misunderstanding and to give expression 
to all the peculiarities of a distribution, it is generally better 
to determine the average, the standard, and the quartile 


^ For discrete series, interpolation in units less than those in -whioh data 
are measured is illogical and aims at too great accuracy. For most pur- 
poses the quartiles would be given with sufficient accuracy as S7.80and 
$ 10 . 00 . 
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deviations. A comparison of these gives an accurate picture 
of a distrilnition. 

(6) The “Probable Error’’ 

At this point it is necessary to introduce a different con- 
cept. Statistical studies are almost always made by using 
sample measurements. All prices cannot be included in 
computing an index number nor all rents determined when 
studying family budgets. Neither the time required for all 
operators within manufacturing industries to complete an 
operation, nor the time necessary for every operator in tele- 
phone industries to answer the telephone calls of all sub- 
scribers, can be determined in order to answer a specific in- 
quiry. Sample measurements must be used and some 
method employed for testing the reliability of those taken. 
Averages per se will not suffice ; their limitations in describ- 
ing frequency distributions are clear. The most common 
measure of divergence from type is the standard deviation. 
But it is simply a measure for the samples taken. What is 
wanted is proof that the distribution in the samples taken 
indicates the distribution that would result if the whole 
“population ” ^ were included. The probable error supplies 
this. On the supposition that if all the population were 
included a distribution would follow the normal curve of 
error, the probable error stands in a mathematical relation 
to the standard deviation in the same way that the radius 
of a circle does to the circumference. When this distribu- 
tion does not maintain, of course, the relationship no longer 
holds. 

For a probability distribution the probable error is ap- 
proximately two thirds of the standard deviation, or more 

1 “Population” is a word used to indicate the complete group, samples 
of whicli are measured. 
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exactly P.E. = 0.6745 o-. It is a “pair of values lying one 
above and the other below the value determined. We can 
say that there is an even chance that the true value lies 
between these limits.” ^ 

Jevons has illustrated the concept as follows : 

“ Suppose, for instance, that five measurements of the height of 
a hill . . . have given the numbers of feet as 293, 301, 306, 307, 
313 ; we want to know the probable error of the mean, namely 
304. Now the difference between the moan and the above numbers, 
paying no regard to directions, arc 11, 3, 2, 3, 9; their square.s arc 
121, 9, 4, 9, SI, and the sum of the squares of the errors eonsequentb’' 
224. The number of observations being 5, we dimde by 1 le,ss, or 4, 
getting 56. This is the square of the mean error, and taking its 
square root we have 7.4S (say 7^), the mean error of a single obser- 
vation. Dividing by 2.2.30, the square root of 5, the number of 
observations, we find the mean error of the mean re.sult to be 3.35, 
or say 3|, and lastly multiplying lij'- .6745, we arrive at the probable 
error of the mean result, which is found to bo 2.250, or say 2-1-. The 
meaning of this is that the probability is one half, or the odds are 
oven that the true hoiglit of the mountain lies between 301| and 
300j. We have thus an exact measure of the degree of reliability 
of our mean result, whicli mean indicates the most likely point 
for the truth to fall upon.” ” 

Whipple defines it as follows : 

“The probable error, P. E., of a single measure is an amount of 
deviation both above and below M (or median or mode) that will 

I Davenport, C. B., Staiistical Methods, p. 14. 

“ The diancGs that the true value lies within 
2 E are . 4.5 : 1 

± 3 E are 21 : 1 

± 4 E are 142 : 1 

± 5 E are 1,310 : 1 

±6 E are 19,200 ; 1 

±7Eare 420,000 :1 

± S E are 17,000,000 : 1 

± 9 E are about a billion to 1.” Ibid. 

_ 2 Jevons, W. Stanley : The Principles of Science, p. 388 (2d Edition). 
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include one-half of the individual measures; that is, it is a value 
such that the number of deviations that exceed it (in either direction 
from M) is the same as the number of deviations that fall short of 
it.’' 1 ' 

Pearl, speaking of it in a different application, says : 

“Suppose that we read that the mean length of the thorax of a 
thousand fiddler crabs is 30. 14 ± .02 mm. Just what does this actu- 
ally mean? Accepting the figures at their face value, or, put an- 
other way, assmning that the mathematical theory on which the 
probable error was calculated was the correct one, the figures mean 
something like thi.s : If one -were to take, quite at random, successive 
samples of 1000 each from the total population of fiddler crabs and 
determine the mean thoracic length from each sample, these means 
would all be different from each other by varying amounts. In 
other words, no single sample would give us the absolutely true 
value of the mean thoracic length of the fiddler crab population. 
The true value is in an absolute sense unknowable, because, for one 
reason, alwa3’'s we must come at the finding of it by way of ran- 
dom sampling, and sampling means variation. Now it is an ob- 
served fact of experience that the variations due to random sampling 
distribute themselves according to a definite law of mathematical 
probability. Knowing this law, it is clearly possible to state the 
mathematical probability for (or against) any particular deviation 
or variation occurring as the result of random sampling. Exactly 
this is what the probable error does. It says, in the particular 
case here considered, that it is an even chance, that a deviation 
or variation in the value of the mean as great or greater than .02 mm. 
above or below will occur as a result of random sampling. Or, put 
in anotlier way, if we took successive samples of 1000 each from this 
crab population, it is an even bet that the value of the mean from 
any sample would fall between 30.14 -f .02 == 30.16, and 30.14 — 
.02 = 30.12.” 2 

The probable error, therefore, is a means of testing the 
reliability of samples provided that data approach the nor- 

1 Whipple, Guy M., Manned of Mental and Physical Tests, Part 1, p, 23. 

2 Pearl, Raymond, Modes of Research in Genetics, pp. 96-97, 
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mal probability distribution. The probable error of a given 
deviation is then indicated by one half of the distance be- 
tween the upper and the lower quartiles, i.e. the quartile 
measure of deviation furnishes a measure of the likelihood 
that a deviation will fall within one half of the distance 
above or below the median.^ Referring again to the dis- 
tribution in Table M, Chapter VIII, the semi-quartile range 
was found to be $1.11, and the standard deviation $1.75.^ 
Applying the formula, P. E. = 0.6745 tr, in this case the P. E. 
should have been $1.18 rather than $1.11. The computed, 
therefore, is 94.1 per cent of the theoretical probable error. 

The probable error may likewise be computed for the 
arithmetic mean of a nmnber of measurements, the means 
of which vary. Suppose it is desired to measure the length 
of time in which a certain manufacturing process is com- 
pleted, or in which a given task is done, as a basis for task 
setting. If a large number of trials are made for homo- 
geneous groups of operators and averages of the periods 
taken for each group, these will vary.-'* The standard devia- 
tion of the averages and its probable error may be taken in 
the same way that they are computed for single variations. 
The formula for the probable error of the mean is ■ 

Standard Deviation of the means 

± 0.6745 X or 

VNurnber of variates 

S.D. 

± 0.6745 

1 For a normal distribution arithmetic mean and median coincide. 

2 Supra, p. 406. 

* See the interesting account of the results of a series of experiments in- 
volving the accuracy with which estimation is made by trained employees. 
Harris, .1. Arthur: ‘‘Experimental Data on Errors of Judgment in the 
Estimation of the Number of Objects in Moderately Large Samples, with 
Special Reference to the Personal Equation.” The Psychological Review, 
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The meaning of such a figure is indicated above in the quo- 
tation from Professor Pearl. 

A few instances where the probable error may be applied 
in economic studies may be cited. Breeders of animals and 
plants find constant need of using it in studies of variation 
from type and in correlation.^ Moreover, in the selection 
of men according to psychological and other tests, ^ in the 
grading of cotton and grains, in the setting of tasks, and the 
csta])lishment of piece-rates of compensation on the basis of 
the “average” operator’s performance, some measure of the 
reliability of the samples must be employed. Again, accord- 
ing to some the only scientific method of establishing the 
pure premium for industrial accident insurance is to com- 
pare homogeneous conditions of risk exposure and to test 
the homogeneity by measures of dispersion. Conformity to 
the normal law is proof that conditions are homogeneous. 
Most comparisons, it is held, involve non-hombgeneous 
conditions. The proper unit is not the “establishment,” 
but similar risk conditions in many establishments or in- 
dustries. 

In studies of correlation the probable error always accom- 
panies the coefficient as a test of reliability. This phase of 
the problem is discussed later.^ 

It must be remembered that the probable error is to be 
used only when distributions approach the normal prob- 
ability form and where samples are relatively numerous, 

Vol. XXII, No. 6, November, 1915, pp, 490-511. In this series of experi- 
ments there is a clear tendency for the estimates to be too high. 

1 Davenport, Eugene, The Principles of Breeding, passim, New York, 
1907. 

2 Whipple, Guy M., Manual of Mental and Physical Tests, Baltimore, 

1914. ■ 

3 Of. Eisher, Arne, Proceedings of the Casualty, Actuarial, and Statisiical So- 
ciety of America, Vol. II, Part III, No. 6, May, 1916. 

^ See Chapter XII, infra. 
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The standard deviation, however, as a measure of divergence 
from the norm is of general application. As Yule says, ‘‘In 
the case of small samples, the use of the probable error is 
consequently of doubtful value while the standard error 
(deviation) retains its significance as a measure of disper- 
sion.” ^ However, “On the whole, the use of the ‘probable 
error’ is of little advantage compared with the standard. . . 

III. Skewness 
1. Meaning of Skewness 

Measures and coefficients of dispersion, both in historical 
and frequency series, indicate absolutely or relatively the 
differences of the separate measures from a single one taken 
as a standard. The}^ represent deviations from type, vary- 
ing emphasis being given to the differences depending upon 
the particular measure used. The average deviation gives 
all differences their normal weight ; the standard deviation 
accentuates those far removed from type, but still averages 
them. The quartile measure includes only those lying within 
the boundaries of the first and third quartile. As such, 
none of them reveal the distributions of the deviations. 
Differences from the type are not localized. The degree to 
which they cluster above or below the type is not shown. 
What measures of skewness do is to localize the degree to 
which distributions are pulled, distorted, or skewed from 
normality, i.e. from the symmetrical form which they take 
when mode, median, md arithmetic mean coincide. The 
differences between those in themselves indicate asymmetry, 
that is, a piling up or scattering of frequencies on one or the 
other side of the t5’'pe. These may be expressed relatively, 

1 Yule, G. U., Introduction to the Theory of Statistics, p. 307. 
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so as to admit of comparison, by being reduced to coeffi- 
cients- Measures of dispersion which characterize the dis- 
tribution on both sides of the type must be used as divisors, 
since what is desired is a relative expression of the localiza- 
tion of asymmetry. To divide by the units in which the 
measures are expressed would be simply to reduce the 
deviations to a relative basis. 

Distributions generally are skewed to some degree. 
Barely if ever, even among natural phenomena, is complete 
symmetry foiind.^ This may be due to the unrepresenta- 
tiveness of the samples, to unperfect measurements, or to 
other causes. Distributions may be scattered widely or 
closely grouped, but rarely are the}*- uniformly grouped or 
distrilmted about a norm. Measures and coefficients of 
skewness localize deviations from symmetry ; measures and 
coefficients of dispersion only reveal the amount of scattera- 
tion or cluster. 

2. Measures and Coefficients of Skewness 

The chief and currently used measure of skewness is the 
difference between the arithmetic mean and the mode. If 
the mean exceeds the mode — that is, is drawn away from 
the typical instance by the presence of extreme items — • 
skewness is said to be positive. If it is less than the mode — 
that is, is drawn away from the typical instance because of 
extreme items ~ skewness is said to be negative. The 
mode is unaffected by extremes, either small or large, except 
at or near the center of a distribution; while the arithmetic 
mean is not only affected by the size of the items but also 
by the distance away from the center of gravity. The dif- 

^ Cf. Tolley, Howard R., “ Frequency Curves of Climatic Phenomena,” 
in Monthly Weather Review, United States Department of Agriculture, Vol. 
44, November, 1916, pp. 634-642, 636. 
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ference between these items, therefore, serves as a measure 
of skewness. Extending the same principle, both of the 
measures may be compared with the median. It is useful 
to note the empirical rule that in distributions which are 
moderately asymmetrical, the median travels about two 
thirds of the distance from the mode toward the arithmetic 
mean. If this relationsliip — mode = mean — 3 (mean — 
median) — is exceeded, skewness is marked ; if the reverse 
is true, then skewness is small. It is localized by the rela- 
tive positions of the three measures.. In markedly asym- 
metrical series, the mode may be indeterminate, or it may be 
misplaced by the use of this formula. When there is no 
mode or when a series is bi-modal, it is difficult, if not impos- 
sible, to measure skewness by this simple rule. 

The measure of skewness based on the difference between 
the mode and arithmetic mean may be reduced to a coeffi- 
cient by dividing by the standard or average deviation, the 

formula in the first case being The former 

S.Ij. 

is the more common divisor. If the mean is on the lower 
side of the mode, when the statistics are plotted in a dia- 
gram, this function is negative. If on the upper side, it is 
positive. 

Taking the frequency series in Table H the arithmetic 
mean is 19.04, the median, by interpolation, $9.05, and the 
mode, by inspection, $9.50. Skewness is, therefore, negative 
on the basis of the measure, mean — mode or $9.04 — $9.50, 

the coefficient being or"— .26. Based on the aver- 

$1.75 

age deviation, the coefficient is -33. 

As in the case of dispersion, measures and coefficients of 
skewness may be restricted to that portion of a distribution 
2 1 
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falling between the first and third quartiies. Dispersion is 
then measured by the difference between these quarter 
measures divided by theii' sum. Skewness is localized by 
subtracting from the sum of the quartiies twice the median, 
and the coefficient, based on this measure, secured by divid- 
ing by the difference between the quartiies. In the example 
above, the first and third quartiies respectively were found 
to be $7.81 and $10.03. The median was placed at $9.05. 
By the formula skewness is indicated by $7.81 + $10,03 — 
(2 X $9.05) or — .26-, and is negative. The coefficient is 

— or — .12. That is, skewness is negative for the 

. $ 2.22 

center one half of the distribution and is something less than 
one half of what it is for the complete series. 

Measures and coefficients of both dispersion and skewness 
should he in everyday use in statistical work. For two or 
more series arithmetic means may be identical, but dispersion 
widely different ; dispersion may be identical, but skewness 
different. These facts are important. A comparison of 
sales, wages, interest rates, stock and bond prices, by means 
of such measures could not fail to throw new light on the 
everyday problems of business. 

Without carrying through the arithmetical steps in the 
computation of these factors for a typical problem (see 
Plates 24 and 25), since this would involve unnecessary 
repetition of the methods already given, their significance 
may be made real by using comparable wage data for a single 
occupation in eighteen identical establishments, reported by 
the United States Bureau of Labor Statistics. The following 
table gives the classified wage data and the summaries which 
have been computed from them ; 
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TABLE N 

Table Showing Classified Wage-hates i of Female Menders in Eight- 
een Identical Woolen and 'Worsted MANUPACTirBiNG Establish- 
ments, BY Years, Together with Certain Measures of Disper- 
sion “ AND Skewness 2 


Wage Groups — Cents Per 
Hour 

Classified Wage-rates of Female Menders, 

BY Years 

1907 

190S 

1909 

1910 

Total 

403 

341 

5S3 

498 

6 to 8 


3 

3 

1 

38 to 9 

2 

8 

44 

14 

39 to 10 

27 

22 

91 

44 

10 to 12 

68 

71 

117 

125 

12 to 14 

119 

61 

82 

81 

14 to 16 

81 

57 

so 

58 

16 to IS 

37 

39 

49 

30 

IS to 20 

34 

35 

42 

82 

4 20 to 25 

31 

35 

58 

43 

25 to 30 

4 

10 

11 

16 

3 30 to 40 




4 

3 40 and over 





Arithmetic Mean . . 

14.56 (f 

15.01(4 

13.96(4 

14.97(4 

Mode (by intorpola- 





tion) 

13.08 (i 

(7) 

1 10.95^ 

(7) ; 

First Quartile .... 

12.07(4 

11.48^ 

' 10.14^ 

11.05(4 

Median (2d Quartile) . 

13.76(4 

14.22(4 

12.09^ 

13.62(4 

Third Quartile . . . 

10.32(4 

17.77(4 

1 16.61(4 

18.52(4 

Dispersion : 





Average Deviation 

2.86^ 

3.54 <4 

3.75^ 

4.00(4 

Standard Deviation . 

3.07 

4.47^ 

4.5S«; 

4.96(4 

Coefficient on A. D. . 

.196 

.236 

.269 

.287 

Coefficient on S. D. . 

.252 

.298 

.328 

.331 

Skewness : 





Mode — Arithmetic 





Mean ...... 

+ 1.48«f 

(7) 

+ 3.01^ 

(7) ^ 

Quartile Measure . . 

+ .87(4 

+ .81(4 

+ 2.57(4 

+ 2.33(4 

Coefficient on S. D. . 

+ .40 

(7) 

+ .66 

(7) 

Coefficient on Quartile 

+ .21 

+ .13 

+ .40 

+ .31 


1 Bulletin of the United States Bureau of LoBor Statistics, Whole Number 
190, May, 1916, p. 139. 

2 Computed. ® Notice size of group. 

3 Notice size of group. « Notice residuum. 

< Notice size of group. Iiidetermiuate. 
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TVliat. are some of the things which these summary figures 
show? 

1. The arithmetic mean exceeds both, the median and 
the mode ^ in each year. Skewness is, therefore, positive. 

2. Both the average and the standard deviations, as well 
as the coefficients of dispersion based on them, tend to in- 
crease from year to year. That is, the average differences 
in rates when measured from the arithmetic mean tend to 
be larger both absolutely and relatively. 

3. The lower quartile position in 1907 is essentially as 
high as the median in 1909. The range of difference in 
rates between the median and the upper quartile is more 
than double in 1910 what it is in 1907. 

4. In both 1909 and 1910 there is a much more pro- 
nounced skew between the medians and the upper quartiles 
than in 1907 and 1908, the coefficients on the quartile 
measures being, respectively, + .21, + .13, + .40, + .31. 

6. The wage-rates which the middle-half received varied 
as follows : 

1907, from 12.07 to 16.32 or 4.25^. 

1908, from 11.48 to 17.77 or 6.29^. 

1909, from 10.14 to 16.61 or 6.47^. 

1910, from 11.05 to 18.52 or 7A7^. 

That is, the position of the lower quartile, with one excep- 
tion, has fallen, and that of the upper quartile, with one excep- 
tion, risen. While the average rate in 1910 is .less than one 
half cent higher than in 1907, the wage of the person three 
fourths up in the scale is more than two cents higher. 

6. The coefficient of dispersion based on the average 
deviation, and the coefficient of skewness based on the 
quartile measure are higher in 1909 and 1910 than in any 

^ A single mode is indeteimiiiate in 1908 and 1910. 
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other of the years. Skewness indicates a healthy influence in 
wage conditions — a concentration above the arithmetic 
mean. On the other hand, the wide absolute and relative 
dispersions tend to counteract this. 

Other detailed facts may be gleaned from a comparison of 
these summaries, but those given are sufficient to show their 
possibilities. It is general^ not enough to speak in terms 
of averages when characterizing complex things. Devia- 
tions both as to amount and position are frequently vital 
and ought not to be ignored. By means of these an ajv 
proach is scientific, since discrimination is marie between 
things which by simple and undifferentiated criteria appear 
alike. 

IV. Conclusion 

In this chapter there have been outlined the meaning, 
measures and coefficients of dispersion and skewness and the 
methods by which they are computed. The mathematical 
side of the problem both in use of terms and in the tone of 
discussion has purposely been omitted or neglected with the 
thought that by so doing the topics would appeal to those 
who are without such training. It is hoped that this has 
not resulted in confusing those who habitually think in terms 
of mathematical symbols, or in sacrificing science to ex- 
pediency. In the principles and the application that may 
be made of them the student and statistician are furnished 
with tools for the interpretation of everyday statistical facts. 
The discrimination which their use implies will serve as a 
safeguard against the serious error of failing to take account 
of differences and against the temptation to always speak in 
terms of averages — “an excuse for laziness.” 
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CHAPTER XII 

COMPARISON — CORRELATION 
I, Inteoduction 

The preceding chapters, for the most part, have had to do 
with the preliminaries to comparison. These include units 
of measurements ; coefficients of time, place, and condition ; 
averages as types; measures and coefficients of dispersion 
and skewness ; etc. The method of the discussion has been 
to consider first, loose, heterogeneous, and undifferentiated 
data, and, second, the means by which they are reduced 
and classified according to the logic of a clearly formulated 
statistical purpose. Everything has been d irected J™rdl 
quant itative comparison as the goal in stati stical sti^. j 

11. The Meaning of Compaeison and What It Implies 
Statismoally 

Cnmnarison is maxle_hfiteeiLJhm 
quanSr^These may be of time, of place, or of condition. 
fSTmitance, the accident rate in a given industry may be 
compared before and after the installation of safety devices. 
Comparison may extend to two industries operating at 
different places or under different conditions, the purpose 
being merely to record a quantitative difference. But 
comparisons are rarely made^ for this^alone. Gene^^^ 

ll^rthe b^ kground, A specific inquiry is to determine 
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whether phenome na stand in the relation of cause and effects 1 
or w hether thej: ar e th<^ result of a common cause. Whateve r I ^ 
the purpose, a eondition...Qf . compar ison is th at 

*^'‘he ostabiishment of cause and effect relationships in 
economic studies offers great temptation and at the same 
time great difficulty. This is especially true when statistics 
ai'(^ relied upon because so frequently they are incomplete, 
biased, and generally faulty. They are too often only seem- 
ingly exaud. But whatever the tool, things compared are 
simply recordt'd experiences. These grow out of the facts 
of business, out of the observations of science, out of the 
records of history, etc., but are different for different people, 
for different times, and for different conditions. Their 
seeming unity and identity are, therefore, only relative and 
the order of cause and effect not implacable. 

In actual life, busi ness or (Pt h erwise, experiences grow ou t 
of enviromheiWTai ioii^ intdiireted. Variation at a__given 
tnircraWd"‘eIiangc o\ti a penod of ti me characteriz e t he wh ole 
economic" and busmc‘?s woild There are degrees of differ- 
time, between periods and over areas, 
but all traceable to a,^com^|jijO£jg^^e^ A given cause is 
not a homogeneous fEihWexcept when viewed in the broadest 
way. The ifffects which seem to follow from it do not come 
as an undifferentiated w'hole, but likewise as variations. 
Some come as coincidences, others as sequences spread over 
long or short periods. The assignment of cause and effect 
must be in keeping with the fact that a single cause is rarely 
found, and if found cannot be said always to give rise to a 
single effect. Both cause and effect ^ are in reality variates. 

How true this is ^”to”soi^^ 

^ Cf. Hooker, R. H., "Correlation of the Marriage Rate with Trade,’* 
Journal of the Royal /Statistical Society, Yol. M, p. AB5. 


COMPARISON — CORRELATION 


427 


of the more common relationships among business phenom- 
ena. Stimulation of business is registered in bank clear- 
ings, but not all banks are equally affected. The effect upon 
the interest rate comes late and is far from being uniformly 
felt. Excessive issues of irredeemable paper currency ulti- 
mately result in a premium on gold and a general increase 
in prices, but not concurrently with the issue nor to the same 
degree in all countries or in different parts of the same 
country. It is only when a lack of confidence in the govern- 
ment develops that the premium is significant. The surplus 
reserves of banks are said currently to fix the call-loan in- . 
terest rate. But not all loans, nor all banks nor customers, i 
are affected at the same time and to the same degree. Some- 
what later the effect of a marked surplus reserve is seen in 
the interest rate on 60- and 90-day commercial paper 
and on stock exchange collateral, but even then, not the 
same for every circumstance.. Wholesale and retail prices 
fluctuate together, but the former fall first and rise first, 
retail prices following some distance behind. In this case 
cause and effect show themselves as a sequence. But 
neither all wholesale nor all retail prices respond in precisely 
the same way, nor is the response uniform from place to 
place nor from time to time. The effect of cotton prices 
on acreage is sh own onjyX rom one cr oppmg.imari Qthpr^ art fl 
t fien^lnot unifoimly over the cot tom. area.,.,,. Adages.-- un- 
doubtedly tend to rise \^h min^pricesyJmiaiot,^ 
n or t o the s ame deg ree i n all trade s... Other forms of labor 
remuneration, not included under the term “wages,” as 
well as wages as generally understood, may actually fall 
during such periods when measured in terms of purchasing 
power. Business prosperity undoubtedly stimulates immi- 
gration but the cycle through which it passes begins later 
and is longer than is that for business prosperity, as indicated 
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by wholesale prices.^ The relation is clearly that of a 
setjiience. Moreover, the response is not an undifferentiated 
thing. No doubt, those most affected by pecuniary motives 
respond first and those later or not at all who are actuated 
differently. Again, general business prosperity exerts a 
greater influence than that which is limited and particular, 
but so-callcd general prosperity is far from uniform either 
for areas, for industries, or for people, etc, 

I I Comparison, therefore, involves the p airing of th ings or 
I events which are not identical in all par ticulars as to tim e, 

I place, and condiHom ((Causation in fac t becom es contingency 
I or correlation.^^ study of cause and effect, -whether of coin-j 
' cuTene'e bf”sapienco, becomes largely a study of association . 
The idea that a giyen effect is the result of a specific cause 
and that there can be no other, or that the result must in 
the nature of the case be uniform and absolute, does not 
apply to business and economic phenomena. Causes neyeri 
operate under ex actly the same circumstancesT^Tiinehesa 
dfeifectli only apparen t, variation being evident the moment 
tfia/T the ~scare~6f~ meas urement is reduced. When making 
cohiparLsmTuTeconb or business, there is a tendency to 
attempt to safeguard oneself against error and criticism by 
introducing the proviso — oilier things being eguaL But the 
“other things” are rarely if ever equal in actual life. To 
expect that an absolute cause will always result in~an 
aBsd utehffecthrThat the ‘*otherTKinp’^ will automatically 
t akcT care of theniselves is futile^ A realization of this fact’ 
will go a long way toward dispelling the tendency among' 
business men and students to look for short cuts to success, 
as a result to the adoption of a rule-of-thumb formula, and 

1 Professor Persons finds immigration to be a business barometer when 
correlated with yearly wholesale prices. Had iiiter-annual correlations been 
worked out, the agreement, it is believed, would not have been simultaneous. 
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to expect that certain results will always follow an applica- 
tion of the appropriate rule of action. 

Business does not go on indefinitely repeating itself in 
one unending round of sameness, and this fact is slowly 
being realized. The belief in the adequacy of the goad 
as a means of increasing output is slowly being dispelled. 
Those responsible for successful business are coming to believe 
that employees must be made to feel that they are a part of 
an organization, for only in this way is it possible to cut down 
the costs due to labor difficulties, rapid turnover of labor 
force, etc. In merchandising, competition is teaching that 
merely to place a commodity on the market and to sit back 
and wait for custom no longer suffice. Advertising ip 
accordance with psychological principles is proving its power 
to bring out some unexpressed want or some new desire in 
its successes. But response to a campaign of advertising, 
for instance, is not unitary and absolute ; it is diversified and 
varied. It is not unconditional and complete, but halting 
and partial. Variation characterizes this as it does all 
phenomena which involve the human clement, whether 
viewed as cause or as effect. The te ndency to look upon 
business and economic phenomena in a mechanistic manne r, 
to expect a complete and narrow fulfilment of the Jaw of 
c ause and effect, must b^ dispp.hf^d . Just as soon as it is, the 
wn,v is open for operali on of scientific method, not alone 
i q_ the so-called_. yientific jworld., hiil-in business at large . ' 
This is th ejheBiod of discrimination, of the study of small 
Ndifferences, of act ing in the light of facts properly interpreted, 
and of redumng them as classified knowle dge into rules of 

The ru|p<^ t o which facts point may be nothing more, for 
instance., tha n that it is unwise to market corn with high _ 
moisture content, since weight varies inversely with moLsj 
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ture/ or to leave corn in leaky cars exposed to hot weather 
because ])oth are conducive to the development of acidity, 
and acidity retards germination; - that a “bacon” hog can 
be produced ; that corn grown from seed from ears 10 inches 
long has, on the average, longer ears than corn grown from 
seed of ears that are eight inches long ; ^ that the prices of 
bonds with fixed interest rates vary inversely with general 
commodity price changes ; '^^hat a farm of less than forty! 
acres in a certain district is economically undesirable"^® that| 
the milk production of cows increases up to at least six years of 
age and then falls off ; ® that there is a direct relation between 
fatigue and industrial accidents;^ that accident rates tend to 
increase with expanding and to contract with falling business 
that twin offspring from twin parents in sheep production is 
more common than from parentage conforming to any other 
condition ; ® etc. 


* Bulletin of the United States Department of Agriculture, No. 472, 
October, 1916, “Improved Apparatus for Determining the Test Weight of 
Grain, with a Standard Method of Making the Test.” See curve on p. 4. 

2 Bulldin of the United States Department of Agriculture, No. 102, 
July, 1914, on “Acidity as a Factor in Determining the Degree of Soundness 
of Corn,” pp. 12, 14, jmssim. 

®“Type and Variability in Corn,” Bulletin No. 119, University of Illi- 
nois Agncultural Experiment Station, October, 1907. 

* Mitchell, Wesley C., Business Cycles, pp. 201-219, especially charts 23 
and 24, pp. 206 and 207, respectively. 

^ Bulletin oi the United States Department of Agriculture, No. 341, 
January, 1916, on “Farm Management Practice of Chester County, Pa.," 
pp. 56 ff. 

® Holdjiway, C. W^., “Statistical IVeighting for Age of Advanced Regis- 
try Cows,” TlicA.7ncncora Vol. 50, No. 559, p. 6vSl. 

’ “The Case for the Shorter Day,” Franklin 0. Bunting vs. The State of 
Oregon, Brief for the Defendant in Error, by Felix Frankfurter, Vol. 1, 
pp. 165-193. 

®Mow'bray, A. H., and Black, S. B., “Relation of Accident Frequency to 
Business Activity,” in Proceedings of the Casualty, Actuarial and Statistical 
Society of America, Vol. 11, Pt. Ill, No. 6, May, 1916, pp. 418-426. 

® Rietz, H. L., and Roberts, Elmer, “Degree of Resemblance of Parents 
and Offspring with Respect to Birth of Twins for Registered Shropshire 
Sheep,” in Journal of Agricultural Research, Vol. IV, No. 6, September, 1915. 
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of business they apply, if they are arri ved at as a result ofa 
dispassionate study of facts in an attempt to determinc^asso- 
’ dation and correlation and not to prove the i nfallibility of 
so me narrow c ause-and-effect relationshi p, a clear advance 
made in the use of statistical methods . ■ 

TTEs has long been recognized. But wh at are f acts, partic- 
ularly statistica l facts ? Where are they, and what are the 
methods by which they may be used inside and outside of 
business? These are the questions which are now being 
asked and which it is the purpose of much that is written 
here to explain. Just as soon as business men and others 
dealing with economic science come to realize that rules of 
business cannot be read in the movements of heavenly bodies 
and traced out in some natural order, or divined by some 
occult formula, just so soon will real progress be made. It 
is not so much a question of reading the answer to a business 
problem as it is of understanding and applying facts to busi- 
ness. In no definite sense may the solution of business prob- 
lems be found in a rule-of-thumb formula. 

III. The Meaning of Correlation 

If the establishment of causation in a narrow sense is im -l 
possible in economic and b usiness science, since causes operate ! 
^ variatibnslhd' effects ^ow themselves in the same wav. • 
i t is unnecessary to conclude.that, cause and effect rela-tion-, 
ships in a larger sense cannot be measured. The problems 
are different and should be kept distinct. The first i s the im- 
possi ble task of establishing an absolnto ea.use and an nbsnhite 
^ect ; the latter is the problem of measuring correlation. 
Pearson makes the distinction clear in the following passage : 

“When we vary the cause, the phenomenon changes, but not 
always to the same extent; it changes, but has variation in its 
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change. The less the venation in that change, the more nearl;g-ihe 
c ause defines plienomena, the more closely we assert the asaociar 
the eorre lation to is this conception of correlation 

Eetween two occurrences embracing all relationships from absolute 
independence to complete dependence, which is the wider category 
by which we have to replace the old idea of causation. .Everything 
in th e imiversc occurs but once, there is no complete sameness of 
^repetition .Tt liwlividual pheiiomen a Can only be classified., and our\ 
proFilenrtur n^n i Tgip iffi.OT Buimot absolu^'’ / 

s.am e. t hings wdiich. we tem ^cau,ses‘ will ^ be accompanied 
lowed J^jinother gioup'dr <Ia s of liTvC, but not absolutely &^ue 1 
thi ngs . whi clt “we tefhi ‘ eftWs.’ ” ^ 

What correlation, as thus distinguished from causation, 
means, is indicated in the cpiotations immediately fol-^ 
lowing. 

t two quantities are so related that the fluctuations in on e'^ 

{ are iniinnpathy ^ fluetu ^onsiFthe ~ol her, so that ah increase 
) oTlfeefease'of one is f oi^^ with an increase or decrease 


\ fofTIr^scTyT b'riTi T^therd the grea ter the magnitude of the 
) gliangeT lirtlie one, tlie greater th e miajriMtude- -nf th<;> changes 
/ i pT^ otirer, the " quantities are said to be correlated ” ^ J 

^ “Tlie ^lole subject of correlation refers to that ^interrelation 
between separate characters bv which they tend, in some degree 
at least, to move together.. ^"! Tdiis relation is expressedlrTTEeTonnoJ 
^ratio . Thus, if an increase of one character is always followed 
by a corresponding and proportional increase in a related character, 
the correlation is said to be perfect and the ratio is 1. On the other 
hand, if an increase in one character is followed by a corresponding 
and proportional decrease in a related character, the eorrelation is 
said to be negative and the ratio is — 1, or perfect negative correla- 
tion. Still again, if the characters in question are absolutely* * 
indifferent the oii^o the otheai- i^ correktioTT^^ zero,, L ^ 

uidicating mere association under the law of independent probahi]- \ ^ 

ity, witho ut cau sative relation of anv Mnd.T ^ 

1 Peareon, Karl, The Grammar of Science, p. 157. 

^ Bxiwley, A. .L., Eluents of SHa.tiair/'n ^ p sir 

’ Davenport, Eugene, Principles of Breeding, p. 453. 
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An experiment conducted by Professor Weldon ^ and 
carried further by Darbishhe brings out clearly the meaning 
of correlation. Darbishire ^ f ound that by talci ng 12 dice 
and thromii g them 1000 times, and counting t he number 
that had four or more snots uppermost at each tria l , he _got 
the following distributio n : 


Table Showing the Disteibution op Dice with Foue or More 
Spots Uppermost in 1000 Throws (Darblshire) 


Result of Throw 

Frequency 

Result of Throw 

Frequency 

0 

0 

7 

179 

1 

3 

8 

129 

2 

15 

9 

(34 

3 

55 

10 

11 

4 

no 

11 

2 

6 

208 

12 

1 

6 

223 




Another set of 1000 trials undoubtedly would have given a 
similar, but not necessarily the same, distribution.^ Successive 
throws, after each of which all dice are returned to the re- 
ceptacle and thrown again, are entirely distinct. There is 
no connecting link between them which makes them stand 
in the relation of cause and effect. jThis is shown in the 
f ollowing double-frequenc y or correlation table — Tabl e 
A — where throws in pairs are tabulated . 

1 Weldon, W. F. R., “Inheritance in Animals and Plants,” pp. 81-100, in 
Lectures on the Method of Science, edited by T. B. Strong, Oxford, 1906. 

2 Darbishire, A. D., “Some Tables for Illu.stratine Statistical Correlation,” 
in Memoirs and Proceedinos of the Manchester Literary & Philosophical So- 
ciety, Vpl. 51, No. 16, 1907. 

® Cf. Weldon, W. F. R., op. ciL, for the results of three trials. 

.2'P. 
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TABLE A 


Table Giving the Results of 500 Pairs of Throws of 12 
Dice when All Those Thrown the First Time Were 
Thrown the Second Time ^ 





Second Throws 




0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 



Total 


1 

9 

24 

57 

112 

101 

94 

62 

31 

6 

2 

1 

First 

Throws 

0 

1 

2 

3 

4 

5 

6 
7 
S 
9 

10 

11 

12 

2 

6 

31 

52 

95 

123 

87 

66 

33 

5 

- 

1 

4 

3 

1 

1 

1 

1 

4 

5 

6 
5 

1 

1 

4 
7 
13 
15 
i 7 

1 7 
2 
2 

1 

4 

7 

9 

26 

25 

16 

15 

9 

8 

6 

14 

24 

22 

1 19 
7 
1 

__ 

5 
12 

14 
28 

15 
12 

6 
2 

1 

4 

5 
12 
15 
13 

6 
6 

1 

1 

5 

6 
6 
6 
6 

1 

1 

2 

1 

1 

1 

1 

1 


The data were secured as follows : Twelve dice were thrown 
a first time and the number having four or more spots 
uppermost counted. They were then all picked upj reshaken, 
and thrown again, those having four or more spots uppermost 
being again counted. This constituted a second time and 
completed the first pair of trials. Five hundred such pairs 
of trials, or one thousand separate throws in all, were then 
tabulated so that the figures on the vertical scale represented 

1 The order of the units in the ordinate scale is reversed in this instance 
from that usually followed. 
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the first count in each pair of trials and the figures on the 
horizontal the second count in each. For instance, the 14 
in the 6th (vertical) and in the 5th row (horizontal) means 
that of the 500 pairs of trials, there were 14 in which the first 
throw of the trial gave 5 dice with 4 or more spots upward 
and in the second throw of the trial 6 dice with 4 or more 
spots uppermost. The figures in all other squares are simi- 
larly accounted for. The vertical totals give the dis- 
tributions for the fii’st throws ; and the horizontal totals, the 
distributions for the second throws. The m ost p robable 
numbe r of dice showing 4 or more spots uppermo st in a throw 
of twelve is six, but TEe^humher may be anything between 
zero and 12. The concentration at or near six in both totals 
shows this to be true for the 1000 separate throws. 

Data in this form show no causal connection between the 
first and second throws in each pair. For instance, when 
there were seven dice in the first throws with 4 or more spots 
uppermost, there were from 2 to 12 with 4 or more in the 
second trials. Dispersion is equally noticeable in the oppo- 
site direction. When 8 fulfilled the conditions in the second 
trials, the corresponding numbers in the first throws varied 
from 1 to 9. 

In order to connect or relate the two throws of each pair, 
Darbishire repeated the experiment, first leaving down and 
counting in the second throw of each pair one, then two, 
then three, etc., of the dice which previously had been stained 
red so as to distinguish them from the others. The experi- 
ment was continued until all of the 12 dice thrown in the 
first, were left down for the second throws. The results 
when 3, 5, and 10 dice were left down are given in Tables 
B, C, D, respectively. Correlation is shown graphically in 
Plate 26. 
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TABLED 


Table Giving the Results of 500 Connected Throws op 
12 Dices, in Each Second Throw op Which 3 Dice Were 
Left Down and Counted ^ 



In e ach pair of trial throws, in which one or more of the 
dice is left on the board and counted in the second throw , 
there is a common element . That is, the first is in part a 
cause "*of the second, Verting an influence in proportion to 
its size. But the distributions in none of the cases, if the 
trials were repeated, would necessarily follow the order here 
given. When the two throws of the pairs are indep endent, 
t here is little or no correlation present; when the'^'ec^d 
throw is simply tl^first counted as the second, correlation 


See note to Table A. 
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TABLE C 

Table Giving the Results op 500 Connected Throws op 12 
Dice, in Each Second Throw op Which 5 Dice Were Left 
Down and Counted ^ 


Second Throws 




0 

1 1 

2 

3 i 

4 ' 

5 

6 

7 

8 

9 

10 

11 

12 


Total 



11 

20 

54 

93 

112 

118 

60 

21 

9 

2 

- 

0 

J 

, 2 














2 

11 

— 

— 

3 

1 

5 

1 

i! 

_ 

— 

__ 


_ 

_ 

3 

26 

— 

— 

3 

3^ 

8 

4 

4: 

4 

— i 

— 

— 

— 

— 

4 

69 

— 

r— 

3 

6 

9 

21 

14 

10 

5 

1 

— 

— 

~ 

First 5 

S3 

— 

— 

— 

4 

11 

23 

21 

15 

9 

— 

— 

— 

— 

Throws 6 

109 

— 

— 

1 

3 

9 

18 

27 

29 

16 

3 

2 

1 

— 

7 

95 

— 

— 

1 

2 

5 

14 

24 

2S' 

10 

7 

4 

— 

— 

8 

63 

— 

,, 

— 

1 

5 

9 

10 

18 

14 

4 

2 

— 

— 

9 

31 

— 

— 

— 

__ 

— 

2 

9 

13 

4 

3 

— 

— 

— 

10 

10 

— 

— 

— 

— 

1 

— 

2 

— 

2 

! 

3 

1 

1 

— 

12 


~ 

- 

~ 

- 

_ 

- 

_ 

- 


- 

-j 

- 

- 


is perfect and positive . The other trials show correlation 
between zero and 4-1- 

But the presence o f a hig h degree of correlation canno t! 
lofflcall^ be said to~ prQz;e the relation between two ^e -j 
nom ena4 /Causes never operate at different times undeg 
exactly the same conditions, and the effects that flow from 
t hem are not alwa;^ and necessarily the same^ yPuplication 

1 See note to Table A. 

2 Cf. Hooker, “Correlation of the Marriage Rate with Trade," Journal 
of the Royal Statistical Society, y oh CA, Vi 485. 

i ml UBRARV W' 
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TABLE D 


Table Giving the Results op 500 Connected Throws of 12 
Dice, in the Second Throws op Which 10 Dice Were 
l.EFT Down and Counted ^ 



of the conditions under which causes operate will not neces- 
sarily duplicate the "effects. “Duplication” after all in any I J 
way except as approximation is impossible in actuarilfe J 
I^ X^eu.suve of correlation is a statement of probabilities, i 
reliability of wiiich i s determined by the d!^ree to which 
tho s^ples' i^ the whole “nonula.tion 
ditions under which the samples are taken the rangeLo Lcondi-^ 
i tion^ ^‘^It does not prov e anything . It merely suggests 
Q^n hypothesis as regafffs causatloirwithin^ parti^lar sphere. 



See note to Table A. 
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Second Throws Independent of First 
Throws. 



440 


STATISTICAL METHODS 


The investigator must go to the facts themselves for his 
scientific hypothesis.”^ 

How nearly economic and business phenomena remain 
homogeneous for any appreciable period, even in an approxi- 
mate sense, is always problematical. The forces affecting 
them are always in a state of flux governed as they are by 
population composition, state of trade, distribution of wealth, 
custom, fad, fashion, prejudice, etc. The whole range o f 
hum a n reac tio n is exhibited in more or less degree. Statistic s 
under , siich circum stances often reveal a partial story, are j 
.not com|xiraifle from ti me, to _tune and from. place, to place ,} 
and t ake n a foiie constitute a weairah9~uMertain base jLipp.al 
■whicb-io^ bu i ld a cause - and-effect structure'. Btatisticall 
studies in correlation should be made in theTight of these . 
facts. Again, statistics and statistical methods, used as 
tools in induction, are serviceable only to the degree to which 
they are properly employed. 

1. Preliminaries to Correlation Studies (Historical Series) 

W hen hist orical series are to be compared it is often service- 
able, as a preiimina fylteprto’pIortESm r^Se^^ 
tTdetomme*wEefE^ or decreaseTiirohTIE^^ 

'confornTfomcr^^^^or^^^ 

M^equenflyT'lhi^ m itself is 
But the graphic method, though suggestive, is neither proof 
nor measure of correlation.® It does not give a quahtitative 
measure of the degree of resemblance, and this is what is 
sought. 

J Brown, William, The Essentiuls of Mental Measurements, p. 132 ; see 
also, Sigwart, €., Logic, Vol. II, p, 502. 

^ Bowley, Measurement of Groups and Series, -g. 84. 

® Cf. Persons, Warren M., “The Correlation of Economic Statistics,” 
Proceedings of the American Statistical Association, Vol, XII, New Series, 
December, 1910, pp. 287-322. 


easesLfor the inverse) in th e, other, 
sufficient to suggest corfelaSom^ 
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Experiences and business facts are associated either as 
coincidences or as sequences. What is sough t is some means 
giiQretelling^Jhe.^ 

dpGQu nt mg ilia Jii^^ the full effects of a 

cause are not felt fora period of time, as for instance, price 
changes on wages, bank clearings on wholesale prices, un- 
employment on sickness among trade unionists, ^ etc. More- 
over, the period of delay is not uniform. In some instances, 
sufficient time for a set of causes to exert its full effect 
requires years,® in other cases, days. An approxima- 
tion to the correct time which one historical series lags 
behind another may be made by a series of graphic 
tests. This, however, is simply following the trial and 
error method. It is possible, by the use of quantitative 
measures, to discover the period in which there is most 
complete correlation and to plot data in this form. What 
these measures are and what they mean are the subjects of 
the next section. 

Moreover, in correlating historical series, it is frequentl y 
necessary to distinguisIT^be tw^n sno^^ 
changes. Two phenomena may be correlated when long 
oTs^Iar^angesare considered, but be entirely disassociated 
for short or cyclic changes. Or, for short periods two 
series may move together, but show no connection for an 
extended period. The question is to decide which are to 
be correlated. 

In an earlier chapter ^ the method of smoothing historical 
series by means of moving averages was described. In 

1 Persons, Warren M., “Construction of a Business Barometer Based 
upon Annual Data,” The American Economic Renew, December, 1916, p. 755. 

2 Ashton, T. S., Economic Journal, September, 1916, p. 396. 

3 Moore, H. L., Economic Cycles: their Law and Cause, Ch. V, 
passim, 

^ *Supra, pp. 229-230. 
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Table F and in Plate 27, giving bank note circulation ^ of 
chartered Canadian banks and receipts of wheat at Fort 
William and Port Arthm*, Canada, this device is more fully 
illustrated and its relation to methods of determining correla- 
tion shown. 

^ “The redemption system, besides making currency inflation impossible, 
results also in what is commonly called ‘elasticity,’ by which is meant ca- 
pacity to expand and contract in automatic response to the country’s need of 
currency. Canada, like every other country, at certain seasons of the year 
makes use of more currency, or hand-to-hand money, than at other seasons. 
This currency is supplied by the banks. If they were not permitted to fur- 
nish it in the form of their own notes, they would be obliged to furnish it 
in the form of lawful or legal tender money, and would at the same time be 
compelled to restrict their loans in order that they might reduce their liabili- 
ties, the loss of the legal tender money having b.v so much reduced their 
cash reserve. Since the Canadian banks, however, meet the seasonal 
needs for currency by the issue of notes, their liabilities are not changed, 
for their deposits decline b,vas much as their notes increase. It is dear that 
if a depo.sitor draws .?10fl0 from bis bank and receives §1000 in the notes 
of the bank, the liabilities of the bank have not been affected. It has 
simply converted a deposit liability into a note liability. Its reserve of 
legal tender money having been untouched, it is under no necessity to reduce 
its loans. It follows that since a Canadian bank is able to supply its de- 
positors’ needs for cash with its own bank notes, it can do so without being 
compelled to lessen its usefulness to the community as a lender of money.” 
Johnson, Joseph French, The Canadian Banking System, pp. 61-62. 
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TABLE E 

Table Showing the Long-time or Secular Changes in 
Note Circulation op Chartered Canadl^vn Banks and 
Wheat Receipts at Fort William and Port Arthur, 
Canada, 1909-1913 


Yeak 

AND 

Month 

Notes 
IN ClRCTT- 
DATION 

(In mil- 
lions of 
dollars) 

Devia- 

tions 

PROM 

Average 

CiRcn- 

LATION 

Devia- 

tions 

Squared 

Wheat 
Re- 
ceived 
(In mil- 
lions of 
bushels) 

Devia- 

tions 

PROM 

Aveb-age 

Receipt 

y 

Devia- 

tions 

Squ.ared 

2/2 

Product 
OP Devia- 

(») and (.y) 

a 

b 

C 

d 

e 

f 

ff 

h 

Total 

95 av. 


13406 

8.0 av. 


3805.2 

+ 4799.4 

1909 








Jan. 

73 

_ 22 

484 

2.1 

~ 5.9 

34.8 

+ 129.8 

Feb. 

68 

_ 27 

729 

1.6 

- 6.4 

41.0 

+ 172.8 

Mar. 

71 

- 24 

576 

3.4 

- 4.6 

21.2 

+ 110.4 

Apr. 

73 

— 22 

484 

3.9 

- 4.1 

16.8 

+ 90.2 

May 

71 

- 24 

576 

1.6 

- 6.4 

41.0 

+ 153.6 

June 

72 

-23 

529 

.6 

- 7.4 

54.8 

+ 170.2 

July 

74 

- 21 

441 

1.5 

- 6.5 

42.3 

+ 136.5 

Aug. 

74 

- 21 

441 

.2 

- 7.8 

60.8 

+ 163.8 

Sept. 

82 

- 13 

169 

ll.’l 

+ 3.1 

9.6 

- 40.3 

Oct. 

91 

4 

16 

17.0 

+ 9.0 

81.0 

- 36.0 

Nov. 

92 

_ 3 

9 

15.1 

+ 7.1 

50.4 

~ 21.3 

Dec. 

90 

- 5 

25 

6.8 

- 1.2 

1.4 

+ 6.0 

1910 








Jan. 

81 

• - 14 

196 

2.7 

- 5.3 

28.1 

+ 74.2 

Feb. 

76 

- 19 

361 

1.7 

- 6.3 

39.7 

+ 119.7 

Mar. 

81 

- 14 

196 

2.8 

- 5.2 

27.0 

+ 72.8 

Apr. 

82 

- 13 

169 

4.2 

- 3.8 

: 14.4 

+ 49.4 

May 

■ 81 

■ - 14 

196 

4.5 

- 3.5 

12.3 

+ 49.0 

June 

82 

1 -13 

169 

2.2 

- 5.8 

33.6 

+ 75.4 
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TABLE E Continued 


Year 

Month 

Notes 
IN Cllicc- 
EATION 

(In mil- 
lions of 
dollars) 

Devia- 

tions 

FROM 

Aveuaue 

Cutcv- 

liATION 

■X 

Devia- 

tions 

Squared 

Wheat 
Re- 
ceived 
(I n mil- 
lions of 
bushels) 

Devia- 

tions 

PROM 

Average 

Receipt 

y 

Devia- 

tions 

Squared 

y- 

Product 
oi^ Devia- 
tions 
( x) and (y) 

a 

b 

c 

d 

e 

f 

9 

h 

1910 

July 

84 

- 11 

121 

2.8 

- 5.2 

27.0 

+■ 57.2 

Aug. 

85 

- 10 

100 

1.5 

— 6.0 

42.3 

+ 6.5 

Sept. 

90 

- 5 

25 

8.5 

+ .5 

.3 

- 2.5 

Oct. 

97 

•+■ 2 

4 

18.6 

+ 10.6 

112.4 

+ 21.2 

Nov. 

99 

+ 4 

16 

13.3 

+ 5.3 

28. 1 

+ 21.2 

Dec. 

95 

0 

0 

6.1 

- 1.9 

3.6 

.0 

1911 








Jan. 

86 

- 9 

81 

1.0 

- 7.0 

49.0 

+ 63.0 

Feb. 

82 

- 13 

169 

1.0 

- 7.0 

49.0 

+ 91.0 

Mar. 

86 

- 9 

81 

4.2 

- 3.8 

14.4 

+ 34.2 

Apr. 

90 

— 5 

25 

5.2 

- 2.8 

7.8 

+ 14.0 

May 

87 

- 8 

64 

3.5 

~ 4.5 

20.3 

+ 36.0 

June 

90 

— 5 

25 

3.5 

- 4.5 

20.3 

+ 22.5 

July 

93 

- 2 

4 

4.5 

- 3.5 

12.3 

+ 7.0 

Aug. 

94 

- 1 

1 

1.7 

- 6.3 

39.7 

+ 6.3 

Sept. 

100 

4 - 5 

25 

5.7 

- 2.3 

5.3 

- 11.5 

Oct. 

107 

+ 12 

144 

19.3 

+ 11.3 

127.7 

+ 135.6 

Nov. 

111 

+ 16 

256 

19.9 

+ 11.9 

141.6 

+ 190.4 

Dee. 

no 

+ 15 

225 

16.4 

+ 8.4 

70.6 

+ 126.0 

1912 








Jan. 

101 

+ 6 

36 

6.9 

- 1,1 

1.2 

- 6.6 

Feb. 

93 

- 2 

4 

6.7 

- 1,3 

1.7 

+ 2.6 

Mar. 

98 

+ 3 

9 

5.8 

- 2.2 

4.8 

- 6.6 

Apr. 

102 

+ 7 , 

49 

2.7 

- 5.3 

28.1 

- 37.1 

May 

101 

+ 6 

36 

i 9.7 

1 + 1.7 

2.9 

+ 10.2 

June 

103 

+ 8 

64 

6.6 

1 - 1.4 ■ 

2.0 

- 11.2 
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TABLE E Continued 


Year 

Month 

Notes 
IN Circu- 
lation 
(In mil- 
Jiona of 
dollars) 

Devia- 

tions 

FROM 

Average 

Circu- 

lation 

Devtca- 

TIONS 

Squared 

Xi 

Wheat 
Re- 
ceived 
(In mil- 
lion.s of 
bushels) 

Devia- 

tions 

PROM 

Avtsrage 

Receipt 

V 

Dbvia- 

TION.S 

Squared 

Ifl 

Product 
OP Devia- 
tions 

(t) and (u) 

a 

h 


c 

il 

e 


/ 

0 


h 

1912 











July 

105 

+ 

10 

100 

5.4 

_ 

6.2 

6.8 

_ 

20.0 

Aug. 

104 

+ 

9 

81 

3.1 

— 

4.6 

24.0 

_ 

44.1 

Sept. 

107 

+ 

12 

144 

2.7 

— 

5.3 

28.1 

- 

63.6 

Oct. 

114 

+ 

19 

361 

19.6 

+ 

11.6 

134.6 

+ 

220.4 

Nov. 

120 

+ 

25 

625 

27.6 

+ 

19.6 

384.2 

+ 

490.0 

Dec. 

120 

+ 

25 

625 

15.0 

+ 

7.0 

49.0 

+ 

175.0 

1913 











Jan. 

110 


15 

225 

12.1 

+ 

4.1 

16.8 

+ 

61.5 

Feb. 

101 

+ 

6 

38 

4.1 

— 

3.9 

15.2 

_ 

23.4 

Mar. 

108 

+ 

13 

169 

2.4 

— 

5.6 

31.4 

- 

72.8 

Apr. 

106 

H- 

11 

121 

2.7 

— 

5.3 

28.1 

_ 

58.3 

May 

105 

+ 

10 

100 

10.2 

+ 

2.2 

4.8 

_|_ 

22.0 

June 

108 

+ 

13 

169 

5.5 

— 

2.5 

6.3 

- 

32.5 

July 

108 

+ 

13 

169 

4.3 

— 

3.7 

13.7 

- 

48.1 

Aug. 

109 

+ 

14 

196 

1.3 

__ 

6.7 

44.9 

- 

93.8 

Sept. 

114 

+ 

19 

361 

18.1 

+ 

10.1 

102.0 

+ 

191.9 

Oct. 

124 

+ 

29 

841 

37.5 


29.5 

870.3 

4- 

855.5 

Nov. 

127 

+ 

32 

1024 

30.9 

+ 

22.9 

524.4 

-f- 

732.8 

Dec. 

122 

+ 

27 

729 

17.9 

+ 

9.9 

98.0 

+ 

267.3 
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TABLE F 

Table Showing the Short-time or Cyclic Changes in Note 
Circulation of Canadian Chartered Banks and Wheat 
Receipts at Fort Wiliham and Port Arthur, Canada, 
1909-1913 


1 

S : 

5?; 

< 

is 

»ll ^ 

o 2 

; So 

< SJ 

o z 
mS 

Dkvi- 

ATIO.V8 

FUOM 

Moving 

Aveu- 

AGE 

Devi.ations 

Squ.abbd 

Wheat Receipts 
(I n millions of 
bushels) 

Moving .Average 
(13 Month Cycle) 

Devi- 

ations 

PROM 

Moving 

Aver- 

age 

1/ 

Deviations 

Squared 

2/2 

Product 

! OF 

(*) and (y) 

a 

h 

c 

d 

e 

/ 

9 

h 

i 


.7 

Total 

95 av. 



1912.0 

8.0 av. 



1994.2 

4-1541.9 

1909 











Jan. 

73 

_ 

__ 

__ 

2.1 

— 

__ 

— 


__ 

Feb. 

68 

— 


— 

1.6 

— 

— 

— 


— 

Mar. 

71 

_ 

— 

__ 

3.4 

— 

— 

— 


— 

Apr. 

73 

— 

— 

— 

3.9 

— 

— 

' — 


— 

May 

71 

— 

— 

— 

1.6 

— 

— 

— 


— 

June 

72 


— 

— 

.6 

— 

— 

— 



July 

.. 74 

77.8 

- 3.8 

14.4 

1.5 

5.3 

- 3.8 

14.4 

4- 

14.4 

Aug. 

74 

78.1 

- 4.1 

16.8 

.2 

5.2 

- 5.0 

25.0 

4- 

20.5 

Sept. 

82 

79.1 

+ 2.9 

8.4 

11.1 

5.3 

4- 6.8 

33.6 

4- 

16.8 

Oct. 

91 

79.9 

4-11.1 

123.2 

17.0 

5.3 

4-11.7 

136.9 

4- 

129.9 

Nov. 

92 

S0.5 

4-11.5 

132.2 

15.1 

5.4 

4- 9.7 

94.1 

4- 

111.6 

Dec. 

90 

SI. 4 

4- S.6 

74.0 

6.8 

5.4 

4- 1.4 

1.9 

4- 

12.0 

1910 











Jan. . 

81 

82.3 

- 1.3 

1.7 

2.7 

5.6 

- 2.9 

8.4 

^4- 

3.8 

Feb. 

76 

83.1 

- 7.1 

50.4 

1.7 

5.6 

- 3.9 

15.2 

-b 

27.7 

Mar. 

SI i 

' 84.4 

- 3.4 

11.61 

2.8 

6.2 1 

- 3.4 

11.6 

4- 

11.6 

Apr. 

82 

’ 8.5.5 

- 3.5 

12,3 

4.2 

6.8 

- 2.6 

6.8 

4- 

9.1 

May 

81 1 

86.1, 

- 5.1 

26.0 

4.6 

6.6 

- 2.0 

4.0 

4- 

10.2 

June 

82 

86.4| 

- 4.4 

19.41 

-.2.2 -1 

6.8 

- 3.6 

13.0 

4- 

15.8 
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TABLE ¥ Continued 


Yeah and Month 

Notes in CiBCtrLA- 
TiON (In millions of 
dollars) 

Moving Aveeagb 
(13 Month Cycnfi) 

Devi- 

ations 

PROM 

Moving 

Aver- 

age 

Deviations 

Squared 

Whe.at Receipts 
(In millions of 
bushels) 

Moving Average 
(13 Month Cycle) 

Devi- 

ations 

FROM 

Moving 

Aveh- 

y 

K a 

1 Product 

! OF 

(.i-)au<l(y) 

i 

a 

h 

C 


d 

e 

/ 


h 

i 


i 

1910 












July 

84 

86.1 

_ 

2.1 

4.4 

; 2.8 

5.4 

- 2.6 

6.8 

' + 

5.5 

Aug. 

85 

86.2 

— 

1.2 

1.4 

1.5 

5.3 

- 3.8 

I 14.4 

+ 

4.6 

Sept. 

90 

87.0 

+ 

3.0 

9.0 

8.5' 

5.5 

+ 3.0 

9.0 

+ 

9.0 

Oct. 

97 

87.7 


9.3 

86.5 

18.6 

5.6 

+ 13.0 

169.0 

+ 

12.1 

Nov. 

99 

88.1 

+ 10.9 

118.8 

13.3 

5.6 

+ 7.7 

59.3 

+ 

83.9 

Dec. 

95 

88.8 

+ 

6.2 

38.4 

6.1 

5.5 

+ .6 

.4 

+ 

3.7 

1911 












Jan. 

86 

89.6 

i 

3.6 

13.0 

1.0 

5.8 

- 4.8 

23.0 

+ 

17.3 

Feb. 

82 

90.4 

! — 

8.4 

70.6 

1.0 

5.7 

- 4.7 

22.1 

+ 

39.5 

Mar. 

86 

j 91.5 

— 

5.5 

30.3 

4.2 

6.0 

- 1.8 

3.2 

1 + 

9.9 

Apr. 

90 

92.8 

- 

2.Si 

7.8 

5.2 

6.8 

- 1.6 

2.6 

!+ 

4.5 

May 

I 87 

93.9 

_ 

5.9 

34.8 

3.5 

6.9 

- 3.4 

11.6 

[4- 

20.1 

June 

90 

94.8 

: — 

4.8 

23.0 

3.5 

7.2 

- 3.7 

13.7 

i+ 

17.8 

July 

93 

‘ 95.2 

— 

2.2 

4.8 

4.5 

7.2 

- 2.7 

7.3 

1+ 

5.9 

Aug. ' 

94 

95.8 

: _ 

1.8 

3.2 

1.7 

7.7 

- 6.0 

36.0 

1+ 

10.8 

Sept. 

100 

97.0! 

+ 

3.0 

9.0 

5.7 

8.1 

- 2.4 

5.8 

, ~ 

7.2 

Oct. 

107 

98.2 

+ 

8.8 

77.4 

19.3 

7.9 

+ 11.4 

130.0 

+ 100.3 

Nov. 

111 ' 

i 99.1 

1-f 11.9 

141.6 

19.9 

8.3 

+ 11.6 

134.6 

1 + 138.0 

Dec. 

no 

100.3 

+ 

9.7 

94.1 

16.4 

8.5 

+ 7.9 

62.4 

+ 

76.6 

1912 












Jan. 

101 

101.5 

- 

.5 

.3 

6.9 

8.7 

- 1.8 

3.2,^ 

+ 

.9 

Feb. 

93 

102.0 

_ 

9.0 

81.0 

6.7 

8.6 

- 1.9 

3.6 

+ 

17.1 

Mar. 

98 

103.4 

- 

5.4 

29.2 

5.8 

8.6 

- 2.8 

7.8 

+ 

15.1 

Apr. 

102 

104.4 

- 

2.4 

5.8 

2.7 

9.7 

- 7.7 

49.0 

+ 

16.8 
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TABLE F Continmd 


1 

1 

i 

o g 

o 2 

If 

< P 

B O 

Devi- 

ations 

FROM 

Moving 

Aver- 

§1 

pH 

a* 

WiiE.AT Receipts 
( lu millions of 
bushels) 

Moving Avebagf. 

(13 Month Gycee) 

Dbvi- 

.ATIONS 

PBO.M 

Moving 

Aveb- 

.\GE 

y 

Devlations 

Squared 

Product 

OP 

(t) and (y) 

a 

b 

c 

d 

e 

/ 

g 

h 

i 


j 

im 











May 

101 

105,4 

~ 4.4 

19.4 

9.7 

10.3 

- .6 

A 

+ 

2.6 

June 

103 

106.0 

- 3.0 

9.0 

6.6 

10.0 

- 3.4 

11.6 

+ 

10.2 

July 

105 

106.0 

- 1.0 

1.0 

5.4 

9.6 

- 4.2 

17.6 

+ 

4.2 

Aug. 

104 

106.0 

- 2.0 

4.0 

3.1 

9.4 

- 6.3 

39.7 

+ 

12.6 

Sept. 

107 

107.2 

„ .2 

.1 

2.7 

9.1 

- 6.4 

41.0 

+ 

1.3 

Oct. 

114 

107;S 

+ 7.2 

51.8 

19.6 

8.9 

+ 11.7 

136.9 

+ 

84.2 

Nov. 

120 

lOS.O 

+ 12.0 

144.0 

27.6 

9.4 

+ 18.2 

331.2 

■+ 218.4 

Dee. i 

120 

108.5 

+ 11.5 

132.3 

15.0 

9.1 

+ 5.9 

34.8 

+ 

67.8 

1913 











Jan. 

no 

108.9 

+ 1.1 

1.2 

12.1 

8.9 

- 3.2 

10.2 

_ 

5.5 

Feb. 

101 

109.2 

- 8.2 

67.2 

4.1 

8.6 

- 4.5 

20.3 

+ 

36.9 

Mar. 

108 

110.0 

- 2.0 

4.0 

2.4 

9.8 

- 7.4 

54.8 

+ 

14.8 

Apr. 

106 

111.3 

- 5.3 

28.1 

2.7 

12.5 

- 9.8 

96.0 

+ 

51.9 

May 

105 

112.4 

- 7.4 

54.8 

10.2 

13.3 

- 3.1 

9.6 

+ 

22.9 

June 

108 

112.5 

- 4.5 

20.3 

5.5 

12.6 

- 7.1 

50.4 

+ 

32.0 

July 

108 




4.3 






Aug. 

109 




1.3 






Sept. 

114 




18.1 






Oct. 

124 




37.5 






Nov. 

127 




30.9 






Dec. 

122 


• 


17.9 







For both note circulation and wheat receipts the short- 
time or cyclic changes seem to be approximately 13 months 
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in lengths These are removed calculating moving 
averages on this wave length for both series, as given in 
columns c and g, respectively, in Table F. Graphically, they 
are shown by the smooth solid lines reflecting the trends in 
Plate 27. Their general direction in both cases is the same 
and over the whole period both phenomena show an un- 
mistakable but somewhat different increase. 

Diverting attention from the long- to the short-time move- 
ments of the two curves, regularity is observed in both. The 
movements tend to change together — i.e. increases and 
decreases in one roughly correspond to increases and de- 
creases in the other. These cyclic changes — that is, the 
current differences from the trends or moving averages — 
are shown in columns d and h in Table F and graphically in 
Plate 28, where the differences are plotted as plus or minus 
deviations from a base or zero (no change) line. This 
illustration has the advantage of concentrating attention 
on the short-time fluctuations and of ignoring the long-time 
change. 

In the example chosen, the relationship is one of coinci- 
dence.® The cause of increased circulation is in part the 
necessity of a circulating medium with which to move the 
crops. But crop harvesting and moving are largely the 
results of conditions of growth, ripening, lack of storage 
facilities at place of production, desire to sell at time of 
harvesting, etc. Seasonal influences are dominant and are 
reflected in bank circulation. These may be said to be a 
cause of increased but not of decreased circulation. The 
cause of the latter is the peculiarity of the banking system 

1 The use of a 13-months’ cycle emphasizes the month repeated, but makes 
it possible to assign the moving mean to the middle item — the seventh. 
If 12 months — i.e. 12 values — had been used, the resxilting mean would 
have fallen half-way between the sixth and seventh items. 


PLATE 27 

Curves Showing Long-time or Secular Changes. 

(Note Circulation of Canadian Chartered Banka, and Wheat Eeceipts'at 
Fort William and Port Arthur, Canada, by Months, 1909-1913.) 
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which requires notes to be redeemed when no longer necessary. 
Demand for a circulating medium is due in part to wheat 
movement, but not solely so. Causation, in fact, becomes 
correlation. Both phenomena aTe related, but one is not the 
sole cause of the other. 

How nearly these phenomena are related is suggested but 
not measured by the graphic method. The most common 
measure is the Pearsonian coefficient, developed by Sir 
Francis Gallon and perfected by Karl Pearson in his studies 
of heredity. It has since become the tool of biometricians, ^ 
zoologists,* breeders,'’ psychologists, and economists.® Its 
latest development in the economic field is in the study of 
crises ® and in the formation of a business barometer.^ The 
remaining part of the chapter is devoted to explaining this 
measure and to showing its application to both historical and 
frequency series. 

rSoe the journal Bwmeirika and the writings of Sir Francis Galton, Karl 
Pearson, G. B. Davenport, H. M. Vernon, ct al. 

* Among the leading is Hands, ,1. A., of the Carnegie Institution of Wash- 
ington, D. C. See his “An Outline of Curreirt Progress in the Theory of 
Correlation and Contingency,” in American N aturalist, .lanuary, 1916, Vol. 
L. pp. 53-64. 

® Davenport, Eugene, The Principles of Breeding, New York, 1907. 

^ Thorndike, E. L., Menial and Social Measurements, New York, 1913 ; 
Brown, "William, The Essentials of Mental Measurement, Cambridge (Eng- 
land), 1911; Whipple, Qny M., Manual of Mental and Physical Tests, Bal- 
timore, 1914. 

Hooker, R. H., op. cit.; Yule, Introduction to Theory of Statistics, Lon- 
don, 1911 ; Bowley, A. L., Measurement of Groups and Series, London, 1903 ; 
Elderton, W. Palin, Frequmcy-curves and Correlation, London, 1906 (?); 
Persons, YV. M., "The Correlation of Economic Statistics,” PubKcah'oris o/ 
the Aynerican Statistical Association, Vol. XIT, December, 1910, pp. 2S7-322. 

“ Moore, H. L., Economic Cycles: Their Law and Cause, New "Vork, 1914. 

^Persons, Warren M., “The Construction of a Business Barometer 
Based upon Annual Data,” in American Economic Review, December, 1916, 
pp. 739-769. 
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2. The PearsoniaTi Coefficient of Correlation 

Karl Pearson’s coefficient of correlation is denoted by 

the formula, r = , in which the Ps are the series of 

na-ia-2 

deviations from the arithmetic mean of one series, Jind the 
y's the corresponding deviations from the arithmetic mean 
in the other series. The sign ^ stands for the algebraic 
sum of the products of the x^s and y’s. n refers to the 
number of pairs of items, and o-i and to the respective 
standard deviations of the two series. Tlie development of 
the formula gives values varying from — 1 through 0 to +1.^ 
If r == + 1, correlation is perfect and po.sitive — that is, 
large values in the first of two phenomena ai'e associated with 
large values in the second. If 7* = — 1, correlation is perfect 
and negative or inverse — that is, large (or small) values in 
the first of two phenomena are associated with small (or 
large) values in the second. If r = 0, no correlation exists, 
changes in the two phenomena being indifferent.^ 

The formula for the “coefficient was found by assuming that a 
large number of independent causes operate upon each of the two 
series x and y, producing normal distribution in both cases. Upon 
the assumption that the set of causes operating upon the series 
X is not independent of the set of causes operating upon the series y, 

the value r= ■■ — is obtained. This value becomes zero 

n <Tl (Ts 

when the operating causes are absolutely mdependent.” ^ 

1 For the method bj' which this formula is derived, see Yule, G. Udny, 
Introduciion to the Theory of Statistics, pp. 168-174. 

2 Proof in Bowley, A. L., Elements of Statistics, p. 319. 

3 Yule, op. eft, p. 17.5. 

^ Persons, Warren M., ‘‘ The Correlation of Economic Statistics,” Puh- 
lications American Statistical Association, December, 1910, pp. 298-299 ; 
Bovrley, A. Jj., Elements of Statistics, pp. 31Q~317, 
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(1) Application of the Coefficient of Correlation to Historical 
Series 

In the historical series — note circulation and wheat re- 
ceipts • — there are two movements that may be correlated. 
First, the long-time or secular changes C and second, the 
short-time or cyclic changes. The latter, from the graphic 
representation, appear to move in unison and to stand in a 
causal relationship. The coefficient for the secular trend is 
calculated from the original rather than from the smoothed 
data, inasmuch as both long- and short-time changes are 
correlated positively. Had the secular trends been positively 
(or negatively) correlated and the periodic or cyclic changes 
negatively (or positively) correlated, it would have been 
necessary to use the moving averages. Even then difficulties 
would have arisen. As Bowley says : 

"If we take two things which are absolutely disconnected, 
except that they are both phenomena arising in the progress of 
society, and work out the coefficient by the straightforward rule, 
we shall find there is some correlation. If two curves have short 
fluctuations which are correlated, but opposite symptoms, then 
owing to the symptom apart from the fluctuations there would be 
negative correlation, while owing to the fluctuations apart from the 
symptom there would be positive correlation ; and when both are 
taken into account the correlation may be positive, zero, or nega- 
tive.” ® 

But such is not the ease in the example taken. In Table 
E, columns c and / give the monthly deviations — positive 
and negative — of note circulation and wheat receipts from 
their respective averages, 1909-1913. The respective 

I Bowley calls them “symptomatic” changes. Measurement of Groups 
and Series, pp. 75-77. 

^J^ovrlsy, A. Jj., Measwement of Groups and Series, p. 83. 
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st anda rd deviations, computed according to the formula, 
are 14.9 and 7,96. The algebraic sum of the prod- 
ucts of the deviations in the note series (a;) and the wheat 
series (y) is found in column k, and equals ■+■ 4799.4, The 

coefficient of correlation r, by the formula, is 

nCTl CTo 

6 0 >^14 9^xV 96 0.674. That is, the correlation is 

positive and high. The probable error of the coefficient of 

"I 1’* 

correlation ^ based on the formula ,6745 : — = ± .048. 

vVi 

The coefficient is 14 times the probable error and is therefore 
significant.^ 

The short-time or cyclic changes even on an inspection of 
the graphic figure show correlation. The degree of correla- 
tion may be measured by a slight modification of the 
Pearsoriian coefficient used by Hooker,® Bowley,^ Moore,® 
and others. It is employed in the series taken as an example. 
The deviations rather than being measured from the averages 
of the respective series are computed as given in Table F, 
columns d md h, by taking the current differences of the 
two series from their respective averages. These are 
squared as in columns e and i, as bases for computing the 
standard deviations. The products of the deviations in the 

^ See the discussion of the relation of the Probable Error to the normal 
curve of error distribution. The precise meaning of Probable Error of r is 
discussed by Bowley, op. cU., pp. 88-90. 

2 Bowley says that r must be at least 6 times the Probable Error to be 
significant. Bowley, A. L., Elements of Statistics, p. 320. But significance 
can be attached to P. E. only on the assumption of a normal distribution. 

3 Hooker, R. H., "On the Correlation of the Marriage-rate with Trade,” 
Journal Royal Statistical Societj/, Vol. LXIV, p. 486. 

4 Bowley, A. L., Measurement of Groups and Series, pp. 82-88. 

5 Moore, H. L., Economic Cycles: Their Law and Cause, Ch. V, 
passim. 
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X series and those in the y series are given in column 
Using the formula r = and inserting the values 

n (Tx<T% 

+ the coefficient of correlation is + 0.789 

48 X 6.45 X 6.31’ 

with a probable error of ± .037. That is, the correlation is 
positive and high and the probable error significant.^ 

In the example chosen it seems unnecessary to lag one 
series behind the other and to determine' the correlation for 
various periods. Where the effect of a cause is not immediate, 
this is necessary. Recently, in two valuable studies related 
series have lieen lagged different periods and the coefficients 
calculated. Professor Moore, in correlating pig-iron produc- 
tion and yield of crops, says : 


"If . . . we coiTelate them for lags of various intervals, we shall 
find it po.ssible to determine the lag that will give the maximum coeffi- 
cient of correlation, and this particular value of the lag we may 
then regard as the inteival of time required for the cycles in the 
crops to produce their maximum effect upon the cycles of the activ- 
ity of industry. When the calculation of the coefficients of corre- 
lation is made according to this plan, it is found that for a lag 


Of zero years, 
Of one year, 

Of two years, 
Of three years, 
Of four years, 


r = .625; 
T = .719; 
r = .718; 
r = .697; 
r = .572. 


It is clear, therefore, that the cycles in the yield per acre of the 
crops are intimately related to the cycles in the activity of industry, 
and that it takes between one and two years for a good or bad crop 
to produce the maximum effect upon the activity of the pig-iron 
industry.” ^ 

“If the cycles of the jdeld per acre are correlated with the cycles 


^ On the relationship of Probable Error to r, see note 2 on p. 455 and the 
discu.ssion on Probable Error, Chapter XI. 

^ Moore, H. L., Economic Cycles: Their Law and Cause, pp. 109-110. 
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of general prices, we find, for a lag of three years in general prices, 
r = .786 ; for a lag of four years, r = .800 ; for a lag of five years, 
r = .710. The cycles in the yields per acre of the crops are, there- 
fore, intimately connected with the cycles of general prices, and the 
lag in the cycles of general prices is approximately four years.” ^ 

Professor Persons employs the Pearsonian coefficient of 
correlation in his recent study of a business barometer.- 
The purpose of the study is to construct a business barometer. 
Of its uses he says : 

'' Economists and sociologists need such a barometer when dealing 
with the phenomena of a dynamic society; government officials 
when handling the problem of unemployment or when considering 
the advisability of inaiigui’ating large government undertakings ; 
manufacturers and dealers when considering the desirability of 
making extensions to their plants or of contracting or expanding their 
purchases, sales, or commitments : bankers need a business barometer 
to guide them in extending or calling their loans and discounts ; and 
investors need one to direct their purchases and sales of securities.” ® 

By computing the coefficients of correlation between cycles 
of relative wholesale prices and various series of statistics 

iI6M.,p. 122. 

* Persons, Warren M., “ Construotion of a Business Barometer Based 
upon Annual Data," American Economic Eevi'ew, December, 1916, pp. 739-769. 

^ Ibid., p. 739. The need for interannual correlation is indicated in a 
recent article by .J. Arthur Harris. He .says: “Practically such means of 
prediction as correlation and regression formulas should find wide applica- 
tion in breeding operations where it is desirable to weed out or send to the 
butcher at the earliest possible moment those individuals which cannot be 
kept with the maximum profit. If the correlation between the egg produc- 
tion of a fowl in her pullet year and her laying capacity in any subsequent 
year be high, it is clear that those which on the average are to prove un- 
profitable may be sent to the i)ot when most desirable for that purpose, and 
before they have consumed two or more years’ feed without yielding the 
maximum return in eggs. If, on the contrary, there be no correlation, the 
labor of selection in the pullet year is an unnecessary expense. If a cow’s 
milking capacity be closely correlated with her milking record in her heifer 
year, the culling of dairy herds may be profitably carried out in the first 
year. In plant breeding experiments, involving either sexual or vegetative 
reproduction, selection of individuals for future propagation must be made, 
and at as early a date as possible. If the future yield per plant of hay can 
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indicating business conditions, when the price series precedes 
and lags behind the others, Professor Persons selects nine 
series as a business barometer. These with the coefficients 
for various periods are shown in the following table : 

TABLE G 


Coefficients op Correlation Between Cycles of Relative 
Wholesale Prices and Cycles of Series Entering into 
THE Business Barometer, 1879-1913 * 


Series Correlated with 
Relative Wholesale Prices 

Coefficients op Correlation Prices 
Precede (— ) or Lao behind (-f-) by: 

-2yr. 

-1 yr. 

Oyr. 

+lyr. 

+2yr. 

+3 J-T. 

+4 yr. 


+ 

+ 

+ 

+ 

+ 

+ 

+ 

Gross receipts of railroads 

.847 

.917 

.945 

.856 

.748 

.637 

— 

Net earnings of railroads 

.690 

.763 

.862 

.839 

.803 

.811 

— 

Coal produced .... 

.787 

.865 

.931 

.880 

.795 

.731 

.630 

Exports from the U. S. 

.547 

.671 

.783 

.786 

.772 

.328 

— 

Imports into the U. S. 

.796 

.796 

.861 

.754 

.578 

.445 

— 

Pig-iron produced . . ■ . 

— 

— 

.756 

.738 

.631 

.617 

.528 

Price of pig-iron . . . 

.406 

.558 

.763 

.739 

.637 

.576 

— 

Immigration^ . . . . . 

.606 

.718 

.789 

.626 

.494 

— 

— 

Relative wholesale prices 

.811 

.923 

1.000 

.923 

.811 

.691 

.548 


By the same method he found other series, such as “shares 
sold on the New York Stock Exchange, new railroad mileage, 
the percentage of business failures,” ^ in which the maximum 

be estimated with considerable accuracy from a first year’s culture the pro- 
cess of selecting clonal strains can be carried out with far greater rapidity 
than if one must wait for the results of subsequent smars’ tests. In all such 
cases the finality of a first judgment must depend in large degree upon the 
closeness of correlation between the results of successive experiments — in 
short upon the value of the inter-annual correlation coefficient.” Harris, J. 
Arthur, ‘‘ The Value of Inter-annual Correlations,” in The American Natural- 
ist, Vol, XLIX, November, 1915, p. 707. i Op. cit., p. 757. 

2 Fiscal year. Calendar year for all other series. A Op. cfL, p. 765. 
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correlation occurred one year in advance of the business 
barometer, and which are, therefore, useful in forecasting 
business conditions. An extension of the same method per- 
mits the correlation of series for shorter periods and suggests 
the possibilities of calculating a sensitive business forecaster. 
It is hoped that Professor Persons’ intention to make this 
more detailed calculation will be realized. 

(2) Application of the Coefficient of Correlation to 
Frequency Series 

The following examples show the application of the coeffi- 
cient of correlation to frequency series. The first is worked 
out as in the historical series above ; the second, in the form 
of a correlation table. 

In an address on Concentration of Power Supjyly, Mr. 
Samuel Insull, President of the Commonwealth Edison 
Company, Chicago, said in relation to statistics there con- 
sidered : “The income per kilowatt hour goes down pretty 
steadily, the output per capita goes up pretty steadily, 
the load factor improves as selling price is lowered, and the 
output per capita goes up as the selling price is lowered.” ^ 
These conclusions were based upon a consideration of the 
United States Census figures for 1912 on the generation of 
electrical energy giving the capacity load factor,^ output per 
capita, and income per kilowatt hour by states. It is the 
comparison of the first and the next to the last of these 
ratios — load factor and income per K.W.H. — which is 
tested out by the use of the correlation formula.® 

^ Address before the Finance Forum of the Young Men’s Christian Asso- 
ciation, New York, 1914, privately printed, p. 26. 

2 Ratio of average load to capacity in this case, p. 26. 

® These figures are clearly inadequate for a satisfactory study of this 
character, but are used here simply as illustrative of the uses to which data 
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Following the plan used above in historical series, the 
following table gives the original facts, and the necessary- 
computations for the coefficient of correlation : 

TABLE H 


Table Showing by States the Capacity Load Factoe and the 
Income pee Kilowlatt Hour in the Generation op 
Electrical Energy 


State 

< 

0 

ii 

Devi.4- 

TIONS 

PKOM 

Aveh- 

AGE 

L0.4.D 

Factor 

X 

Dbvi.a- 

TIONS 

Squared 

xi 

Income per 
ICWLK. 

(in cents) 

Devia- 

tions 

PROM 

Aveh- 

Income 

PER 

K.W.H. 

y 

Devia- 

tions 

Squared 

Product op 
Devutions 
{x'a) and {y's) 


av. 




av. 






Total . . 

21.4 



4144.61 

3.45 



177.2011 

- 

144.735 

Alabama , . 

22'.7 

+ 

Ti 

1.69 

2.49 

_ 

.96 

.9216 

- 

1.248 

Arizona' . . 

25.4 

+ 

4.0 

16.00 

3.56 

— 

.11 

.0121 

- 

.440 

Arkansas 

12.4 

- 

9.0 

81.00 

5.45 

+ 

2.00 

4.0000 

- 

18.000 

Galifomia 

33.9 

+ 

12.5 

156.25 

1.59 

— 

1.86 

3.4596 

- 

23.250 

Colorado . , 

25.3 


3.9 

15.21 

2.89 

— 

.56 

.3136 

- 

2.184 

Conn. . . . 

19.2 

— 

2.2 

4.84 

4.10 

+ 

.65 

.4225 


1.430 

Florida . . 

12.5 

-- 

8.9 

79.21 

5.11 

+ 

1.66 

I 2.7556 

_ 

14.774 

Georgia . . 

17.8' 

- 

3.6 

12.96 

2.01 

— 

1.44 

2.0736 

+ 

5.184 

Idaho . . 

37.0 

+ 

15.6 

243.36 

1.37 

— 

2.08 

4.3264 

- 

32.448 

Illinois . . 

29.3 


7.9 

62.41 

2.52 

— 

.93 

i .8649 

- 

7.347 

Indiana . . 

19.9 

- 

1.5 

2.25 

3.26 

— ■ 

.19 

.0361 

+ 

.285 

Iowa . . . 

14.4 

- 

7.0 

49.00 

6.45 

4- 

3.00 

9.0000 

- 

21.000 

Kansas . , 

22.0 

+ 

.6 

.36, 

2.19 

— 

1.26 

! 1.5876 

_ 

.756 

Kentucky 

15.9 


5.5 

30.25 

3.64 

+ 

.19 

.0361 


1.045 

Louisiana 

10.9: 

~ 

10.5 

110.25 

12.25 

+ 

8.80 

1 77.4400 

— 

92.400 

Maine . . | 

22.7 

+ 

1.3 

1.69 

1.74| 


1.71 

' 2.9241 

- 

2.223 

Maryland . | 

5.0 


16.4 

268.96 

1.37 


2.08. 

i 4.3264 

+ 

34.112 


may be put by those who desire to trace out similar relationships in busi- 
ness. If data existed for individual plants as units rather than for whole 
states, the correlation undoubtedly would be more marked. 
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TABLE H Continued 


State 

Capacitt Load 
Factor % 

Devia- 

tions 

FROM 

Aver- 

Load 

Factor 

Dbvi.a- 

TIONS 

Squ-abed 

Income per 
K.-W.H. 

(in cents) 

Dbvt.a- 

TIONS 

FROM 

Avbh- 

-AGE 

Income 

PER 

K.W.H. 

V 

Devia- 

tions 

Squared 

' y'- 

gii 

1 

Mass. . . 

17.0 


3.9 

15.21 

4.17 

+ 

.72 

.5184 

_ 

2.808 

Mich. . . . 

23.2 

+ 

1.8 

3.24 

2.19 

- 

1.26 

1.5876 

_ 

2.268 

Minn. . . 

22.7 

-1- 

1.3 

1.69 

3.72 

+ 

.27 

.0729 

+ 

.351 

Miss. . . . 

14.6 

- 

6.8 

46.24 

4.02 

+ 

.67 

.3249 


3.876 

Missouri . . 

21.7 

+ 

.3 

.09 

4. IS 

+ 

.73 

.5329 

+ 

.219 

Montana . . 

58.0 

+ 

36.6 

1339.56 

1.05 

- 

2.40 

5.7600 


87.840 

Nebraska 

18.6 

- 

2.8 

7.84 

4.98 

+ 

1.53 

2.3409 

- 

4.284 

Nevada . . 

48.6 

4- 

27.2 

739.84 

1.3S 

- 

2.07 

4.2S49 

_ 

56.304 

New Ham. 

26.0 

+ 

3.6 

12.96 

1.S4 

- 

1.61 

2.5921 

_ 

5.796 

New Jersey 

24.4 

+ 

3.0 

9.00 

2.85 

- 

.60 

.3600 

_ 

1.800 

New Mex. 

12.9 

- 

8.5 

72.25 

5.50 

+ 

2.05 

4.2025 

_ 

17.425 

New York . 

32.1 


10.7 

114.49 

2.63 

- 

.82 

.6724 

- 

8.774 

N. Car. . . 

18.7 

- 

2.7 

7.29 

1.90 

- 

1.55 

2.4025 

+ 

4.185 

N. Dakota 

12.9 

— 

8.5 

72.25 

7.01 

+ 

3.56 

12.6736 


30.260 

Ohio . . . 

18.6 

_ 

2.8 

7.84 

2.99 

- 

.56 

.3136 

+ 

1.568 

Oklahoma . 

19.7 

__ 

1.7 

2.89 

4.54 


1.09 

1.1881 

-■ 

1.S36 

Oregon . . 

20.7 

_ 

.7 

.49 

2.39 

- 

1.06 

1.1236 


.742 

Penn. . . . 

15.7 


6.7 

32.49 

4.14 

+ 

.69 

.4761 

— 

3.933 

Rhode Island 

18.4 

— 

3.0 

9.00 

3.71 

+ 

.26 

.0676 

- 

.780 

S. Carolina 

30.7 

+ 

9.3 

86.49 

1.24 

- 

2.21 

4.8841 

- 

20.553 

S. Dakota . 

14.0 

-■ 

7.4 

54.76 

4.58 

+ 

1.13 

1.2769 


8.362 

Tenn. ... 

17.4 

— 

4.0 

16.00 

3.24 

- 

.21 

. .0441 

+ 

.840 

Texas . . . 

27.6 

+ 

6.2 

38.44 

3.38 

- 

.07 

’ .0049 

- 

.434 

Utah . . . 

26.0 

-P 

4.6 

21.16 

1.75 


1.70 

2.8900 

_ 

7.820 

Vermont . . 

21.9 

+ 

.5 

.25 

2.07 

- 

1.38 

1.9044 

- 

.690 

Virginia . . 

8.1 


13.3 

176.89 

2.65 


.80 

.6400 

+ 

10.640 

Wash. . . 

14.2 

— 

7.2 

51.84 

4.33 

+ 

.88 

.7744 

_ . 

6.336 

WestVa. . . 

16.1 


5.3 

28.09 

2.60 

- 

.85 

.7225 

+ 

4.505 

Wisconsin 

24.9 

+ 

3.5 

12.25 

2.92 

- 

.53 

.2809 

- 

1.855 

Wyoming 

16.1 


5.3 

28.09 

6.24 

+ 

2.79 

7.7841, 


14.787 
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The standard deviation of the x series is 9.39, and- of the 

y series 1.95. r by the formula, is 

w 0-1 0-2 860.593 

or -- 0.517, and the probable error, ± .0721. That is, 
correlation is negative and significant since it is approximately 
7 times the probable error.^ On the basis of the coefficient 
the generalization of Mr. Insull seems warranted. As to 
whether it is “an absolute demonstration of the necessity of 
monopoly in the production and distribution of energy’’ * 
is another question and one upon which no judgment is 
passed. 

A convenient method of calculating the degree of correla- 
tion between two series is by means of what is known as a 
double-entry or double-frequency table. Examples of such 
tables are those illustrating the results of dice throwing 
given above. 

“ Each row in such a table gives the frequency-distribution of the 
first variable for eases in which the second variable lies within the 
limits stated on the left of the row. Similarly, every column gives 
the frequency-distribution of the second variable for cases in which 
the value of the first variable lies within the limits stated at the 
head of the column. As 'columns’ and ' row's’ are distinguished 
only by accidental circumstances of the one set running vertically 
and the other horizontally, and the difference has no statistical 
significance, the w'ord array has been suggested as a convenient 
term to denote either a ‘row’ or a ‘column.’ ” ® 

The manner in which the coefficient of correlation is 
determined for data arranged in this manner is indicated in 
the following double-frequency table — Table I — com- 

^ Sgo the discussion of probable error, supra. 

^Op. cit., p. 27. 

® Yule, G. Udiiy, An Introduction to the Theory of Statistics, pp. 157 
and 164. 
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paring assessed values of improvements and of lands for 
300 parcels of real estate in the city of New York. ^ 

The question upon which an answer is desired is; In the 
sections chosen, 2 do relatively high or low improvement values 
go with relatively high or low (or the reverse) land values ? 
The data are arranged as in the illustration of dice throw's, 
each piece of property being placed in the table according 
to a double characteristic — assessed value of improvements 
and of land. No decided tendency is shown for the data to 
arrange themselves in a compact area extending from the 
upper left to the lower right or from the lower left to the 
upper right hand corners. That is, by inspection, neither 
marked positive nor negative correlation is present, the twm 
characteristics being apparently independent, and the in- 
stances scattered about pretty much at random. 

By applying the Pearsonian formula, r is found to equal 
-f .0976 and the probable error, ± .0002. That is, the 
correlation is positive but negligible. The way in which r 
is calculated for such a series is as follows: Arithmetic 
means and standard deviations are determined in the usual 
manner. Columns indicated as d, d^, and fd^ in both series 
are used to find the standard deviations, the arithmetic 
means in this" case being computed separately. In order, 
however, to calculate the products of the deviations from 
the arithmetic means — that is the (a;y’s) in the two series, 
it is necessary to treat the differences from their respective 
arithmetic means as made up of several parts rather than 
as single quantities. For instance, the item -f- 208.41, in 
the column marked S {xy), is obtained by multiplying each 

1 Data taken from Haig, Robert Murray, Some Probable Effects of the 
Exemption of Improvements from Taxation in the City of New York. New 
York, 1915, pp. 145-150. 

^ Upper East Side tenement and Rivington Street sections. 
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TABLE 

Table Correlating Assessed Values of Impeove- 
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I 

MENTs AND Land — 300 Paecels in New Yobk City 


Deviations 

PROM Abith. 
Mean 

i 

Deviations 

Squared 

,P 

Deviations 

Squared 

Times 

Frequencies 

fd? 

Products op 
the Respective 
Deviations 

IN THE 

Two Series 

- (t.v) 

- 13.73 

188 

3,008 

+ 212.54 

- 8.73 

76 

5,706 

+ 8.73 

- 3.73 

14 

1,260 

+ ■ 93.99 

+ 1.27 

2 

54 ■ 

- 69.29 

+ 6.27 

39 

663 

+ 208.41 

+ 11.27 

128 

5,760 

- 2,508.70 

+ 16.27 

262 

5,764 

+ 2,226.38 

+ 21.27 

454 

1 1,362 

+ 981.82 

+ 26.27 

686 

j 2,744 

+ 852.20 

+ 36.27 

1318 

1,318 

+ 678.97 ' 


27,639 + 2,685.05 


Arith. Mean = 16.23 (Improvements) 
S. D. or 0-2 = 9.60 (Improvements) 


^ + 2685.05 

^ 300 X 9.55 X 9.60 

P. E. == ± .0002 


+ .0976 
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of the items in the series 5, 4, 1, 2, 4, 1, by their correspond- 
ing differences from the arithmetic mean in one series — that 
is, (- 11.28), (-1.28), (+3.72), (+ 8.72), (+ 13.72), 
(+ 18.72) -- and these in tmm by + 6.27 — the difference 
which the total is from the arithmetic mean in the other 
series, thus : 


5 X - 11.28 
4 X - 1.28 
IX + 3.72 
2X+ 8.72 
4 X + 13.72 
1 X + 18.72 


X + 6.27 = + 208.41 


The other items in the product-difference column are 
similarly obtained. The total, + 2685.05, is the numerator 
for the correlation formula. 

serves as . a sufficie nt 
it is marked. When 
data are widely sc atto r ed. it is necessary to use so me graphic 
orimn^-i^rmethoAlof. measuring it. A rather i n volv.e d 
method is that followed in Table I . Less involved ones are 
in comm^ use. For instance, Bowley, in correlati ng dailv "^ 
maxima and ipiinima temperatimTc^n^rBy means of a 
d ouble-frequency tab le, says : 

“l i there,:k.CQn:ri id±m.JiL^^ the medians or 

arithmeti c averages of each row form a regularmo^^^onT*^^ I 
simil arly y 

Mathematical and graphic means of measuring correlation 
are fully treated by Yule,® Elderton,® Bowley,^ and others. 

It is not our intention to describe them here. Our purpose 

^ BayAey, A. 'L., EUments of Statistics, Tp. 

Yule, G. U., An Introduction to the Theory of Statistics. 

^ Elderton, W. Palen, Frequency Curves aiid Correlation. 

* Bowley, A. h., Measurement of Growps and Series. 


The groujjing of data within a table 
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is rather to illustrate in a simple way the meaning of corre- 
lation and to indicate its use in business and general economic 
fields. 

The simple straightforward method employed above 
Suffices for the construction of business barometers and fore- 
casters, and for correlating trade, banking, and other 
phenomena with price movements. For more specialized 
uses, reference must be made to more detailed studies. 

IV. Conclusion 

Any comparison of phenomena having to do with economics 
and business is inherently difficult. The other things which 
so frequently are held to be equal in the natural sciences 
refuse to obey any well-defined law in matters relating to 
the social sciences. Comparison is particularly difficult 
when reliance is placed largely, if not solely, in statistics and 
statistical methods. Too frequently, the desire for statistical 
regularity and conformity is so dominant that the limita- 
tions of both statistics and statistical method are forgotten 
or ignored. It is inadequate simply to test the appropriate- 
ness of statistical devices. It is the condition back of these 
affecting the origin, methods of collection, tabulation, etc., 
which must be kept in mind. Units of measurements, 
coefficients, statistical abbreviations of all sorts, etc., must 
be scrutinized for errors, bias, non-application, due to change 
in time, place, and conditions. At every step it is necessary 
continually to bear in mind the statistical cautions which 
apply and to realize the limitations of the statistical approach. 

Narrow cause-and-effect relations should not be expected. 
As has been shown, causes and effects are rarely exhibited 
singly. Any attempt to seek an absolute cause and an abso- 
lute effect is in a large degree futile. Most studies involve 
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coi-relation rather than narrow causation, and it is important 
that this truth be extended to fields of business and general 
economics. The problems associated with them are complex 
both as to cause and efifect. The ways in which they are 
exhibited differ for time and for place. A realization of this 
on the part of the student or business man will prevent an 
undue optimism from characterizing the zeal with which he 
attempts to prove or disprove a complex thesis by faulty 
data and simple statistical means. 

The statistical is one phase of the inductive method. In 
the analysis of problems, in the establishment of laws, it is 
a means and not an end. “Statistics,” so called, is almost 
solely method. The great need to-day in business circles is 
an appreciation of the significance of facts and a familiarity 
with the ways in which they may be used to develop rules of 
guidance. Statistical facts, while complete in many fields, 
are far from satisfactory in others. But they are too often 
regarded simply as records of past performance, rather than 
as live, functioning indexes of future policy and possibilities. 
The outlook has been directed more to the past than to the 
future. But criticism applies not only to statistics, but 
equally as much to the use or lack of use which is made of 
them. To ignore a fact, statistical or otherwise, is never 
justified. A realization of this truth would go far toward 
putting statistical methods in the same favorable light as that 
now occupied by accounting. It is hoped that the volume 
here contributed will in some small degree help to accomplish 
this end. 
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(The citations are to pages and include only the subject matter. A Personal 
index is appended separately.) 


Abscissa scale, equal distances on, 
198-200. 

Abscissa scale unit, a point, 201. 

Abscissa units, in cumulative graphs, 
218-219. 

Accounting and statistics as methods, 
10, 468. 

Accounting units, 68-69. 

Accuracy, general, 25-28 ; with which 
facts reported, 25 ; with which 
facts determined, 26-27 ; of de- 
termination, 27-28 : in tables, 136- 
137. 

Age grouping in tabulation of wage- 
rates in Massachusetts, 96 ; in New 
Jersey, 96 ; in Ohio, 96. 

Aggregate of actual prices index 
number. (See Index number.) 

Annalist’s index number. (See Index 
numbers.) 

Applicability of statistical data, 20. 

Approach, the statistical, 3. 

Arithmetic mean : defined, 237 ; a 
numerical concept, 237 ; unreality 
of, in a series, 239-241 ; the " true” 
average, 240-241 ; the center of 
gravity in a distribution with illus- 
trations, 241-246 ; how computed, 
241-254; definition of weighted, 
244; influence of weights upon, 
with illustrations, 243-246 ; cal- 
culation of, by “ short-cut ” 
method, 247-249 ; calculation of, 
from assumed average, 250; calcu- 
lation of, by the “ step-deviation ” 
method, 251-253 ; use of, in aver- 
471 


age of relatives index number, 321 ; 
position of, in relation to other 
averages in skewed distributions, 
417. 

Array, defined, 462. 

Asymmetrical distributions, 196- 
197. (See Skewneas.) 

Averages, as types, 234—292 ; func- 
tions of, 235—236 ; as .summarizing 
expressions, 235-237 ; general no- 
tions from, 236 ; use of, in analysis, 
237 ; classified, 238 ; data needed 
for computation of, 238 ; properties 
of, 238, 279-289 ; particular use of, 
281-291 ; as coefficients, 284-289 ; 
reality of, 288; and statistical 
laws, 288; statistical analysis by 
means of, 288-289 ; as derivatives, 
290 ; as substitutes for detail, 290- 
291 ; use in index numbers, 319- 
323; as statistical abbreviations, 
378-379; positions of, in skewed 
distributions, 416-417. (See Arith- 
metic mean. Geometric mean, 
Median, Mode.) 

Average deviation, defined, 387-388 ; 
as a measure of dispersion, 387- 
400; application of, in historical 
series, 389-392; method of com- 
putation in historical series, 389- 
392 ; in frequency series, 392-400 ; 
computation of, in frequency .series, 
394-460 ; computation of, from an 
assumed average, 396-399 ; com- 
putation of, from an assumed aver- 
age and by the “ step ” method, 


472 


SUBJECT INDEX 


397-393; aii average, 399; as a 
coefficient of dispersion, 399-400; 
as equal to four-fifths of the 
standard deviation for ayinmetri- 
cal series, 402. 

Average, moving, method of smooth- 
ing historical series by the use of, 
229-231. (See Moving averages.) 

Base, the, in index numbers, 316-319 ; 
339-341. 

Base shifting, methods of, in price 
index numbers, 318-319; in con- 
nection with till' geometric mean, 
320-321; in Bureau of Labor 
Statistics whol('.«alc jirico index 
number, 340-341 ; in Bureau of 
Labor Statistics retail price index 
number, 343-35/5 ; with averages 
of relatives, 347-;io2 ; with aggre- 
gate of actual prices, 347-352. 

Bias, 19-20, 54-57. 

Bias in sampling. (See Index num- 
bers, choice of commodities.) 

Bradstreet's index number. (See 
Index numbers.) 

Budgets, sampling in the study of, 52. 

Bureau of Labor Statistics. (See 
Index numbers, wholesale and 
retail.) 

Business barometer, index numbers 
as a, 374-376 ; establishment of, by 
correlation, 458-459. 

Cartograms, described, 176. (See 
Maps.) 

Causation and correlation, 428. 

Cause and effect : nature of, 23-24 ; 
in reality variates, 426-431; nar- 
row fulfilment of, not to be ex- 
pected in economic and business 
fields, 428-431 ; as coincidences 
and as sequences, 441. 

Causes and variations, 426-431. 

Census of population in the United 
States and collection of data, 45-47. 

Chain-relative, base in index num- 
bers, 317-318; and base shifting, 
318. 


Circles, statistical diagrams as, 166- 
167. 

Classification, meaning of, 116-119; 
and method, 116. (See Tabula- 
tion.) 

Coefficient of correlation, 453-467 ; 
formula for, explained, 453 ; illus- 
tration of use in historical series, 
454-459 ; in frequency series, 459- 
467; illustration of use in fre- 
quency series, 460-462 ; computa- 
tion of, from frequency data in a 
coiTolation table, 463-466. (See 
Correlation.) 

Coefficient of dispersion, the range, 
as a, 383; the average de\dation, 
as a, 399-400 ; based on the stand- 
ard deviation, 407, (See Disper- 

Coeffieieut of skewness, meaning and 
function of, 415-423 ; fomiula for, 
based on the mode and arithmetic 
mean, 417 ; formula for, based on 
the quartiles, 418. (See Skewness.) 

Coefficients, generally, 23, 63-64, 69- 
76 ; crude, 70-73 ; corrected, 70- 
73. 

Collection of data, 32-57, 74 ; things 
to be considered before the process 
is begun, 32-40 ; purpose and plan 

. in relation to, 40 ; methods (de- 
scriptive), 41-49 ; from official 
records, 41-44 ; process of count- 
ing and, 44-47. 

Collection process, who are to be can- 
vassed, 49-^3 ; functional, 49-57. 

Commodities, choice of, in Annali.st's 
index number, 360 ; number of, in 
Annalist’s index number, 360 ; in 
Annalist’s index number as com- 
pared with those in other numbers, 
363-372 ; number of, in Brad- 
street’s index number, 356 ; choice 
of, in Bradstreet’s index number, 
356-357 ; in Bradstreet’s index 
number as compared with those in 
other numbers, 363-372 ; number 
of, in Dun’s index number, 358 ; 
choice of, in Dun’s index number. 
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358-359 ; in Gibson’s index num- 
ber, 363-372 ; in Bureau of Labor 
Statistics wholesale price index 
number, 363-372. (See Index 
numbers.) 

Comparability, desire for, 30. 

Comparison, the goal of statistical 
study, 425 ; what it implies statis- 
tically, 425-431 ; the assignment of 
specific cause in, when dealing with 
economic phenomena, 426-431. 

Comparison and correlation, 426-431. 
(See Correlation.) 

Composite units, 23. (See Units.) 

Continuous series, defined, 148 ; 
frequency groupings in, 151-153 ; 
smoothing graph, s of, 209-215 ; 
plotting frequency distributions of, 
209-216. (See Series.) 

Conversion of scales, 222-227. (See 
Scale conversion.) 

Correlated activities of state statis- 
tical bureaus, 364. 

Correlation, meaning of, 431-467 ; 
contrasted with narrow causation, 
431-432 ; illustrated by throws 
of dice, 433-440 ; proof of causa- 
tion through correlation, 438-440 ; 
preliminaries to, in historical series, 
440-452 ; suggested but not meas- 
ured by graphic means, 440 ; of 
long-time or secular changes, 441- 
451 ; of short-time or cyclic 
changes, 441, 449, 451 ; illustra- 
tions of the use of the coefficient 
of, in historical series, 454-459 ; 
from data lagged various distances, 
441, 456-459 ; in frequency series, 
459-467 ; formula for the coeffi- 
cient of, explained and illustrated, 
453-467 ; coefficient of, and the 
establishment of a business ba- 
rometer, 458-459. (See Coefficient 
of correlation.) 

Correlation coefficient. (See Correla- 
tion, and Coefficient of correlation.) 

Correlation table, described and 
illustrated, 434, 436-438, 462, 464- 
465. 


f Counting, process of, and collection of 
data, 44-47. (See Collection of 
data.) 

Cumulation, on “ more than ” basis, 
216-217 ; on “ less than ” i)asis, 
216-217. 

Cumulative curves, plotting of, 215- 
220 ; location of median upon, 
263-265. (See Median.) 

Cumulative grouping, 218, 220. 

Cycle lengths and the moving aver- 
age, 230. 

Cyclic or short-time changes corre- 
lated, illustration of, by the use of 
the Pearaonian coefficient, 455-456. 

Data, primarj^ 16 ; secondary, 16- 
19 ; exclusive, 20 ; mclusivc, 20- 
22 . 

Decils, as measures of dispersion, 
3S4-3S7 ; formulse for computing, 
385. 

Definition, of statistics, 8 ; of statis- 
tical methods, 9. 

Deviation, average. (See Average 
deviation. Dispersion.) 

Deviation, quartile. (See Quartile 
deviation, Di.spersion.) 

Deviation, standard. (See Standard 
deviation, Dispersion.) 

“ Dewey Report," 96-97. 

Diagrammatic presentation, method 
of, defined, 158 ; contrasted with 

j tabulation, 159-160 ; lines, 164- 

' 166, 172 (see Lines) ; circles, 
166-167 ; " pie-diagrams," 166- 

167 : surfaces, 164-166, 172 ; 

surfaces within surfaces, 173-175 ; 
volumes, 1(54-166. (See Picto- 
grams.) 

Diagrams, psychology of use of, 161- 
163 ; use of, to illustrate frequency 
or magnitude, 163—176 ; amount of 
detail in, 172-173 ; rules for draw- 
ing, 191. 

Dice throws to illustrate correlation, 
433-^0. 

Discrete series, defined, 148 ; fre- 
quency grouping in, 148-150; 
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frequency tables and, 148-151; 
plotting frequency distributions of, 
200-209 : smoothing of, 208-209 ; 
calculation of median in, 259-262 ; 
interpolation for quartiles in, 409. 
(See Series.) 

Dispersion, meaning of, 379 ; meas- 
ures of, 380-415 ; the range as a 
measure of, .380-383 ; the decil 
method of showing, 384-387 ; 
average deviation as a measure of, 
387-400 ; avei’age deviation as a 
coefficient of, 399-400 ; standard 
deviation as a measure of, 400- 

407 ; coefficient of, baaed on the 
standard deviation, 407 ; quartile 
measure of, 407-410 ; modifica- 
tions of the quartile measure of, 

408 ; relation of quartile measure 
of, to the standard deviation, 408- 

409 ; formula for the coefficient of, 
based on the quartile measure, 
409 ; contrasted with skewness, 
415. (See Average deviation. 
Standard deviation, Quartile devia- 
tion.) 

Distribution, normal, 195 ; asjun- 
metrical, 1 96-197. 

Distribution of frequency. (See Fre- 
quency distribution.) 

Dot maps and surface.?, 186. (See 
Maps.) 

Dots, frequency and statistical maps, 
188-191 : shaded, and statistical 
maps, 186-188. (See Maps.) 

Dun's Index number. (See Index 
number.) 

Earnings, as a unit, defined, 84. 

Editing of schedules, 55-57. 

Employees, as sources for primary 
wage data, 88-89 ; as sources for 
secondary wage data, 92-94 ; 
number of, by months, published 
bjr Massachusetts, 98-99 ; number 
of, by months, publislied by New 
Jersey, 98-99 ; number of, by 
months, published by Ohio, 98-99 ; 
number of, by months, published 


by United States Bureau of Labor 
Statistics, 98. 

Employers, interest of, in wages, 79- 
80- ; as sources for primary wage 
data, 89-90 ; as sources for 
secondary wage data, 94-99. 

Enumeration of population, 46-47. 
(See Census of population in the 
United States.) 

Enumeration, units of, 65-69. 

Error, distribution of, 56 ; normal 
law of, 195 ; normal law of, and 
price fluctuations, 308-316 ; prob- 
able. (See Probable error.) 

Estimates, generally, 27-28 ; from 
direct sources, 47 ; from indirect 
sources, 47-48. 

Estimation, units of, 65-69. 

Exclusive data, 20. 

Exports, as a unit, 31 (Note). 

Frequency distributions, plotting dis- 
crete series in, 200-209. 

Frequency graph, defined, 194. 

Frequency grouping, discrete series 
in, 148-150, 204-208 ; continuous 
series in, 151-153 ; size and width 
of, 163-154. (See Series.) 

Frequency series, graphic representa- 
tion of, 198-220 ; plotting cumula- 
tive, 215-220 ; average deviation 
in, 392-400. (See Series.) 

Frequency tables, illustrations of, 
146-147 ; discrete series and, 148- 
151. (See Tables.) 

Geometric mean, defined, 319 ; base 
shifting and the, 320-321 ; use of 
in average of relatives index num- 
ber, 319-321. (See Lide-x num- 
bers.) 

Gibson’s index number. (See Index 
number.) 

Graphic representation, contrasted 
with diagrammatic presentation, 
193 ; of frequency series, 198-220 ; 
of frequency distributions of con- 
tinuous .series, 209-215. 

Graphs, frequency, 194, 198-220 ; 
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historical, 194, 220-232 ; location 
of median on, 263-269 ; determi- 
nation of the mode in historical, 
274-275 ; cumulative. (See Cu- 
mulative curves.) 

Groups, size and uniformity of fre- 
quency, 153-154 ; writing of limits 
of, 155-156 : distribution of data 
in, and discrete series, 204-20S. 

Historical graph, defined, 194. 

Historical series, graphic presenta- 
tion of, 220-232 ; normal distribu- 
tion and, 221 ; choice of scales 
in, 221-222 ; scale conversion in, 
222-227 ; lines connecting ordi- 
nates in, 227-229 ; smoothing, 
229-232 ; cumulative, 231-232 ; 
average deviation in, 389-392. 

Historigrams, graphic presentation of, 
220-232. (See Historical series.) 

Hollereth tabulation cards, 127. 

Homogeneity of data, 28-32. 

Imports, as a unit, 30-31 (Note). 

Inclusive data, 20-22. 

Index numbers, general : definition 
of, 295 ; application of, 295-298 ; 
purpose of, 297, 299; reality of, 
297-298 ; particular use of, 298 ; 
wide use of, 298-299 ; “ general 
purpose ” types of, 298-299 ; con- 
sumers’, defined, 299 ; Jevonian, 
defined, 299 ; operatioms involved 
in making price, 300 ; effects of 
data upon price, 301-303 ; mean- 
ing of price and, 303-304 ; number 
of commodities used in, 305, 307 ; 
choice of commodities for, 305 ; 
tests of importance of commodities 
in, 305-306 ; making of and price 
fluctuations, 308-316 ; “ chain- 

relatives ” and, 315-318 ; the 
base in, 316-319 ; average to use 
in average of relatives, 319-323 ; 
average of relatives versus aggre- 
gate of actiial prices, 317, 327-330, 
339-341 ; use of geometric mean 
in, 319-321 ; use of arithmetic 


mean in, 321 ; use of median in, 
322~,323 ; methods and purjjoso of 
weighting in, 323-327 ; weighted 
versus unweighted, 325-326 ; fixed 
versus fluctuating weights in, 327 ; 
prepared by the United States 
government, 333-356 ; miscel- 
laneous-list, series of, 369-370 ; 
as actual prices, 374 ; as business 
barometers, 374-375. 

Index number, retail prices : pre- 
pared by the United States govern- 
ment, 342-356; meaning of price 
in, 342 : number and choice of 
commodities in Bureau of Labor 
Statistics, 343 ; method of comput- 
ing in Bureau of Labor Statistics, 
343-345 ; methods of base shift- 
ing in Bureau of Labor Statistics, 
343-356. 

Index number, wholesale prices : 
prepared by the United States 
government, 333-341 ; number of 
commodities in Bureau of Labor 
Statistics, 333 ; source of prices of 
commodities in Bureau of Labor 
Statistics, 335 ; types of commod- 
ities in Bureau of Labor Statistics, 
334, .363-372 ; change from aver- 
age of relatives to aggregate of 
actual prices in Bureau of Labor 
Statistics, reasons for, 339 ; method 
of, 339-341 ; methods of weighting 
in Bureau of Labor Statistics, as 
aggregate of actual prices, 341. 

Index number, wholesale prices, Brad- 
street’s: a sum of actual prices, 
356 ; number of commodities in, 
356, 363-372; weighting in, 373. 

Index number, wholesale prices. 
Dun’s ; a sum of actual prices, 
358 ; number of commodities in, 
358 ; choice of commodities in, 
358-359 : weighting in. 363, 373- 
374. 

Index number, wholesale prices, the 
Annalist’s : general, 360-361 ; 
commodities in, 363-372 ; weight- 
ing in, 373. 
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Index number, wholesale prices, 
Gibson’s ; commodities in, 3G3- 
372. 

Indu.strial accident, a.s a statistical 
unit, conditions (letcrniinins, 62- 
64. 

Infonnant.s, means of securing good- 
will of, 38-39 : types of, and col- 
lection of data, 39-40. 

Interpolation. (See Median, Mode, 
Quartiles.) 

Lag, graphic ii.se of, to suggest cor- 
relation, 441 : use of, and the 
<;oefficient of correlation to deter- 
mine maximmu correlation, 456- 
459. 

Largo nmnbors, logic of, 37S. 

Law, normal, of error, 195. 

“ Le.sa than ” cumulative grouping, 
216-217. 

Lines, in illustrations, 164-106 ; 
connecting point. s in graphs of diis- 
crejte frequency series, 201-204. 

Living wage, a.s a unit, 85. 

llandatory power, in statistical 
studies, 38-39. 

Manufacturing establishment, as a 
statistical unit, conditions deter- 
mining, 61-62. 

Maps, statistical, 176-191; statisti- 
cal, psychological bases of, 176- 
179 : types of, 179-191 ; choice 
of colors in, 179-180 ; cross- 
hatched, 180-184 ; cross-hatched 
and “discrete” series, 182-183; 
varying sized dots in, 184-186 ; 
clot types of, 184-191 ; changed 
shades in dot, 186-188 ; frequency- 
dot, and continuous series, 188- 
191. 

Massachusetts, wage data from em- 
ployers in, 95-96 ; employees by 
months in, 98-99 ; statistics of 
union labor in, 102-104. 

Mean, arithmetic. (See Arithmetic 
mean.) 

Measurements, units of, 59-77, 


Measures of dispersion. (See Aver- 
age deedation, Decils, Deviation, 
Dispersion, Range, Probable error, 
Standard deviation.) 

Measures of skewness, meaning and 
function of, 415-423. (See Skew- 
ness.) 

Median, defined, 238, 255 ; nature 
of data from which calculated, 255 ; 
reality of, 255 ; function of, in 
non-homogeneous series, 256-257 ; 
how computed, 256-269 ; stabil- 
ity of, 257-259 ; calculation of, in 
discrete series, 259 ; calculation of, 
in frequency grouping, 259-262 ; 
interpolation for, 260-262 ; cal- 
culation of, in continuous series, 
261-262 ; graphic location of, in 
cumulative frequency series, 263, 
265 ; graphic location of, in cumu- 
lative time series, 266-268 ; use 
of, in average of relatives index 
number, 322-323 ; position of, in 
relation to other averages in skewed 
distributions, 417. 

Median amount, graphic location of, 
in cumulative time series, 268-269. 

Median period, graphic location of, in 
cumulative time series, 266-267. 

Method, statistics a study of, 2; 
the statistical, not of universal 
application, 5, 10, 32, 40 ; the 
statistical, only a part of general, 
2, 10, 468 ; classification and, 116 ; 
scientific, a study of small dif- 
ferences, 429. 

Minimum wage, as a unit, 85. 

Mode, defined, 238, 269 ; reality of, 
269-270. ; location of , 270 ; in 
continuous series, 271-272 ; in 
discrete series, 271-272 ; location 
of, in historical series, 272-275 ; 
reality of, in historical series, 272- 
275 ; location of, in cumulative 
frequency graphs, 265, 276 ; loca- 
tion of, in simple historical graphs, 
274-275 ; location of, in cumula- 
tive historical graphs, 275 ; loca- 
tion of, in frequency graphs, 276 ; 
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interpolation for the, 270-271 ; 
interpolation for, in frequency 
series, 275-276 ; location of, by 
group adjustments, 277-280 ; posi- 
tion of, in relation to other averages I 
in skewed distributions, 417. | 

“ More than ” cumulative grouping, ; 
216-217. I 

Moving-averages, smoothing histori- 1 
cal series by, 229-231 ; cycle i 
lengths and, 230 ; use of, to define ' 
long-time or secular changes, 441— 
449 ; method of, for curve smooth- 
ing illustrated, 446-449. 

New Jersey, “ earnings ’’ in statistics 
of labor in, 95; wage data from 
employers in, 95-96 ; emploj'ees 
by months in, 98-99. 

New York, statistics of unioii labor 
in, 100-102. 

“ Normal ” distribution, defined, 
195 ; probable error and, 414-415. 

Normal law of error, defined, 195 ; 
agreement of price fluctuations 
with, 308-316. 

Official records, collection of data 
from, 41-44. 

Ohio, wage data from employers in, 
95-96 ; employees by months in, 
98-99. 

Order, in tabulation, 119-124. (See 
Tabulation.) 

Ordinate scale, equal distances in, 
198-200. 

Ordinate units, in cumulative graphs, 
219. 

Ordinates, connecting, in graphs of 
continuous series, 209-213. (See 
Discrete series; Continuous series.) 

Pearsonwft coefficient of correlation, 
general, 453-467 ; formula for, 
explained, 453. (See Correlation, 
Correlation and business barom- 
eters.) 

Percentages, use of, in scale conver- 
sion, 223, 225. 


Personal element and .statistic.s, 58. 

Pictograms, general, 163, 176 ; con- 
trasted with eartograms, 178. (See 
Diagrammatic presentation.) 

“ Pie-diagrams,” in illustrations, 166- 
167. (See Diagrammatic presen- 
tation.) 

Plotting, continuous series, 209-215 ; 
cumulative series, 215-220 ; dis- 
crete series, 200-209 ; frequency 
distributions, 200-209 ; hi.storic^ 
series, 220-232. (,Sce Graphic 
presentation.) 

Population, sources of, 46-47. 

Population censu.s in the United 
States, 45-47. 

Price or prices. (See Index number, 
wholesale ; Index number, retail.) 

Primary data, defined, 16. 

Private sources of statistical data, 18. 

Probable error, meaning of, 410-415 ; 
relation of, to standard deviation, 
410-411, 413, 415 ; as a test of 
sampling, 412-413 ; formula for, 
for an array of means, 413; use 
and application of, 414; relation 
to normal law of error distribution, 
414-415. 

Problem, statement of the purpose of 
a statistical, 108-110. 

Psychology of the use of diagrams, 
161-163. 

Public sources of statistical data, 
17-19. 

Purpose of a statistical study, sample 
statement of the, 108-110. 

Purpose of the volume, 2-3, 6. 

Quartile deviation, meaning of, 407- 
410 ; formula for, explained, 408 ; 
compared with standard deviation, 
408-409 ; use of, 409-410. (See 
Dispersion.) 

Quartzes, formul® for computing, 
262 ; interpolation for, 409. 

Questions, choice of. (See Schedules.) 

Range, the, as a measure of disper- 
sion! 380-383 ; cumulative- or 


478 


SUBJECT INDEX 


moving-, as a measure of disper- 
ssion, 380-383 ; the, as a coefficient 
of dispersion, 383. {See Disper- 
sion.) 

Ranking, numerical, in tabulation, 
119-120. 

Ratio differences, scale cowersion 
and, 225-226. I 

Ratios, coefficients as, 23-24, 69-76. 
Real wages, as a unit, defined, 84. 
Reporting, accuracy in, 25-26. 
Residua, treatment of, in tabulation, 
137. 

Retail price. (See Index number, I 
retail price.) j 

Round numbers, illustrations of, 
report«id, 202-203. j 

Rules for stati.stical studies, 5-6. 

Salaries, confusion in term, 81 ; as 
units, defined, 83-84. 

Salary-rate.s, as units, defined, 84. 

“ Sales method ” realty valuation, 
56-57. 

Sampling, 21-22, 51, 378. 

Scale, absci.s.sa, equal distances on, 
198-200. 

Seale, ordinate, size of units on, 198- 
199; equal di3tance.s on, 198-200. 
Scale conversion, in historical series, 
222-227 ; ratio differences and, 
225-226. 

Scahia, in historical series, 221-222 ; 
graphic representation of frequency 
series and, 198-200. 

Schedules, general, 53-57 ; rules for | 
making, 53-55 ; omissions in, i 
65-57 ; editing of, 55-57 ; samples ' 
of wage, 110-114. I 

Scientific method, a study of small | 
differences, 429. ' 

Secondary data, defined, 16. i 

Secondary wage data, types of, 92- 
107 : reported by trade unions, 

^ 99-104. 1 

Secular or long-time changes, the 
moving-average and, 441-449 ; 
illustration of, correlated by use of 
Pearsonian coefficient, 454-455. 


Series, continuous, defined, 148 ; dis- 
crete, defined, 148 { discrete, and 
frequency grouping, 148-150 ; dis- 
crete, and frequency tables, 148- 
151 : continuous, and frequency 
grouping, 151-153 ; frequency, 
and graphic representation, 198- 
220 ; graphic representation of 
simple frequency, 198-215 ; dis- 
crete, smoothing of, 208-209; con- 
tinuous, plotting frequency distri- 
bution.s of, 209-215 ; continuous, 
smoothing graphs of, 209-215 ; fre- 
quency, plotting cumulative, 215- 
220 ; historical, graphic presenta- 
tion of, 220-232 : historical and 
normal distribution, 221 ; histori- 
cal and choice of scales, 221-222 ; 
historical, and scale conversion, 
222-227 ; historical, representing 
cumulations and treatment of lines 
connecting ordinates in, 227-228 : 
historical, lines connecting ordi- 
nates in, 227-229 ; historical, rep- 
resenting characteristic facts, treat- 
ment of lines connecting ordi- 
nates in, 228-229 ; historical, 
smoothing, 229-232 ; cumulative 
historical, 231-232 ; continuous, 
and the mode, 271-272 ; discrete 
and the mode, 271-272. 

Sex classes in wage grouping, Massa- 
chusetts, 96 ; in New Jersey, 96 ; 
in Oliio, 96. 

“ Short cut ” method, use of, in 
calculating the arithmetic mean, 
248,250-254 ; use of, in calculating 
average deviation, 397-399 ; use 
of, in calculating standard devia- 
tion, 405-407. 

Skewness, positive, defined, 196, 416 ; 
negative, defined, 196-197, 416 ; 
contrasted with dispersion, 415 ; 
functions of measures and coeffi- 
cients of, 415-423 ; measure of, 
based on positions of mode and 
arithmetic mean, 417 ; coefficient 
of, based on positions of mode and ' 
arithmetic mean, 417 ;, formula 
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for measure of, based on the quar- 
tiles, 418 ; formula for coefficient 
of, based on the quartiles, 418 ; 
opportunities for use of, in everj'^- 
day statistical work, 418-423. 

Smoothing, discrete series and, 208- 
209 ; frequency graphs of continu- 
ous series, and smoothing, 209- 
215 ; free hand, 229 ; moving- 
average in, 229-231. 

Sources of secondary data, 16-19. 

Standard deviation, defined, 400 ; 
formula for, explained, 400; as an 
average, 400 ; calculated from the 
arithmetic mean, 401 ; weight 
given to extremes by, 402 ; as a 

" measure of dispersion, 400-407 ; 
six times standard deviation equals 
99 per cent of the observations, 
402-403 ; in historical series, 400- 
401, 403-^05 ; method of comput- 
ing in historical series, 40.3-405 ; 
computation of, in frequency .series 
from an assumed average, 405- 

406 ; computation of, from as- 

: sumed average by use of “ steps,” 

405-407 ; in frequency series; 406- 

407 ; coefficient of dispersion 
based on, 407. (See Dispersion.) 

State statistical bureaus, cooperation 
of, with United States government, 
37. 

Statistical, only one approach, 3. 

Statistical data, tests to be applied 
to secondary, 19-32. 

Statistical diagrams, rules for draw- 
ing, 191. (See Diagrammatic pres- 
entation, Diagrams.) 

Statistical maps. (See Maps.) 

Statistical methods, defined, 9 ; ap- 
plication of, 11-12. 

Statistical studies, rules for, 4 ; tend- 
encies in, 4-6 ; sample of declara- 
tion of purpose of, 108-110. 

Statistics, method and, 2, 3-4 ; 
finality of , 3 ; use of, by beginners, 
4-6 ; meaning of, 7 ; defined, 8 ; 
accounting compared with, 10, 
468 ; economic theory and, 12-13 ; 


as syntheses, 15 ; the inductive 
method and, 468. 

Statistics of union labor, in Massa- 
chusetts, 102-104 ; in New York, 
100-102. 

“ Step-deviation,” use of, in calcu- 
lating the arithmetic mean, 251- 
253 ; in calculating the average 
deviation, 397-399 ; in calculating 
the standard deviation, 405-407. 

Surfaces, illustrations as, 164-166 ; 
dot map.s and, 186. 

Surfaces within surfaces, diagrams as, 
173-175. 

Tables, contents of, 135-139 ; ac- 
curacy of, 136-137 ; titles of, 139- 
142 ; functions of, general, 138 ; 
functions of, summary, 138 ; types 
of, 142-156 ; historical, 142 ; 
cross-section, 143-144 ; frequency, 
144-156 ; discrete series and fre- 
quency, 148-151. 

Tabulation, meaning of, 117 ; as a 
synopsis, 118 ; numerical ranking 
in, 119-120 ; order or arrange- 
ment in, 119-124 ; advantages of, 
119-125 ; chronological order in, 
121 ; order of contiguity in, 121- 
123 ; alphabetical order in, 122- 
123 ; mechanics of, 125-129 ; use 
of cards in, 126-127 ; sorting of 
cards in, 127-128 ; group adjust- 
ments in, 128 ; as a summary, 
136-137 ; treatment of residua in, 
137 : as contrasted with diagram- 
matic presentation, 159-160. 

Tabulation form, technique of, 129- 
135 ; “ single ” type of, 129 ; 

“double” type of, 129-130; 
“ treble ” type of, 130 ; “ quad- 
ruple ” type of, 131-132 ; rulings 
in, 133 ; spacings in, 133 ; posi- 
tions of totals in, 133-^134 ; suit- 
ability of page to, 134 ; column 
numbering in, 134-135. 

Tests to be applied to secondary 
statistical data, 19-32. 

Titles, of tables, 139-142 ; tests of 
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good, 130 ; examplois of faulty, 
140-142. 

Trade; unions, a.s souree.s for primary 
wage; data, 90-91 ; as sources for 
secondary wage data, 99-104. 

Types, a\’f;rages as, 2.34-292. (See 
Av(;rag<;s.) 

Unemploymt'nt, data on, in Mas.sa- 
chinsetts, 33-34. 

Union labor, statistics of, in Mas.sa- 
clmsc'tts, 102-104 ; in New York, 
100-102. 

Union Trvugp-rates, stati.sti(.;s of, pub- 
lished liy the Unitt;d State's Bureau 
of Labor Stati.stitis, 99-100. 

Unit, e?xpor(.s as a, 31 (Note) ; im- 
ports as a, 31 (Note') ; wage* as a, 

83 ; wagej-rate as a, S3 ; salary as 
a, 83-84 ; salary-rate as a, S4 ; 
e;arning.s a.s a, S't ; real-w'age as n, 

84 ; minimum wiige as a, 8.5 ; liv- 
ing WJige as a, 85. 

United State.s Bure^au of Labor 
Statistics, wage-rates published by, 
97, 99-100 : index number. (See 
Index number.) 

Units, simple, 22-23 ; composite, 23, 
66-69 ; not al),straetions, 59- 
61 ; types erf, 65-76 ; simple, 66 ; 
composite, in accounting, 68- 
69 ; of measurc'inents, meaning of, 
.59-65; of measurements, in eco- 
nomics less absolute than in nat^ 
iiral science, 60-61 ; of meas- 
urements, type.s of, 65-76 ; of 
mea.surements, rules for the use 
of, 70-77 ; of enumeration, 65- 
69 ; of estimatiern, 65-69 ; of 
exposition and aiialy.sis, 69-76 ; of 
interpretation, 70-73 ; for presen- 
tation, 73-76 ; abscissa, in cumu- 
lative graphs, 218-219 ; ordinate, 
in cumulative graphs, 219. 

Variation, characteristic of all eco- 
nomic phenomena, 426-431. (See 
Cause and Effect.) 

Volumes, illustrations as, 164-166. 


Wage data, primary, employees as 
sources for, SS-89 ; employers as 
sources for, 89-90 ; trade unions 
as soiuces for, 90-91. 

Wage data, secondar.v, types of, 92- 
107; employees as sources for, ■ 
92-94 ; employees as sources for, 
94-99. 

Wage grouping, in tabulations of 
wage-rates, in Massachusetts, 96 ; 
in New Jersey, 96 ; in Ohio, 96. 

Wage-rates, confusion in term, 81 ; 
defined, 83 ; meaning of, in rela- 
tion to use, S5-S8; published by 
United States Bureau of Labor 
Statistic.?, 97, 99-100. 

Wages, a statistical problem, 78-81 
confusion in term, 81 ; defined, 
83 ; meaning of, in relation to use, 
85-88. 

Weighted, contrasted with un- 
weighted index numbers, 325-326. 

Weighted arithmetic mean, defined, 
244. 

Weighting, methods of, in index 
numbers, 323-327 ; methods of, 
and purpose of, index numbers, 
324-325 ; in aggregate of actual 
prices index number, 329 ; methods 
of, in Bureau of Labor Statistics 
aggregate of actual prices index 
number, 341 ; in Bradstreet’s 
index number, 357, 373 ; in Dun’s 
index number, 359, 363, 373-374 ; 
in the Annalist’s index number, 
360, 373 ; in Gibson’s index num- 
ber, 363 ; in Bureau of Labor 
Statistics wholesale price index 
number, 363. 

Weights, effect of, on arithmetic 

' mean, 241-246 ; choice of, 246 ; 
chance distribution, 246 ; in index 
number making, 323-327 ; so- 
called laws of, 325-326 ; fixed 
versus fluctuating, and index num- 
bers, 327. 

Wholesale price index numbers. 
(See Index numbers, wholesale.) 
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